An Introduction to Nmatrices: Part |

Many-valued Logics



[What Do We Mean By “Logic”?J

1. A formal language L, based on which £-formulas are
constructed. We denote by the set of well-formed formulas 6f

2. A conseqguence relation + for L.

A consequence relation (cr) for £ is a binary relation FC 22 x Fp,
having the following properties:

strong reflexivity if ¢ € I'then I'" - 4.
monotonicity fI'-yand I’ C IV, then I’ F 4.
transitivity (cut):  ifI'-y and I',¢ - o then I I .



[Properties of Conseqguence Relations}

A cr + for L is structural if for every uniform £-substitution o
and every I' and : if I' - ) then o[I'] - o[v)].
Example: p A ¢ - p implies ¥ A ¢ = 4 for every o,y € Fr.

A cr I for L is consistent if there exist formulas ¢ and ), such
that ¢ t/ 1.

A cr - for L is finitary if whenever I' - ¢, there exists some
finite IV C I', such that I'"-.

A propositional logic is a pair (£,), where |- is a structural,
consistent and finitary cr for L.



[Example of a Language|

e The language L ;:
— Atomic formulasp, po, ...,
— Logical connectives-, A, V, D

— Parentheses: ‘(',")’

e The set of well-formed formulas F.; = Fr ;:
— For any atomic formula, p € F;.
—If A, B € F,,then(—=A), (AANB),(AV B), (A D B) € Fy.

e Examples: Itis not raining and the sun is shining.
If it does not rain and the car starts, then we are going for a tip.

(—=Rain A Sun)  ((—Rain A CarStarts) D Trip)



[Ways of Defining Logich

e Semantically: I' g ) If every “model” of I' is a “model” of ¢ In
the semantics S.

e Syntactically: I' Fp o if ¢ has a proof from I' in the deduction
system D.



(Classical Truth-TabIes]

5 Ot f Alt f Vit f
t || f t ||t f t ||t f t ||t t
f |t fllt t f||f f fllt f

A classical valuation is a function v : F,; — {t, f}, such that

vio(r, ..., Yn)] = Sv[n], ..., v[Y,]] for any connective
o€ {~,D,V,A}L

v|Rain] = f v|CarStarts| =t v[Trip] =f
v[—Rain] =t wv[=Rain A CarStarts] =t
v[(—Rain A CarStarts) D Trip] = f



[Semantic Way of Defining Classical Logic]

e A classical valuation v is a model of an L-formula v if v(y) = t.
v is a model of a theory I if v is a model of every ¢ € T'.

e I'cpy, v If every classical model of I' is a model of .

e Example:

{CarStarts D Trip, = Trip} Fcpr, —CarStarts



[Hilbert-style Proof Systems

A Hilbert-style proof system for £ consists of: (i) an (effective)
set of L-formulas called axioms, and (ii) an (effective) set of
inference rules.

A proof of ¢y from I'" in a Hilbert-style system H is a finite
sequence of L-formulas, where the last formula is v, and each
formula is: (i) an axiom of H, (ii)) a member of I', or (iii) is
obtained from previous formulas in the sequence by applying
some inference rule of H. ¢ is a theorem of H if ¢y has a proof
in H from 0.

We denotd’ -y ¢ if ¢ has a proof fromi” in H. -y is a finitary cr
for any Hilbert-style systerH.

A system H for L is sound for alogic L = (£, ) if g C . His
complete for L if - C Fg.



(HCL")

e Axiom schemata
11 > WD)
12 (¢ D9 D0)D(pDY)D(pD0)
I3 (¥D¢)DY)DY
Cl oAy Doy
C2 pANY DY
C3 oD ((WDeAY)
D1 p DV
D2 ¢ DpVYy
D3 (¢ 20)D(>D0O)D(pVy D)

e Inference Rule
Y YDy
2

MP



HCL

Obtained by adding to HCL™ (possibly without D3) the following
axioms concerning negation:

N1 (¥ 2¢)D (¥ D=p)D

and either of the following:

N2 ——p D p

N3 -V

Soundness and completeness theorem for CPL:

