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Tentative contents and schedule

NB: Depending on the actual composition and background of & audience, last minute
changes of this schedule are possible.
Day 1:

Lecture 1: Introduction. Transition systems and computations. Important properties of
transition systems: safety, eventualities, fairness, reehability. Formal speci cation and veri-
cation of properties of transition systems. The basic temporal logic for transition systems.

Lecture 2: Behavioral equivalences between transition systems. Bisiulations and bisim-
ulation games. Bisimulation invariance.

Day 2:

Lecture 3: The linear time temporal logic LTL: syntax, semantics, expressiveness.

Lecture 4: Satis ability and validity testing and model-checking of L TL formulae.

Day 3:

Lecture 5: Branching time temporal logics. The temporal logic of reaclability TLR. The
computation tree logics CTL* and CTL.

Lecture 6: Satis ability and validity testing and model-checking of b ranching-time logics.

Day 4:

Lecture 7: A generic tableau method for testing satis ability and model checking of tem-
poral formulae.
Testing satis ability and model checking of LTL using table aux.

Lecture 8: Testing satis ability and model checking of TLR and CTL usin g tableaux.

Day 5:
Lecture 9: Automata-based methods for satis ability testing and model-checking of LTL.

Lecture 10: Automata-based methods for satis ability testing and model-checking of
branching-time logics.



Introduction

Temporal reasoning stems from philosophical analysis of the and temporality, initiated in
the Antiquity by Diodorus Chronos and Aristotle, but rst fo rmalized in logical systems by
Arthur Prior in his famous book \Past, Present and Future" [P ri67].

On the other hand, temporal aspects and phenomena are pervag in computer and in-
formation systems, for instance: scheduling of the executin of programs by an operating
system; speci cation and veri cation of concurrent and reactive systems; in particular, syn-
chronization of concurrent processes; real-time processand systems; hardware architecture
and veri cation; temporal databases, etc. Many of these arerelated to speci cation and
veri cation of properties of transition systems and computations in them.

In the seminal paper [Pnu77a] Amir Pnueli proposed the use ofemporal logic for speci-
cation and veri cation of important properties of reactiv e and concurrent systems, such as
safety, liveness, fairness, etc. Since then temporal logichave found numerous other appli-
cations in computer science and arti cial intelligence, bu the one proposed by Pnueli, and
further developed by him and Manna in [MP79], [MP81], [MP92] [MP95] has been the most
popular and successful so far. The reason for that success tisat temporal logics provide a
very natural logical framework for formal speci cation and veri cation of properties of tran-
sition systems, as these logics are syntactically simple @ahelegant, have natural semantics,
strong expressive power, and good computational behaviorDepending on the type of sys-
tems and properties to specify and verify, two major families of temporal logics have been
developed: linear-time and branching-time logics Major applications of temporal logics are
the formal logical derivation of properties of systems expressed by temporal formulae, dm
their speci cations formalized as a system of temporal axions, and the satis ability testing
of temporal formulae, which corresponds to formal veri cation of the realizability of system
speci cations expressed by these formulae.

Two major developments, both starting in 1980's, contributed strongly to the popularity
and success of temporal logics in computer science. The rsine is the advancement ofmodel
checking as method for formal veri cation by Clarke and Emerson in [CE81], followed by
[CES83], [CES86], and independently by Queile and Sifakisni [QS82]. The second one is
the emergence ofiutomata-based methoddor veri cation, advocated in a series of papers by
Sistla, Vardi and Wolper [SVW87], [VW86], and further developed in [VW94], [KVWO00], etc.

Both the method of model checking and the automata-based tdmiques for veri cation
work extremely well for properties specied in temporal logics, and that has boosted the
importance and popularity of temporal logics in the eld of formal veri cation enormously.
For instance, model checking of a property of a given transion system corresponds to check-
ing whether the temporal formula expressing that property is true in the abstract model
representing the system. This is particularly important when the property represents some
unwanted behaviour which should never occur in the system. @ the other hand, it turns out
that satis ability testing and model checking of temporal f ormulae can be uniformly reduced
to testing language non-emptiness and language inclusionf@utomata on in nite words or
trees associated with the formula (in the case of satis abiity testing), respectively the formula
and the model (in the case of model checking).

In parallel with automata-based technigues, e cient and intuitively appealing tableau-
based methoddor satis ability testing and model checking of temporal formulae have been
developed since the early 1980s, by Wolper [Wol83], [Wol85for the linear-time logic LTL),
Ben-Ari, Manna, Pnueli [BAPM81] (for the branching-time lo gic UB) and Emerson, Halpern



in [EH82],[EH85] (for the branching-time logic CTL).

Automata-based and tableau-based methods are intimately elated, while each of them has
pros and cons compared to the other. Because of the conceptiuglegance and technical power
and convenience, the automata-based methods have been fawed by the researchers in the
area and most of the tools that have been implemented are badeon automata. On the other
hand, tableau-based methods for model checking and satislaility checking of temporal logics
are less developed and tested for industry applications, buare more natural and intuitive
from logical perspective, easier for execution by humans, rad (arguably) potentially more
exible and practically e cient, if suitably optimized.

In this course we will discuss abstract transitions systemsand computations in them, will
introduce and study the standard linear and branching time temporal logics, will illustrate
how they can be used to specify properties of transition sysgms, and will present tableaux-
based and automata-based methods for veri cation of tempoal formulae.



1 Lecture 1: Transition systems and computations.
The basic temporal logic for transition systems TL.

Transition systems consist of states and transitions betwen them. They are used to model
and implement sequential and concurrent processes, whichao be autonomous, reactive, or
interactive. The states in a transition system can be though of as program states, con-
trol states, con guration states, memory registers, etc. The actions can represent program
instructions or even whole programs, autonomous processeagents' actions, etc.

Physical examples of transition systems include clocks, valing machines, payphones,
semaphores, lifts, etc. Abstract examples of transition sgtems include nite state machines
(in particular, nite automata), as well as con guration gr aphs of various other abstract com-
puting devices, such as pushdown automata, Turing machinesPetri nets, counter systems,
timed automata, etc. In this course we will adopt an abstract view on transition systems.

1.1 Labeled transition systems

Transitions can be e ected by di erent actions or processes so we often distinguish di erent
types of transitions, by assigning di erent labels to them. Thus, generally, we consideldabeled
transition systems. Here is the formal de nition.

De nition 1.1. [Labeled transition systems |
A labeled transition system (LTS) is a structure

D n o E

T= s 7%
a2A

consisting of:

? a non-empty setS of states;

? a non-empty setA (called the signature of T) of transitions ; each of them acts, possibly
non-deterministically, on states and producesuccessor states

? a binary transition relation 7% S S associated with every actiona 2 A.

We write s 7% t to indicate that the action a can transform the state s into the state
t and say that s is an a-predecessorof t, while t is an a-successorof s.

r

In addition, sometimes aninitial state (or, a set of initial states) is speci ed (see below).

