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• Preliminary notions:

‣ coherence theorem

‣ closure properties

‣ definition of membership problems
• Complexity of membership problems:

‣    

‣   
• Non-linear ACGs

G(3, n)
G(2, n)



The coherence 
theorem
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Properties of the linear lambda-calculus:

• Subject expansion

• Every linear lambda-term is simply 
typable

• The principal type of a linear 
lambda-term specifies uniquely 
this term (coherence)



Linearity and coherence

Let’s take Σ =( {o}, {a}, {a : o→ o})

λx.a(a(x)) has o→ o as principal type



Linearity and coherence

Let’s take Σ =( {o}, {a}, {a : o→ o})

λx.a(a(x)) has o→ o as principal type

But so does λx.a(a(a(x)))



Recovering linearity

Relabelings: lexicons of complexity 1



Recovering linearity

Relabelings: lexicons of complexity 1

R(oi) = o

R(ai) = a

Example:

Σ =( {o}, {a}, {a : o→ o})

R
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Recovering linearity

Relabelings: lexicons of complexity 1

R(λx.a1(a2 x)) = λx.a(a x)

is the only term of 
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Recovering linearity

Proposition (coherence): 

a signature
a relabeling

t in ΛΣ there is:for every term

R : Σ′ → Σ
Σ′

a term
verifying

in

t′is the unique term of type α in ΛΣ′

R(t′) = t

Λα
Σ′t′
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λx.a(a(a(a(a(x))) λx.a1(a2(a3(a4(a5(x))) : o6 → o1

a : o→ o
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Interpreting coherence

λx.a(a(a(a(a(x))) λx.a1(a2(a3(a4(a5(x))) : o6 → o1

a : o→ o

o6o5o4o3o2o1

ai : oi+1 → oi

String contexts:

λs.ai + · · · + ai+k + s + ai+k+l + · · · + ai+k+l+m :
(oi+k+1 → oi+k+l)→ (oi+k+l+m → oi)

Intervals:

λx.ai(· · · (ai+kx) · · · ) : oi+k+1 → oi



Closure properties



Closure under inverse
relabeling

Proposition:
G = 〈Σ1,Σ2,L, s〉Let
R : Σ3 → Σ1

α a type in Σ3 such that R(α) = L(s)

of G(m, n)

such thatThere is G′ = 〈Σ′
1,Σ3,L′, s′〉 of G(m, n)

O(G′) = R−1(O(G)) ∩ Λα
Σ3



A pictorial view

O(G)

O(G′)

Λα
Σ3

R−1(O(G))

ΛΣ3

R−1

ΛΣ2



Other closure properties

is closed under unionL(m, n)

Lstring(m, n) is closed under intersection 
with regular sets of strings

Ltree(m, n) is closed under intersection 
with regular sets of trees



Membership 
problems
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Two kinds of problems

Universal membership:
Fixed data: a class of grammar
Input: a grammar and an objectG t
Output: Yes/No when t ∈ L(G)/t /∈ L(G)

Membership:
Fixed data: a grammar 
Input: an object t
Output: Yes/No when t ∈ L(G)/t /∈ L(G)

G



Membership Universal
Membership

CFGs/TAGs P P

Lambek
Grammars P NP-complete

MCFGs P PSPACE-complete/
EXPTIME-complete



Complexity of

G(3, n)
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MELL

The emptiness problem in G(3, n)
is Turing-equivalent to proof search 
in MELL

Proof search in MELL is Turing-
equivalent to the emptiness 
problem of Λα

Σ

So is the membership problem
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O(G)

L

Λs
Σ1

ΛL(s)
Σ2

Membership and MELL

A(G)

Coherence

R(t′) = t

Λα
Σ3

= {t′}

R−1

Closure under inverse relabeling

O(G′)
R−1(O(G))

t ∈ ΛL(s)
Σ2

t
?
∈ O(G)
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Membership and MELL

Exercise:

Reduce emptiness of an ACG to the 
membership problem

Hint 1: prove that sets of pure terms of a 
given type is finite

Hint 2: prove that the sets of pure terms built 
with types of the form 

T ::= (σ → σ) | (T → T )

are not empty
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Lexicalized grammars

G = 〈Σ1,Σ2,L, s〉 is lexicalized if for every c ∈ Σ1

L(c) contains at least one object constant

Membership Universal
Membership

NP-complete NP-complete

NP-complete NP-complete

G(3, 1)

G(3, n)



Complexity of

G(2, n)



Membership Universal
Membership

P P

P PSPACE-complete

G(2, 1)

G(2, n) n > 1
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CYK algorithm for CFGs

G = (N, T, R, s)Let be a CFG
a1 . . . an

X → w1X1 . . . wnXnwn+1

w1 = ai . . . aj (X1, j + 1, k)
...

wn = al . . . am (Xn, m + 1, p)
wn+1 = ap+1 . . . aq

(X, i, q)

(Y,i,j)Items meaning Y
∗→ ai+1 . . . aj



CYK algorithm for G(2, n)

G = 〈Σ1,Σ2,L, s〉Let be in G(2, n) and t ∈ ΛL(s)
Σ2

Coherence: Σ3, R, α, t′

Item:

Meaning: there is t ∈ Λβ
Σ1

such that R−1(L(t)) ∩ Λγ
Σ3

#= ∅
(β, γ) with β ∈ Σ1, γ ∈ Σ2 and L(β) = R(γ)

(β1, γ1) · · · (βn, γn)
R−1(L(c)) ∩ Λγ1→···→γn→γ

Σ3
"= ∅

(β, γ)



Non linear ACGs
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Lsynt

Σ0

abstract
syntactic
structure
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form
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Lsynt Lsem

Σ0

abstract
syntactic
structure

Σ1

syntactic
form

Σ2

semantic
form



Decidability and non-
linearity

Gnon−lin(3, n): undecidable membership problem

Gnon−lin(2, n): decidable membership problem

∃x.unicornx ∧ find jx



Decidability of Gnon−lin(2, n)

•Recognizability for lambda-terms
•Singleton sets are recognizable
•Recognizable sets are closed under:
‣boolean operations
‣inverse homomorphisms (lexicons)