I'tper ¥ & I'opr o
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[Gentzen-style Proof Systems]

e Hilbert-style systems operate on L-formulas. Gentzen-style
systems operate on sequents

e A sequent: an expression of the form I' = A, where I', A are
finite sets of L-formulas.

e A standard Gentzen-type system for £ consists of:
1. Standard axiom: ) = 1.
2. Structural Weakening and Cut rules:

y=A T=Av¢
I'= A

'=A (Weakening) (Cut)

IV = A A

3. Logical introduction rules for the connectives of L.



[Proofs in Gentzen-style Systems

e A proof of a sequentI’ = A from a set of sequents © in G is a
finite sequence of sequents, where the last sequentis I' = A,
and each sequent is: (i) an axiom of G, (ii) a member of ©, or
(i) is obtained from previous sequents in the sequence by
applying some rule of GG.

e I' = As provable in G if it has a proof from the empty set of
sequents in G.

e [' v ifthere is some finite IV C I', such that IV = v is
provable in G.

e Fo Is afinitary cr. If G is standard then ¢ Is also structural.
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(Weakening)

(==)

(5=)

(A=)

(V=)

(The System GCPL

(@) P = o
I'= A
(Cut)
LT = AA
I'= A, p
(=)
-, I'= A

I'=A,¢ ¢,I'=A

DY, I'= A

Lo = A

LAy = A

Ie=A 'y = A

evy = A

(=D)

(=A7)

(= V)
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Iy =A I'= A, vy

I'=A

e, ' = A

I'=> A, -

o= Ay

I'= A9 D

I'= A,p I'= A,

I'= A, pAY

T'= A,¢,9

I'= A,V



[Example: Proof of - = = (¢ A ) D = Vv WOJ

Y =1

= —), 0 (I(chik)ening) R (I(/[:c:k)ening)
= ), T, P = =), TP, P
S v T S V)
¥ ©, P (= A)

= YV o, A a
(YA @)=YV -p
= (Y Ap) DV —p

(=2)
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[ Completeness and Cut-elimination]

e A Gentzen-style System admits cut-elimination if whenever
I' = Ais provable in G, I' = A also has a cut-free proof in G.

e Completeness Theorem for Classical Logic:

— I'Fgopr v Iff ' Fopr ¢
— GCPL admits cut-elimination

e Important corollary - GCPL has the subformula property:
If ' = A has a derivation in GCPL, then all the formulas in this
derivation are subformulas of the formulaslin= A.
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Basic Principles of Classical Logic]

e Bivalence:
Every proposition is either true or false (there are exactly two

truth-values).

e Inconsistency Intolerance:
A proposition and its negation cannot be both true.

e Truth-Functionality:
The truth-value of a complex proposition is uniquely defined by
the truth-values of its constituents.

16



[Many—valued Logic - I\/Iotivation]

e Sometimes incomplete information prevents us from telling if
something is true or not.

e tukasiewicz, “On Determinism”, 1970: If statements about future
events are already true or false, then the future is as mutéreened
as the past and differs from the past only in so far as it has/abt
come to pass.

e The idea: reject Bivalence by adding a third truth-value I, to be
read as “possible”.

17



18

 Three-valued tukasiewicz Logic]

O f|I]t -

ft|t]|t f it
LI/ttt I 1
t ||[f|I]|t t || f

e A legal valuation v is a tuk-model of a formula ¢ if v(¢)) = t. v
IS a Luk-model of a theory I' if v is a Luk-model of every i) € T'.

o I'-, .1 v if every Luk-model of T' is a Luk-model of .

e Examples
Frue 11 [ D (¥ D )]
7w 12 [(9 D9 D0)D (¢ D¢) D (¢ D0)]



[Kleene and McCarthy Logics}

Modelling parallel vs. sequential computation
The third truth-value I - for “undefined”
Negation is defined like in Lukasiewicz three-valued logic.

The notion of a model of a formula and the associated cr are
defined like in Lukasiewicz three-valued logic.

ViEt|I]t ViEt|I]t
f|f It f|f|I]¢t
LI |1t I |I|1]|1
ti|jt|t]|t tj|t|t]|t

Kleene McCarthy



The third truth-value I - for “paradoxical”

Implication is defined as follows:

~ t ifa="f
aDb = _
b ifae{t I}
Other connectives are defined like in Kleene’s logic.