When referring to transition systems where states have spec structure, such as states
of pushdown automata, Turing machines, counter automata, Retri nets, etc., we often use the
term “con guration ' as a synonym of “state'. Also, depending on the context, sogtimes we
talk about “control states' or “locations' instead of “states', and aboutactions, or processes
instead of “transitions'.

When a labelled transition system involves only one type of ation, we call it a (mono)-
transition system. Then we omit the label and typically denoted it by (S;R).



D n o E

With every transition system T = S; 7t ,a we can associate thainion transition
a.

[ .
Rt = f7§ a2Ag

Thus, for any statess;t 2 S, sRtt holds i there is at least one transition that relates s to t.
Most of the concepts and results discussed here do not depemssentially on the speci c
signature of the transition system T. So, often the labels can simply be ignored and we can
assume thatT is identi ed with the mono-transition system hS;Rti. That is why, we will
usually only consider the case of mono-transition systemsral, when the signature is of no
importance, we will often talk about transition systems simpliciter, abbreviated "TS'.

De nition 1.2. [Rooted transition systems ] A rooted (or, initialized) transition system
(RTS) isapair (T;r) whereT isa TS andr is a distinguished state inT, called theroot. r

Intuitively, r is the initial state from which all computations which we consider begin.

A state may have various properties: it can be initial, terminal, accepting, deadlock, safe or
unsafe, etc. We describe there properties of states by fornhae of a suitable state-description
language; on propositional level these can be indicated bypgcial atomic propositions. We
will call the set of such propositions that are declared trueat a given state the description of
that state. A transition system where every state is assignd such description will be called
an interpreted transition system. Here is the formal de nition.

De nition 1.3. [Interpreted transition system ] Interpreted transition system (ITS) is a
pair M = hT;Li whereT is a transition system of some signatureA, PROP is a xed set of
atomic propositions, and L : S! 2PROP s g state description which assigns to every states
the set of atomic propositions true ats. r

The type of the ITS M is the pair (A; PROP). The type of M is nite if each of A
and PROP is nite. Unless otherwise speci ed, we will only consider interpreted transition
systems of nite types.

Rooted interpreted transition system (RITS) is de ned accordingly. We will be denoting
such systems by M ;r), or, with a slight abuse of notation, by (T ;L;r).

NB. In terms of modal and temporal logics, transition systems ae simply Kripke frames,
and interpreted transition systems are Kripke models. Howeer, we prefer to use the term
transition system, to emphasize on the fact that this courseis about applying temporal logics
to reasoning about transition systems, not the other way araind.

In logical terminology, the state description is usually cdled a truth assignment Instead
of truth assignments, valuations are often used in classical modal and temporal logics. A
valuation V : PROP ! 2S5 assigns to each atomic proposition from PROP the set of state
where it is true. Clearly, the two formalisms are inter-de n able and we will make use of both,
for di erent purposes. For instance, we will use valuationsin the context of global model-
checking where with every formula of the logic we associate (and comyte) the set of states
in the given transition system where that formula is true.



1.2 Paths and computations in transition systems

De nition 1.4. [Paths in transition systems ] A path in a transition system T is a ( nite
or in nite) sequence of states and actions which transform gery state into its successor:

So 7P 54 T spire

The path is said to be rooted atsg. A path  consisting ofn transitions is said to havelength
n, denotedj j= n.

A path in a transition system is maximal if it is either in nite, or is nite and ends in a
deadlock statei.e., a state with no successors. Thus, in a transition sygtm without deadlock
states all paths are maximal. r

We sometimes use the termsrun' or “execution' as synonyms of “path’, for instance when
referring to some special cases of transition systems, sues automata, Petri nets, etc.

De nition 1.5. [Reachable states ] A state t is reachablefrom a state s in a transition system
T if there is a path in T leading from s to t.
The set of all states inT reachable froms will be denoted by post; (s). r

In a mono-transition system a path is simply a sequence of stas Sp;S;;Sp;:::, every
one of which is related to its successor by the transition redtion. Formally, a path in such
a transition system can be de ned as a mapping : N! S, so we will often denote the
successive states of a path by (0); (1); (2);:::.

De nition 1.6. A path in a transition system is a cycle if its rst and its last state coincide;
in particular, if it is a loop: s 7% s. r

De nition 1.7. A transition system is:

? acyclic if it does not contain cycles;
? forest-like if it is acyclic and every state has at most one predecessor ate.

? tree-like if it is a forest in which exactly one state, called the root, has no predecessor
states.

r

De nition 1.8. [Computations ] A computation, or trace, in an interpreted transition system
(T;L) is a (nite or in nite) sequence of state descriptions and respective actions along a
path:

L(so) 7 L(s1) 7" L(sp):::

r

Thus, a computation, intuitively, is the observable e ect (the “trace’) of a path in a
transition system. It can be regarded as a record of all sucasive intermediate results of
the computing process. The idea is that the information encded by the state descriptions
includes all that is essential in the computation, including the values of all important variables.
That is why, sometimes we use the termtrace' as a synonym of ‘computation'.

7



If a path or a computation is nite, it is also called terminating. For technical convenience
we can always append to any nite path an in nite repetition o f an idle (terminating) state
and thus consider every path and computation in nite. Thus, hereafter, unless otherwise
speci ed, we only consider the case when the (union) transibn relation R is serial, or total,
i.e., every state has at least oneéR-successor.

When the actions are not important, we will omit them from the description of paths and

computations and will represent them simply assg; S1; S2; @ : : and respectivelyL (sg); L(s1);L(s2);:::.

Sometimes, when we are not interested in the speci ¢ path gegrating a given computation
(or, when the transition system has only one path, as inhN; sucé where succis the successor
function on N) we can bypass the notion of a path altogether and introduce he notion of
abstract computation being simply a mapping : N ! 2S5. Accordingly, we will denote the
successive labels in a computation by (0); (1); (2);:::.

1.3 Unfoldings of transition systems. Execution trees.

The paths in a transition system are only present there implcitly. They can be made explicit
by unfolding the transition system into a forest-like one, where paths coincide with branches.

De nition 1.9. [Unfolding of a fpbglled Jrangition system ] The unfolding of the la-

belled transition system T = S; 77 is again a labelled transition systemJP =
D n o E azA

8; =5 where:
a2A

? 8 consists of all nite paths in T, including all single statess, regarded as pathsb of
length 0.

The last state of a nite path  will be denoted by I( ).

? =} Oholdsif Cisa one-step extension of along the transition a, i.e., = (0) 7

1) 7 (nNand °= © 7 @ A n 7% (n+1).
r

De nition 1.10. [Unfolding of a rooted transition system ] The unfolding of the rooted
(labelled) transition system (T ;r) is the rooted (labelled) transition system (JP [b]; b) where b
is the single-state path beginning atr.

It is also called the unfolding of T from the stater. r

De nition 1.11. [Unfolding of an interpreted transition system ] The unfolding of the
interpreted transition system M = (T;L) is the interpreted transition system M = ('b; E’),
where E’( ):= L(I( )) for every 2 P.

