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The complexity of a lexicon
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α∈A1

(ord(L(α)))



Order and complexity of a
grammar

Let G = 〈Σ1,Σ2,L, s〉

order(G) = ord(Σ1)

complexity(G) = comp(L)



Abstract categorial 
hierarchy



Abstract categorial 
hierarchy

G(m, n) = {G | order(G) ≤ m and complexity(G) ≤ n}



Abstract categorial 
hierarchy

L(m, n) = {O(G) | G ∈ G(m, n)}

G(m, n) = {G | order(G) ≤ m and complexity(G) ≤ n}



Proposition:
m, n ≥ 1 L(m, n + 1) ⊂ L(m + 1, n)For all ,



Proposition:
m, n ≥ 1 L(m, n + 1) ⊂ L(m + 1, n)For all ,

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉



Proposition:
m, n ≥ 1 L(m, n + 1) ⊂ L(m + 1, n)For all ,

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉

Suppose L(γ) = α→ β



Proposition:
m, n ≥ 1 L(m, n + 1) ⊂ L(m + 1, n)For all ,

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉

Suppose L(γ) = α→ β

Σ′
1 = (A1 ∪ {δ1, δ2}, C1, τ1)



Proposition:
m, n ≥ 1 L(m, n + 1) ⊂ L(m + 1, n)For all ,

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉

Suppose L(γ) = α→ β

Σ′
1 = (A1 ∪ {δ1, δ2}, C1, τ1) τ ′

1(c) = τ1(c)[γ := δ1 → δ2]



Proposition:
m, n ≥ 1 L(m, n + 1) ⊂ L(m + 1, n)For all ,

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉

Suppose L(γ) = α→ β

Σ′
1 = (A1 ∪ {δ1, δ2}, C1, τ1) τ ′

1(c) = τ1(c)[γ := δ1 → δ2]

G′ = 〈Σ′
1,Σ2,L′, s〉

L′(δ1) = α

L′(δ2) = β

L′(c) = L(c)

L′(β) = L(β) when β ∈ A1



m, n ≥ 1For all , L(m + 3, n) ⊂ L(m + 2, n + 1)
Proposition:



m, n ≥ 1For all , L(m + 3, n) ⊂ L(m + 2, n + 1)
Proposition:

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉
α→ β



m, n ≥ 1For all , L(m + 3, n) ⊂ L(m + 2, n + 1)
Proposition:

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉
α→ β

Σ′
1 = (A1 ∪ {γ}, C1 ∪ {enc, tr}, τ ′

1)
τ ′
1(c) = τ1(c)[α→ β := γ] when c ∈ C1

τ ′
1(enc) = (α→ β)→ γ τ ′

1(tr) = γ → α→ β



m, n ≥ 1For all , L(m + 3, n) ⊂ L(m + 2, n + 1)
Proposition:

Σ1 = (A1, C1, τ1) Σ2 = (A2, C2, τ2) G = 〈Σ1,Σ2,L, s〉
α→ β

G′ = 〈Σ′
1,Σ2,L′, s〉 L′(δ) := L(δ) when δ ∈ A1

L′(γ) := L′(α)→ L′(β)

L′(c) := L(c) when c ∈ C1
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G = 〈Σ1,Σ2,L, s〉Let be in G(1, n)

The only closed terms of type s are constants

is the class of finite languagesL(1, n)
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on strings



L(2, n)The string languages of

Lstring(2, 1)

Lstring(2, 2)

Lstring(2, 3)

Lstring(2, 4)

Lstring(2, 4 + n) = Lstring(2, 4)

regular

context-free

mildly context sensitive 

well-nested
mildly context sensitive
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X → w1X1 . . . wnXnwn+1

G = (N, T, R, s)

r : X1 → · · ·→ Xn → X

r := λX1 . . . Xn.w1 + X1 + . . . wn + Xn + wn+1

Let be a CFG

CFLs ⊆ Lstring(2, 2)
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such that

Proposition

if there is an abstract type α Σ1

L(α) = σ → · · ·→ σ → σ → σ

in

then in a term of type
there is no subterm of type

s

α

every usefull type verifies
L(α) = σ → σ

Lstring(2, 2) ⊆ CFLs

Gstring(2, 2)
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Very similar to 

• We first code linear macro grammars
• We prove that the usefull abstract types 

are only built with the           type
• We conclude

string

Lstring(2, 3) = WNMCSL
Lstring(2, 2) = CFL



•    
• There are several proofs of

‣ In second order ACG, the homomorphism acts 
like a DTWT (Salvati 06)

‣  An encoding of second order ACGs as HR 
grammars (Kanazawa 07)

‣  A proof using interpolation (Kanazawa, 
Salvati 08).

MCSL = LCFRL, MCFL, SHR, Output(DTWT ) . . .

Lstring(2, n) = MCSL

Lstring(2, n) = MCSL
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L(2, n)The tree languages of

regular

linear context-free

THR

?

Ltree(2, 1)

Ltree(2, 2)

Ltree(2, 3)

Ltree(2, 4)

Ltree(2, n) = Ltree(2, 4)



Trees and strings

Ltree(2, 1)

Ltree(2, 2)

Ltree(2, 3)

Ltree(2, 4)

Ltree(2, n)

Lstring(2, 1)

Lstring(2, 2)

Lstring(2, 3)

Lstring(2, 4)

Y ield

Y ield

Y ield

Y ield



Expressivity on 
terms

L(2, n)



• It is not known whether the hierarchy 
collapses in that case

• Those languages can be faithfully 
represented as HR languages (Kanazawa 
08).

Languages of terms



L(3, n)



Semilinearity

All the languages of L(2, n) are semilinear

This property does not hold anymore for 
L(3, n)