A legal valuation v is a J3-model of a formula ¢ if v(y) € {t,I}.
vis a Js-model of a theory I'' if v is a J3-model of every ¢ € T.

[' 7, ¢ if every Js-model of T" is a Js-model of 1.

Examples
12 [(pDvD20)D (DY) D(p Do)
77; N1 [( D) D (¥ D ~p) D



[Hilbert-type System for Jg]

Obtained by adding to HCL™ the following axioms for negation:
N3 - V)

NN ==y =14

NC —~(p Ap) =V e

ND —(4 V) = - A g

NI =(¥ D) = A-p

where v = ¢ = (¢ D @) A (p D 1)),
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Gentzen-type System for J; ]

Obtained by deleting— =) from GCPL (FromI' = A, ¢ infer ¢, ' = A),
and adding instead the following rules:

'y, o= A '=yv,A TI'=-p A
F,—I(wDQO)iA F:>—|(¢:)§0),A
I—yYy=A TI,-p=A I' = A, -, —p
L= Ap) = A I'= A= Ap)
', =, —p = A I'=A, -y I'=A -p
[=(Ve) = A I'= A~ Vy)
Y= A I'= A




[General Semantic Method for Defining Logich

A denotational semantics for a language £ is a pair

S = (S5, =g), where S is a non-empty set of “valuations” and
=g: S x F,. A valuation is usually some mapping from F to
some set of “truth values”.

Forv € S, vis aS-model of ¢ if v =g 9. v is an S-model of T if
v =g 1 forevery ¢ € T

[' -5 2 if every S-model of I' is an S-model of .

For any denotational semantics S = (5, =s) for L, Fs is a cr.
However,(L,s) may not be a logic.
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[Many-valued Matrices as Denotational Semantics]

M = (V,D,O) is a matrix for a propositional language £ if:
e VIS a nonempty set of truth-values,
e ) # D C V (the set of designated truth-values),

e for every n-ary connective ¢ of £, O includes an operation
S YPr =Y

24



[Examples)

e In classical logic: V = {t,f}, while D = {t}.

¢ In the 3-valued logics of Lukasiewicz, Kleene, and McCarthy:
VY = {t,f 1}, while D = {t}.

e InJs: V= {t f I}, whileD={t, I}

25



(Valuations)

e A valuation v in a matrix M = (V, D, O) is any function from
the set of £-formulas to V such that:

0[0(%, crey wn)] — 5[’0[%]: e anﬂ

e v is a model of an £-formula ¢ in M, denoted by v = v, if

v(y) € D.

e v is a model of atheory I"in M, denoted by v =, I', ifvis a
model of every ¢ € T.
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[Consequence Relation Induced by a I\/Iatrix]

[' =4 9 if for every valuation v in M: v =, I implies v = 2.

Let L = (£,) be some logic.

L is sound for a matrix M if  C 4.

L is complete for M if -, C .

M is a characteristic matrix for L if L is sound and complete
for M.

For any matrix M for L, (L, 4) IS a propositional logic.

Converse directionis every propositional logic induced by a matrix?

27



[Logics Induced by Matrices and their FamiliesJ

Let C' be a family of matrices. We say that I' -+ v if for every
M e C: T Faq 2.

Every propositional logic is induced by some family of matrices.

A set of L-formulas (theory) I' is --consistent if there exists
some L-formula v such that I't/).

A logic L = (£, ) is uniform if for every two theories I'y, I's and
an L-formula ¢: I'y - ¢ wheneverI'y,I's -y and I's is a
—-consistent theory with no atoms in common with I'; U {«}.

tos & Suszko: A finitary propositional logic has a characteristic
matrix iff it is uniform.
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[Dunn-BeInap’s Logic for Inconsistent and Incomplete Informationj

A framework for information collecting and processing:

[Processor}

[Source 1: Ais true, Cis false] [Source 2: Als false] [Source 3:Bis true}
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[Dunn-BeInap’s Logic: 4 truth-valuesJ

Truth-values which can be assigned to a formula A are subsets of
{0,1}:

e t = {1}: P has information that A is true, but no information that A
Is false.

e f = {0}: P has information that A is false, but no information that A
IS true.

e T ={0,1}: P has both information that A is false and information
that A is true.

e | = (): P has no information on A.
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[Belnap’s Logic: 4 truth-values]

| Processor |

[Source 1: Aistrue, Cis false] [Source 2. Als false] [Source 3: Bistrue




[Belnap’s Logic: 4 truth-values|

Assumption 1.The sources provide information on atomic formulas,
but not necessatrily all of them.