Likewise, the unfolding of the rooted interpreted transition system M ;r) is the rooted
interpreted transition system (M [b]; b). r

Note that every unfolding of a transition system is a forestiike transition system, and
every unfolding from a state is a tree-like rooted transition system.

Also, note that o = 1} ., isapathinPi (o) 7° 1( 1) 7 I( )
is a path in T. Consequently, B( o) =¥ B( 1) 5} P(,) is a computation in ¥ i
LU( o) 7° L(( 1) 7 L(( 2) s (the same) computation in M .
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Thus, paths and computations inM and in ¥ are in one-to-one correspondence: the last
state of a path in M is actually the corresponding path inM . This correspondence naturally
maps M onto M and the graph of that mapping de nes a behavioral equivalene between
M and M , called bisimulation (see next lecture).

Since the paths and computations in a rooted ITS M ;r) are explicitly represented by
the branches of the trees in the unfolding @ ;b), the latter is also called the computation
tree of (M ;r), also denoted by Tr(M ;r).

1.4 Important properties of transitions systems

There are several types of properties of transitions systemithat are of great practical impor-
tance are invoke the need for their formal speci cation and \eri cation. They are all related
to reachability or non-reachability of desired or unwanted states from a given (e.g., the ini-
tial) state or set of states in the system. We will brie y discuss and illustrate these types of
properties.

1.4.1 Local properties

Local properties of transition systems are those that referto immediate successors or prede-
cessors of the current state. Generally, a local property hathe form:
\Some/every immediate successor/predecessor of the auiristate satis es the property ",
where' is a property of states. Some examples:

? \The process will be enabled at the next state, no matter how the system lges"
? \When the elevator reaches the top oor, it will start movingodin."

? \If the processA is currently enabled, the scheduller must have disabledpgteressB at
the previous staté.

? \If train is entering the tunnel now, the semaphore at the ottend must have been red at
the previous moment.

Typical examples of local properties are thepre-conditions and post-conditions associated
with program instructions.

Local properties can be iterated a xed number of times, e.g. referring to some/all states
in 2nd, 3rd, etc. n transitions from the current state, but not inde nitely . Thus, local
properties cannot refer to states which are reachable byany nite path, i.e., they cannot
express reachability

1.4.2 Invariance and safety properties

Invariance properties describe what must always hold throughout the computation, while
safety properties describe what mustnever happenduring the computation. Examples:

? Partial correctness : \If a pre-condition P holds at the input of the program, then
whenever it terminates (if it does at all) a post-conditid@ will hold at the output.”

Also:



? \ Not more than one process will be in its critical section atyamoment of time'
? \ A resource will never be used by two or more processes simediasly.”

? \No deadlock will ever occlir

More practical examples:

? \ The tra c lights will never light green in both directions",

? \ A train will not pass a red semaphdte

? \ The reactor will not overhedt etc.

1.4.3 Eventualities and liveness properties

Eventuality and liveness propertiesdescribewhat must eventually happerduring the compu-
tation. Examples:

? Total correctness : \If a pre-condition P holds at the input of the program, then wtill
terminate and a post-condition Q will hold at the outpit.

Also:
? "If the train has entered the tunnel, it will eventually leaite"
? "Once a printing job is activated, it will eventually be corefd.’
? \If a message is sent, it will eventually be deliveteekc.
A typical example of a bad eventuality property is "deadlocK: when the system reaches a
state from which it can make no further transition.
1.4.4 Fairness properties

Fairness properties re ect the idea that all processes must be treated ‘fairly’ by the operating
system (scheduler, etc.) There is a whole variety of fairness properties and a lot ofiterature
devoted to them (see [Fra86]). They express important requements in concurrent systems
i.e. systems whereby several processes sharing resources rmn concurrently by an operating
system which is to schedule their execution in a ‘fair' way. Atypical situation: a process is
enabled for the next step of its execution, and sends a requefor scheduling. It may or may
not be immediately scheduled for execution, because it is copeting with the other processes
for resources, but afair scheduling would mean that if the process is persistent for long enough
then eventually its request will be granted
Examples:

? Weak fairness: "Every continuous request will be eventually granted.

? Strong fairness: "If a request is repeated in nitely often then it is eventualyranted:

? Impartiality: "Every process will be scheduled in nitely oftén.

In [Eme90] Emerson identi es fairness as the link between aacurrency and non-determinism:

concurrency = non-determinism + fairness.

10



1.4.5 Precedence properties

Often a speci cation of a system involves requirements regaling the precedence of events,
such as: 'The event' will occur before the event (which may or may not occur at all
Examples:

? "If the train has entered the tunnel, it must leave it beforeyaather train has entered.

? \Before the trac light turns green in a given direction, it mst have turned red in the
intersecting road

1.5 The basic temporal logic for transition systems TL

Recall that interpreted transition systems are just multim odal Kripke structures, so the basic
multimodal logic is the simplest natural logical language © specifylocal properties of tran-
sition systems. Here we will present and discuss that logicas a language for speci cation of
such properties. To re ect on that perspective, and in orderto comply with the notation for
the more expressive logics to be considered further, we wilise a less common notation for
the basic modal operators, which can be easily translated tstandard modal logic.

1.5.1 Syntax

More precisely, with every type = ( A; PROP) of interpreted transition systems we associate
a multimodal language TL = TL  with a set of atomic propositions PROP and a family of
modal operators EXa)a2a, €ach representing a transitiona 2 A.

The inductive de nition of formulae is:

CEpin A EX

The other logical connectives:>;?,) , _,, are dened as usual; besides, thelual of
each modal operatorEX, is de ned as AXy = : EXy: .

A constant formula is a formula containing no atomic propositions.

The fragment of the logic TL consisting only of constant formulae is known as Hennessy-
Milner logic [HM80], here denoted as HML .

De nition 1.12. The modal depth md(' ) of a formula ' is the greatest number of nested
occurrences of modal operators in it, de ned recursively agollows:

? md(?)=md(p)=0;
?md( 1! " 2)=max(md(" 1);md(" 2));
? md(EXg' )=md("')+1.

The fragment TL" comprises all formulae of TL with modal depth  n.

11



1.5.2 Semantics

The semantics of TL is the standard Kripke semantics in interpreted transition systems. The
basic semantig notion oftruth of a formula at a state s of an interpreted transition system

M =(S; 7t ,a ;L) is de ned inductively as follows.
a.

?MisF pi p2L(s)

?Mi;sE:" i M;s§"';

?M;, ' ifM; ' andM; E

?M; ;s EXy' ifM tE" for somet 2 S such that s 7% t.

The derived truth de nition of AX,; becomes:

?M;sfE AXy' if Mt "' foreveryt2 S suchthats 7t t.

Some terminology:

De nition 1.13. [Truth, validity, satis ability ] Given anits M , stater in M , and a formula
" of TL, we say that ' is:

?satisedatrin M if M;rg".
We then also say that (M ;r) is a model of' .

? satisablein M if M ;sE ' for some states2 M .
? satis able, if it is satis ed in some ITS.

? valid in M, denotedM j=",if M ;sE ' for every states2 M .
We then also say thatM is a model of" .

? valid in a class of ITS C, denotedC £ ' , if itis valid in every ITS in C.

? valid in a state s of a transition system T, denotedT;siE ' ,if M ;s ' forevery ITS
overT;

? valid in a transition system T, denoted T F ', if it is valid in every ITS over T.
? valid, denoted= ' |, if it is valid in every ITS.

r

De nition 1.14. [Extension of a formula ] The extensionof a formula’ inan ITS M is the
set of states inM satisfying the formula:

Kky :=fsjM ;sE'q

12



Proposition 1.1 The extension of a formulak' ky can be computed inductively on the con-
struction of ' :

? kpky = fsjp2 L(s)g;

? k')kM =

?K 1! "okm =(SnkK 1ky) [k 2km;
? KEXy' km = pre(k' ky ) = fsjRa(s)\k "' ky 6 ;0.

1.5.3 Standard translation of TL into FO 2

With every type = (A; PROP) of interpreted transition systems, where PROP = fpg; p1;:::0,
we associate a relational rst-order language FO having a family of unary predicatesf P;gp, 2pror ,
a family of binary predicates f R40a24, and a set of rst-order variables VAR = fXxg;X1;:::0.
We regard the models of FO as interpreted transition systems in a natural sense: the in
terpretations of the binary predicates are the transition systems, and the interpretations of
the unary predicates de ne a valuation: V (p;) := Pj, and hence a state description function
L(s):=fpijs2P g

Thus, we now have two notions of truth and validity in an ITS: t he modal and the rst-
order. Wherever necessary, we will highlight the distincton by writing Ero to explicitly
appeal to rst-order semantics. In fact, truth and validity of a TL-formula in an ITS are
rst-order notions , in the following sense. The formulae of TL are translated into FO by

means of the followingstandard translation [Ben83], parameterized with the variables from
VAR:

? ST(pi;Xj) := Pix; for every pj 2 PROP;
? ST(?;X):

? .

? ST( 1" " 2i%)) 1= ST(" 13%)) » ST( 2:%);

? ST(EXa' ;Xj) = 9y(Xx; Ray* ST(' ;Y)), wherey is the rst variable in VAR not occurring
in ST(" ;Xj).

Note that only x; is free in ST( ;x;). Furthermore, it su ces to use only two variables
Xo and x; (free or bound) in an alternating fashion in the standard translation, by amending
the choice ofy in the clause for STEX,' ;x;) as follows: y is chosen as the rst variable
in VAR nfx;g. This yields a translation into the two-variable fragment FO? of rst-order
logic. We also note, that the standard translation of any modal formula falls into the guarded
fragment of rst-order logic; for more details see e.g., [BARVO01b].

The standard translation is semantically faithful in the fo llowing sense.

Proposition 1.2 For every rooted ITS (M ;s) and ' 2 TL:

MisE"' I Mj=go ST(" ;Xo)[Xo = S|

INote that we use the same notation for the transition relatio ns in ITS and for the binary predicates in the
associated rst-order structure; this should causes no confusion.
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Proof: Exercise. QED

Thus, with a slight abuse of terminology, we can say that evey formula * of TL is
logically equivalent to its standard translation ST(' ;x). Then, a natural questions arise:
which formulae (x) of FO are logically equivalent, in the same sense, to modal formas
from TL? We will address that question in the next section.

While, by means of the standard translation, the semantics ad validity for modal formulae
in ITS are essentially rst-order, validity of a modal formu la in a transition system becomes a
monadic second-orderproperty. Indeed, paraphrasing the de nition in terms of th e standard
translation, a modal formula * is valid in a transition system T i its standard translation
is true in that transition system under every interpretation of the unary predicates occurring
in it.

Proposition 1.3 For every pointed TS (T;s) and ' 2 TL with atomic propositions among

T;s"' i T E 8Pg:::8P,ST(" ;Xxo)[Xo := s
Consequently, T "' i T F 8Pg:::8Pn8xoST(" ;Xp).

1.6 Some notes

In the temporal logics framework the structure of actions ard transitions is usually hidden,
and this is one of the abstractions of this formalization of the notion of computation. In this
framework, an action is just a blackbox, and all that matters is how it transforms states, i.e.,
the transition relation it generates. Of course, one can tak a di erent approach by considering
the computations from viewpoint of the internal structure of the actions or programs: these
can be built from “atomic' actions or programs using some adébn/program constructs, such
as composition, conditional branching, iteration, etc. Transition systems with appropriately
structured set of actions provide a convenient formalism fo specifying operational semantics
of programming languages (see e.g. [Plo81] and [Sti92]) arate typically used in modelling
sequential programs in logical languages such as th@opositional dynamic logic PDL [HKTOOQ]
and various logics of processes (see [KT90]).

Another essential (implicit) assumption is that the future of a computation only depends
on the current state, but not on its past. This is the main reason why temporal models of
computations usually make use only of the future fragments btemporal logics. However, tem-
poral logics involving past operators, have been studied,do. Also, memory-based transition
systems can be modelled in this framework, by using the “unfding' construction, described
further.

Finally, transition systems can be nite or in nite, and muc h of our treatment here will
apply to either. However, for some speci c topics, e.g. modechecking we will assume the
models to be nite.
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2 Lecture 2. Behavioral equivalences between transition sy S-
tems. Bisimulations and bisimulation games. Bisimulation
invariance.

Transition systems are abstract models of the behavior of ral systems with respect to tran-
sitions between states. It is therefore very important to have a precise notion ofequivalent
behavior of transition systems, so in this lecture we address the quésn:

When are two transition systems to be considered behaviotsl equivalent?

This question does not have a unique answer, as the notion ofgeivalence depends on
the behavioral features of transition systems that are conslered of importance for the real
systems they model. Such features may involve local behavim (pre- and post-conditions),
generated paths and computations, as well as safety, liveiss, fairness, etc. types of reach-
ability properties. Accordingly, a variety of natural noti ons of behavioral equivalence arise
and we will discuss and characterize some of them.

Perhaps the most important behavioral equivalence betweeriwo models of computation
is the one that guarantees that any computational step perfemed in one model can be
'simulated' in the other, and vice versa. This idea is at the heart of the notion of bisimulation,
introduced in theory of processes by Park [Par81], and indepndently in modal and temporal
logics by van Benthem (see [Ben84]) under the namezig-zag relation.

Here we will de ne and discuss a variety of notions of bisimuations between transition
systems, and later will relate them to the temporal logics inroduced there and will establish
their logical characterizations.