Assumption 2:P respects the classical truth-tables in the following
sense:

1. P ascribes 1 (0) to — Iiff it ascribes 0 (1) to ¢

2. P ascribes 1to ¢ Vv ¢ iff it ascribes 1 to either ¢ or
3. P ascribes 0 to ¢ V 9 iff it ascribes 0 to both ¢ and v
4. P ascribes 1to ¢ A v iff it ascribes 1 to both ¢ and
5. P ascribes 0 to ¢ A % Iff it ascribes O to either ¢ or

“The processor ascribes € {0, 1} to«": zxis included in the subset ¢b, 1}
which is assigned by the processorto



[Dunn-Belnap’s Logic

o V={t,f T,1}
° D:{t,T}

e The truth-tables for the connectives:

33
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— =+ m = >
- = e

o B Tl
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[Corresponding Gentzen-type SystemJ

Obtained by deleting frot= CPL both of the negation rules (as well as the
implication rules), and adding instead the following rules

I'-yv=A TI,mp=A I'= A, ), -
[,=(p Ap) = A I'= A= Ap)
Fa_'wa_'90:>A F:>A7_'¢ F:>A7_'SO
[, = V)= A I'= A= Ve)
Y= A ' = A,

P,—'—'?,D:>A F:>A,—l—l¢
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[Fuzzy Logic: The Sorites Paradox]

e 1 grain of wheat does not make a heap.

e If 1 grain of wheat does not make a heap then 2 grains of
wheat do not.

e If 2 grains of wheat do not make a heap then 3 grains do not.

e If 9,999 grains of wheat do not make a heap then 10,000 do
not.

10,000 grains of wheat do not make a heap???
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[Fuzzy Logics (L. Zadeh))

e Fuzzy Logic is an extension of Classical Logic.
e The idea: use infinitely many truth-values in [0,1]

e The interpretations of disjunction and conjunction are
monotonic, and interpretations of all connectives agree with

the classical ones on 0 and 1.
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[deel and Lukasiewicz Fuzzy Logics]

V=101 D={1} O0={V,A5,7}

aVb = max(a, b) aAb = min(a,b) =a = aD0

b ifa>0b l—a+b fa>>b
(Godel) (Lukasiewicz)

- 1 fa<b - 1 fa <b
aDb = aDb =



(Models and cr in Fuzzy Logics

e A legal valuation v for a fuzzy logic L is an L-model of a
formula ¢ if v(¢)) = 1. v is an L-model of a theory I' if v is an
L-model of any ¢ € T'.

e I'; v if every L-model of I is an L-model of .

e Examples:
LY D (e DY)
7L p Vo
=t ukasiewicz? = 7Y, but Ygadel ¥ = 79
~Godel L2, but 7} ykasiewicz12

e Both Godel and tukasiewicz fuzzy logics are decidable.
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[Axioms for Godel fuzzy Iogic}

11 ¢ 2 (¥ D)

12 (p DY D0)D(p DY) D(pDH)
Cl pAY Doy

C2 oA D

C3 oD ((WDeAY)

D1 ¢ DV

D2 ¢ DV

D3 (¢ 20)D(>D0O)D(pVy DO
N1 (¥ D) D (¥ D —p) D9

N4 —¢ D (¢ D9)

PL (¢ D)V (D)
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(Godel and tukasiewicz Finite-valued Logics |

For a given finite natural number n, the n-valued counterparts of
the fuzzy logics of Godel and Lukasiewicz are obtained by taking

1 n — 2

o oy

Y = {0, 1

n—1""""n—1’

Then D and the interpretations of the connectives are defined
analogously as for the infinite-valued logics.