2.1 Bisimulations

De nition 2.1 [Bisimulation ketween trapsition systemsg ]
Let ;= Sp; 79, andT,= S, 77, be two labelled transition systems

azA a2A
of the same type. A non-empty relation S; S, is a bisimulation betweenT; and T,

denoted Ty  To, if it satis es the following conditions for every pair of states (s1;S,) such
that s; s » and a transition label a2 A:

Forth: If s, 7 1 t; for somet; 2 Sy, then there ist, 2 S, such thatty t , and s, 7F 1 ts.

Back: Conversely, if s, 7R 1 to for somets, 2 S, then there ist; 2 S; such that t; t , and
S1 7!a 111,

If such bisimulation exists betweenT; and T, such that every state in Ty is linked to some
state of T, and vice versa, we say thatT, and T, are (globally) bisimulation equivalent or just
(globally) bisimilar 2, denoted T,  To. r

De nition 2.2. [Bisimulation between rooted transition systems ]

2The word “bisimilar' is actually not a derivative of “bisimu lation', but it is so close and convenient, that
nobody objects, so we'll keep using it. However, note that some texts use both terms “bisimulation' and
“bisimilarity' with somewhat di erent meanings.
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A bisimulation between rooted transition systems(T1;r1) and (T»;r») is a bisimulation

betweenT; and T, such that ry r ». We denote this by (Ty1;r1)  (To;r2) and say that (Tq;r1)
and (Tz; ry) are (locally) bisimulation equivalent, or (locally) bisimilar . r

Note that a (local) bisimulation between rooted transition systems {T1;r1) and (Tz;r2) is
only guaranteed to relate the states of the generated subsysms T1[r1] and Ty[r»].

De nition 2.3. [Bisimulation between interpreted transition systems ]
A bisimulation between interpreted transition systemsM 1 = (Ty;L1) and M 2 = (Ta; L>)
is a bisimulation betweenT; and T, satisfying the following additional condition:

[Atom equivalence]
For every pair sy s> and p2 PROP: p2 Li(s1)i p2 La(sp).
Atom equivalence ofs; and s, will be denoted by s; ' s».

That is, -related states must satisfy the same atomic propositions. r

If is a bisimulation betweenM 1 and M , we denote that by M ;1 M ,. If every state
in M 1is -related to some state ofM , and vice versa, we say thatM ; and M , are (globally)
bisimulation equivalent or (globally) bisimilar. If there is a global bisimulation betweenM ;
and M » we denote thatbyM ; M .

Bisimulation between rooted interpreted transition systens is de ned by straightforward
combination of the two de nitions above.

2.2 Bounded and nite bisimulations

Sometimes, we are only interested in behavioral equivalercof two rooted transition systems
up to a given distance from the roots, i.e., up to a given numbe of transition steps. This
leads to the weaker notion ofbounded bisimulation We will only give the de nition for simple
transition systems; the generalization to labeled transiton systems is straightforward.

D E D E

De nition 2.4. [Bounded bisimulation JLetTi= S;; 7P, ” andT,= S, 79, "
a. a.
be two labelled transition systems of the same type.

We de ne the property of a relation S1 Sy to be ak-bisimulation between the rooted

transition systems (T1;r1) and (To;r»), denoted (T1;r1)  « (T2;r2), inductively on k 2 N as
follows:

(Bo) (Tusr1) o(Tosro) i roro.

(Bk+1) (T1;r1) k+1 (To;rp)i forevery a2 A:

Forth: If r; 77 1 t; for somet; 2 Sy, then there ist, 2 S, such that r, 7F 1 t, and

(Testy)  k (T2st2);
Back: Conversely, ifr; 7F° 1 t, for somet, 2 S, then there ist; 2 S; such that rq 7° 1t

and (Ty;t1)  « (T2;t2).
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Clearly, every k-bisimulation between rooted transition systems is anm-bisimulation be-
tween them, for everym k.

De nition 2.5. [Finite bisimulation ] A relation is a nite bisimulation between the rooted

transition systems (Ty;r1) and (Ty;r2), denoted (T1;r1) ¢ (To;ro), if (Te;r1)  « (To;ro) for
everyk 2 N. r

If there is a k-bisimulation between the rooted transition systems (Tq1;r1) and (T;r2), we
denote that by (Ty1;r1) « (T2;r2); likewise for nite bisimulations.

Clearly, every bisimulation between the rooted transition systems is a nite bisimulation
between them. The converse, however, is not always true.

Bounded and nite bisimulations between rooted interpreted transition systems are de-
ned likewise, by adding the atom equivalence condition to the de nition of 0-bisimulation.

2.3 Paths and computations in bisimilar transition systems

As discussed, bisimulation equivalence implies behaviol&quivalence in a strong sense, which
we will make more precise here.
The following is an immediate consequence from the de nitio:

Proposition 2.1 Let (Ty;r1)  (T2;r2). Then for every path ry = rQ 7° 274 r2:::in Ty
there is a * -similar' path r, = r9 7° r3 74 r2:::in T, such that rk r & for every k 2 N,
and vice versa, for every pathr, = r§ 7¥ r1 7% r3:::in T, there is a * -similar' path
ro=r9 7P 17" r2:::in Ty such that r¥ r X for every k 2 N.

An analogous result holds for computations in bisimilar roded interpreted transition
systems.

Proposition 2.2 Let (M 1;r1) (M 2;r2). Then every computation Ig 7¥ I, 7 I:::
generated by a path in M 1 starting at r; is also generated by a -bisimilar path in M »
starting at r, and vice versa.

Thus, the roots of locally bisimilar rooted interpreted tra nsition systems initiate the same
sets of computations. Respectively, globally bisimilar ierpreted transition systems generate
the same sets of computations.

2.4 Bounded morphisms

Bounded morphisms are important particular case of bisimuétions, where the bisimulation
relation is a function from one ITS to the other.

De nition 2.6. Let M ; and M, be two ITS of the same type with domains S; and S,
respectively. A mapping :S; ! Sy is a bounded morphismfrom M 1 to M ,, denoted
M1 !'M  ,, if its graph is a bisimulation between M 1 and M ».
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If is onto, then M , is called abounded morphic image ofM 1. r

Thus, a bounded morphism associates with eachs 2 S; a unique bisimilar state (s) 2
S,. The bisimulation conditions for a bounded morphism betwea& two ITS respectively
become:

Atomic correspondence: Li(s) = Lo( (s)) for every s2 S;.
Forth: Foreverys;t2 S;anda2 A, ifs 7% 1 t then (s) 78, (1.

Back: Foreverys2 S;anda2 A, if (s) 7% 5 u for someu 2 S, then u = (t) for some
t2 S; suchthat s7F ; t.

An important case of bounded morphism is given by the unfoldhg construction.
Proposition 2g3 [\nfoldings arg bounded morphisms ]
LetM = S; 71 ,a ;L be an interpreted transition system.

a.
Then the mapping | : 8! s associating to every path its last state I( ) is a bounded
morphism from M onto M .

Proof: Exercise. QED

2.5 Generated and rooted substructures

Generated and rooted subsystems are another important casef bounded morphisms
If R W2 is any binary relation over W, and W° W, we write R W °for the restriction
of Rto WO R WP= R\ (W% WO, Similarly for a mapping f with domain W, f W?©°
stands for its restriction to W2
D n 0 E
De nition 2.7. [Generated subsystems | LetT = S; 4 beaTS,M = hT;Li be

an ITS, and let S° S. e
? The induced stj)bsystermf T ov?_:r SOis the transition system
TO=T S0= s%§7% Sh.on .
The subsystem relationship is denotedT © T .

2 T9= T S%is a generated subsystem of , denoted T?E T, if SCis closed under all
transition relations in the sense that if s 7° 1tfors2 SPthent 2 S°

? The induced subsystem oM over S%is the ITS M °= M S%= hT S%L SY, denoted
MO M . If T SYE T, then M %is a generated interpreted subsystem ofl , denoted
MOE M.

Note that if M °E M then the inclusion mapping : S°! S is a bounded morphism.

A particularly important case of generated subsystems dea with the set of all states
reachable from a given state.

Recall that post; (s) denotes the set of all states inT reachable from the states.

18



D n o] E
De nition 2.8. [Rooted subsystems | Let T = S; 4 beaTS,M = hT;Li be an

azA
ITS,and let s2 S.
? The subsystem ofT rooted atsisthe TST[s]= T post;(s).
? The interpreted subsystem ofM rooted at s is the ITS M [s] = M post; ().

? T (respectively M ) is rooted at s if post; (s) = S.

Clearly, forany s2 S: T[sS]E T and M [s] E M , respectively.

2.6 Bisimulation games

Bisimulations between transition systems can be charactézed in a more animated way as
existence of winning strategies for one player in correspating bisimulation games[Sti99], or
more generally model comparison gamegsee [GO07] which exposition we follow here). We
illustrate the concept in the case of bisimulations for intapreted mono-transition systems;
the generalization to labelled transition systems is straghtforward.

Let M = (S;;R1;L1) and M » = (Sy; R»; L) be interpreted transition systems of the
same type. Thebisimulation game over M 1 and M 5 is played by two players| and Il with
one pebble inM ; and one inM ;, to mark the “current' state in each structure. A con guration
in the game is a pair of rooted interpreted transition systens (M 1;s1; M »; S,) where the roots
are the current positions of the two pebbles.

The game starts from aninitial con guration and is played in rounds, each round played
as follows. The rst player, or challenger denoted|, selects one of the two pebbles and moves
it forward along a transition in the respective structure, to a successor state. The second
player, or defender denotedll , has to respond by similarly moving forward the pebble along
a transition (with the same label) in the other structure.

Intuitively, the objective of player 1, also known as thechallenger, or spoiler, in the game
is to detect and exhibit a behavioral di erence between the wo rooted ITS in the initial
con guration by choosing a transition in one of them that cannot be simulated in the other,
while the objective of player Il , also known as thedefender, or duplicator, is to defend the
claim that the two rooted ITS in the initial con guration are behaviorally equivalent, so she
tries to reply with a transition maintaining that equivalen ce for the duration of the game.

During the game, Il loses if she cannot respond correctly to the move df, or if the two
pebble positions in the resulting new con guration are not in atom-correspondent states i.e.,
these states are distinguished by at an atomic proposition.On the other hand, | loses during
the game if he cannot make a move in the current round becausedth pebbles are in states
without successors.

The bisimulation game can be played for a pre-determined nurdner of rounds, or inde -
nitely. The n-round bisimulation game terminates after n rounds, or earlier if either player
loses during one of these rounds. If then-th round is completed without violating the atom
equivalence in any con guration, player Il wins the game.

We say that player Il has awinning strategy in the n-round bisimulation game with a
given initial con guration, if she has responses to any chdkenges from the rst player that
guarantee her to win the game, either becausé gets stuck, or because she can respond with
good moves for the duration of the game. Likewise, winning sategy of player | is de ned.
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Respectively, the (unbounded) bisimulation gameis played until some of the players loses,
otherwise forever. An in nite path of the game (which continues through an in nite sequence
of rounds), played correctly according to the above rules,s won by Il .

The notion of a winning strategy (for player | or IlI) is accordingly adapted for the
unbounded bisimulation game.

Proposition 2.4 Every bisimulation game is determined, i.e., one of the plgers has a winning
strategy.

Proof: See [Sti99].QED

The intuition of player | challenging the claim of bisimilarity in the current con gu ration,
while player Il defending that claim is formalized by the following propostion.

Theorem 2.5

1. Player Il has a winning strategy in the n-round bisimulation game with initial con g-
uration (M 1;s81;M o;sp) if and only if (M 1;81) (M 2;S)).

2. Player Il has a winning strategy in the unbounded bisimulation game wih initial con-
guration ( M 1;81;M o;sp) ifand only if (M 1;81) (M 2;S)).

Proof: We will sketch the unbounded case, as it subsumes the boundedhe. Indeed, any

bisimulation (M 1;s1) (M 2;sy) provides a non-deterministic winning strategy for Il : she
merely needs to select her responses so that the currently pbled states remain linked by
. The atom equivalence condition on guarantees that atom equivalence between pebbled

states is maintained; theforth condition guarantees a matching response to challenges pled
by I in M 1; the back condition similarly guarantees a matching response to ch#nges played
in M 5.

Conversely, the set of pairs (1;t2) in all con gurations ( M 1;t1; M 2;t5) from which Il has
a winning strategy, if non-empty, is a bisimulation.QED

2.7 Bisimulation invariance of TL

All results about bisimulation invariance of TL-formulae in interpreted transition systems
presented here apply likewise to bisimulation invariance 6formulae of Hennessy-Milner logic
HML in plain (non-interpreted) transition systems.

2.7.1 Invariance of TL-formulae under bisimulations

De nition 2.9. [TL-equivalence ] Two rooted ITS (M 1;r1) and (M »;r») are TL-equivalent,
denoted M 1;r1) 1L (M 2;r)) Iif they satisfy the same TL-formulae. (M 1;r1) and (M 2;r5)
are TL"-equivalent, denoted M 1;r1) 7, (M 2;r») if they satisfy the same TL-formulae of
modal depth up to n. r

Theorem 2.6 [Bounded bisimulation invariance ]11f (M 1;r1) and (M »;r») are rooted in-
terpreted transition systems andn 2 Nis suchthat (M 1;r1) n (M 2;r2),then(M 1;r1) 7§,

(M 2;r2).
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Proof: We will use the characterization (Proposition 2.5) of n-bisimulations by means of
n-round bisimulation games to prove the contraposition of the claim: if M 1;r; E ' and
M o;ro E ' for some' 2 TL", then player | has a winning strategy in the n-round game
on (M 1;r1; M 2;r5), and therefore M 1;r1) 6 n (M 2;r2).

This is shown by induction on the modal depth of the formula®. If md(' ) = 0, a
distinction in TL © means violated atomic correspondence { a con guration in wlich player
Il has lost.

For the induction step, assume that (M 1;r1) is distinguished from (M »;r») by a formula
' 2 TL"!. Propositional connectives in' can be pre-processed, so that without loss of
generality ' can be assumed of the formEX for some 2 TL". Suppose then that for
instance M »;r, E ', while M 1;r; E ' . Suppose in that case played moves the pebble
in M ; from r; to somety, whereM 1;r1 E . As M o;rp F : EX , any available response
for player Il can only lead to a con guration (M 1;t1; M 2;t5) in which (M 1;t1) and (M 2;t5)
are distinguished by 2 TL". Therefore, by the inductive hypothesis, playerl has a winning
strategy for the remaining n rounds of the game.QED

Corollary 2.7 [Bisimulation invariance ]
The formulae of TL are invariant under bisimulations: if (M 1;r1) and (M »;r») are rooted
interpreted transition systems, such that (M 1;r1) (M 2;r2), then (M 1;r1) 10 (M 2;r).

In particular, if ( M 2;r») is a bounded morphic image of M 1;r1) then (M 1;r1) 1L
(M 2;12).

Corollary 2.8 For every constant formula 2 TL and rooted transition systems (Ty;r1) and
(Ta;r2), if (Ty;ra)  (T25r2), then (Ty;ry) 1o (T25r2).

Corollary 2.9 For all interpreted transition systems M ;M °such that M °E M and for every
formula * of TL:

|. foreverys2domM9:M:rg"' i MC%siE"'.
II. Mj=" impliesM °F ' .

2.7.2 Characterization of TL by bisimulation invariance

When restricted to state properties de nable in FO, it turns out that bisimulation invariance
is not only necessary, but also a su cient condition for de n ability in TL, as the following
classical result shows.

De nition 2.10. [Bisimulation invariance of a FO-formula ] Aformula (x) 2 FO of
one free variablex is bisimulation invariant if for every ITS (M ;r) and M ¢rC such that
M:r) (M%9 wehavethatM;rg"' i M%rO . r
Theorem 2.10 [van Benthem's characterization theorem [Ben84]]

Let (x) 2 FO . Then, the following are equivalent:

1. is bisimulation invariant.

2. (x) is logically equivalent to a formula ~2 TL.
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2.8 Bisimulations and logical equivalence

Much of what follows here comes from [GOOQ7]. In this section & assume that the type PROP
is nite and, for technical simplicity, we consider that case of one transition relation. The gen-
eralization to arbitrary signatures is an easy exercise. Irthe particular case of PROP = ; we
obtain respective results about Hennessy-Milner logic andlain (non-interpreted) transition
systems.

2.8.1 Characteristic formulae

De nition 2.11. [Characteristic formulae ] With every rooted ITS (M ;r), where M =
(S;R;L) and n 2 N we associate acharacteristic formula of depth n, FM -t de ned in-
ductively as follows:

0 — Vf ; \ . H

v = fpip2L(r)g™ £ pjpZL(r)g,
where p ranges over PROP.

H\Zl;r] = ma” VrRt EX " AXWrRt M "
To be more precise, the possible repetitions of conjuncts ésp., disjuncts) in the multiple
conjunction (resp., disjunction) in the formula on the right hand side above are omitted.

n
[Mt]

r

Note that PM . 2 TL". Intuitively, PM ] combines the atomic description ofr and the
characteristic formulae of depthn 1 for all successors of and only of them. In the long
run, it describes the part of M seen fromr within n steps { but, as we will show, only up to
n-bisimulation equivalence.

It can be proved, by induction on n, simultaneous with the inductive de nition above,
that there are only nitely many di erent (up to logical equi valence) characteristic formulae
of depth n, so even though a stater may have in nitely many successors, every formula [‘M ]
is well-de ned, i.e., nite.

Exercise 2.1 . Show that M ;r [‘M ] for every n 2 N. (Hint: induction on n.)

Theorem 2.11 For every rooted ITS (M ;r) and (M ¢r9 the following are equivalent:
LM% &y
2. 1l has a winning strategy in the n-round game from M ;r;M %r9.

Proof: First we show that if M %r0 [‘M ] then player Il has a wining strategy in the
n-round game from M ;r; M %r9 by induction on n.
For n = 0 the claim follows by de nition. Assuming it holds for n, let us look again at

Fn;l;r] from the perspective of the game:

N

1 _ 0 — .
Fh; 1T [Mor] " EX FM sl nAX PM sl
rns)2R (rns)2R
22y =g
forth back
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The conjunct ?M ] guarantees that the game is not lost already.

The back-and-forth conjuncts tell player Il how to provide suitable responses in the rst
round to challenges from player! played respectively inM (forth) or in M © (back).
The forth part says that for all moves from r to somesin M, M %r% EX i .o @nd

any R%successos® of r®such that M ¢ s 1 .5 Provides a response for playet! that wil

allow her to succeed through anothem rounds.

Similarly the back part says that for all moves from rto somes®in M there is a R-
successors of r in M such that M ¢s0 [‘M 5" That s is a response for playerl that is
good for anothern rounds.

Conversely, a failure ofM % r%to satisfy [‘M ] gives player| a winning strategy within n
rounds, follows from Theorem 2.6 and Proposition 2.5.QED

2.8.2 Bisimulations, bisimulation games, characteristic formulae,
and TL-equivalence: linking them all together

Now, we can put together bisimulations, bisimulation games logical equivalence and charac-
teristic formulae.

Theorem 2.12 For every rooted ITS (M :r) and (M ¢r9 the following are equivalent:
LM% &y
2.M;r) B (MCSr9,
n
3.M;r) (MS%r9.

4. Player Il has a winning strategy in the n-round bisimulation game on (M ;r;M %r9,

Proof:
By theorems 2.6, 2.11, and Proposition 2.5QED

As corollaries we obtain a corresponding characterizatiorof full modal equivalence, and
a normal form for TL formulae.

Corollary 2.13 For every rooted ITS (M ;r) and (M ©r9 of nite type the following are equiv-
alent:

1. Foreveryn2 N, M %r0E M -
2.M;r) 1L (M8r9,
3.M;r) § (M%r9,

4. For everyn 2 N player Il has winning strategies in then-round bisimulation games on
(M ;r;M 2r9,

Corollary 2.14 Over interpreted transition systems of any nite type, ni te bisimulation equiv-
alence coincides with modal equivalence.
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Corollary 2.15 Any formula * 2 TL, is logically equivalent to the disjunction , rE FM ]

Note that the disjunction above is nite as there are only ni tely many, up to logical
equivalence, such " in the type of ' .

Exercise 2.2 . Prove corollary 2.15.

De nition 2.12. [Classes closed under bisimulation ] A classC of rooted interpreted tran-
sition systems is closed under bisimulation if, wheneverNl ;r) 2 C and (M ;r) (M %r9
then (M %r9 2 C.

Classes closed unden-bisimulations and nite bisimulations are de ned likewis e. r

Corollary 2.16 Any class C of rooted interpreted transition systemg, of a nite type that is
closed undern-bisimulation is de nable in TL " by the disjunction *  y2c M r]-

Exercise 2.3 . Prove corollary 2.16.

Proposition 2.17 Let (Ty;r1) and (T»;r2) be nite rooted ITS with respectively nq and n;
states, such that (T1;r1) nyn, (T2;r2). Then (Tq;r1)  (T2;5r).

Proof: Note that any pair of states (s;; sp) reachable by playing a bisimulation game between
(Tq;r1) and (To;r»), is reachable within n1n, rounds of the game, and therefore playetl has
a suitable response to any move of playel from the con guration ( Ty; s1; To; Sp) { that is the
prescribed response by her winning strategy for thenin,-round bisimulation game between
(Tq;r1) and (To;r2) on the rst appearance of the con guration ( Ty; s1; To; S2). QED

Corollary 2.18 Let (M ;r)and (M %r9 be nite rooted ITS with respectively n; and n, states,
for which any of the equivalent conditions in Theorem 2.12 hdds for somen nin,. Then
(M;r)  (M%r9.

Thus, ina nite ITS M every stater can be characterized up to bisimulation equivalence
by the characteristic fo_rmula FM - for any large enoughn. We will denote by v ,; the
formula for the least suitable n. Thus, we have the following.

Corollary 2.19 For every nite rooted ITS ( M ;r) and a state s 2 M the following are equiv-
alent:

1. M ;Sj: M r]-
2.M;r) (M;s).

2.8.3 Finite versus full bisimulation

De nition 2.13. [Finite branching TS ] A (DTS is nitely branching if every state in that
transition system has only nitely many immediate successos. r

Theorem 2.20 [Hennessy{Milner theorem] Let M and M ° both be nitely branching ITS.
Then M ;r) ¢ (M %r9 implies (M ;r) (M %r9.
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Proof: The argument is best given via the games. We claim that playerll can maintain
(M:r) 1 (M%r9 inde nitely { which gives her a winning strategy for the in nite game.
For instance, let player | play in M and move the pebble fromr to s. Suppose that for
all responsess? available to player Il in M % (M :s) 6 (M %s9. As there are only nitely

many choices fors® due to nite branching, we can nd a su ciently large n 2 N such that
(M ;s) 6 » (M %39 for all s°with (w®s9 2 R But this would imply ( M ;r) 6 ns1 (M %19,
contradicting the assumption (M ;r) | (M %r9. QED

Corollary 2.21 Over nitely branching ITS, modal equivalence coincides wth bisimulation
equivalence.

We note that the nite branching assumption is essential for the result above, as the
following example shows.

Example 2.1 Let (T;r) and (T%r9 be tree-like TS, rooted at r and r° respectively. Let the
roots have countably many distinct successors;, i 1inT ands,i 0inTC Fori 1,
we let each ofs; and s? be the starting point of a simple nite path of length i. We let the
extra node sJ in T%be the root of a simple in nite path. Then (T;r) 6 (T%r9: let player

| move in T%from r%to sJ; the second player must move to one of thes; for i 1in T; let
then player | lead the play in T? along the in nite path: player 11 gets stuck and loses in
round i + 2 when the end of the length i path from s; has been reached. On the other hand,
(T;r) n (T%r9 for every n 2 N, since any two paths of lengths greater than or equal ton
look exactly the same in ann-round game. r

2.9 Simulations

By removing the "Back' condition in the de nitions of bisimu lation we obtain respective
notions of simulation of one transition system by another. In particular:

De nition 2.14. [Simulation between transition gystems 1l E D E

Given two labelled transition systemsT; = S;; 74 ” andT,= S, 7%, p
a. a.

we say that a non-empty relation S1 Sy is asimulation of T1 by To, denoted T;  To,
if it satis es the “Forth' condition of the de nition of bisi mulation for every pair of states
(s1;s2) such that s; s » and every transition label a2 A. r

The other notions of simulation, bounded simulation, and nite simulation, are de ned
likewise.

Note that if (Ty;r1)  (T2;r2) then every path in T; starting at rq is ~ -simulated' by a
path in T, starting at r,, but not necessarily the other way around.

Consequently, if (M 1;r1) (M 2;r5) for some interpreted transition systemsM ; and
M ,, then every computation in M ; starting at rq is also generated inM , starting at ro.
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2.10 Trace and computational inclusions and equivalences

Sometimes we are not interested in step-by-step simulatiomr bisimulation, but in simulations
or equivalences only involving the entire paths or computatons in the respective systems.
Thus, we arrive at a variety of notions of trace and computational inclusion and equivalence,
of which we will only present here the more relevant ones.

De nition 2.15. [Trace inclusion and equivalence between rooted transition systems ]
Let (Ty;r1) and (To;r2) be two rooted transition systems of the same type. A non-emfy
relation S; Sy is atrace inclusion of (T1;ry) into (To;rp), denoted (Ty;r1)  (To;ry),
if for every path ry = rQ 7° r1 7% r2::: starting at ry in T; there is a * -similar' path
rp=r37° 17" r2:::in Ty, ie., such that r¥ r & for every k 2 N.

If, moreover, (To;r2)  (Ty;r1), then we say that is atrace equivalence betweefiTy;r1)

and (Ty;r2), denoted (Ty;r1) ! (To;ro). r

De nition 2.16. [Computational inclusion and equivalence between rooted in ter-
preted transition systems ] Let (M 1;r1) and (M »;r>») be two rooted interpreted transition
systems of the same type. We say that ¥ 1;r;) is computationally included into (M 5;r5),
denoted M 1;r1) comp (M 2;r2), if every computation in M 1 starting at ry is also a compu-
tation in M , starting at ro.

If, moreover, (M 2;r2) comp (M 1;r1), too, then we say that (M 1;r1) and (M »;r) are
computationally equivalent denoted M 1;r1) comp (M 2;12). r

Clearly, if (Tq;L1;r1) and (To; Lo;rp) are such that (Tq;r1) (To;rp) and  satis es the
atom equivalence condition with respect toL; and Lo, then (T1;L1;r1)  comp (T2;L2;12).
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3 Lecture 3: The linear-time temporal logic LTL

The linear-time temporal logics are intended to reason abotlinear models; in our case these
are single computations. The most popular linear-time temporal logic LTL was rst consid-
ered in the form presented here in [GPSS80], based on the emrivorks [Kam68, Pnu77b].
Indeed, the strict until operator, that can express all temporal operators in LTL, was rst
proposed in [Kam68] while temporal logics were proposed as faamework for formal veri -
cation of programs in [Pnu77b]. Notably, the next-time operator was introduced in [MP79]
in order to de ne LTL restricted to the next-time and sometim e operators (see also a similar
language in [Pnu79])).

Nowadays, LTL is one of the most used logical formalisms to sgcify the behaviours of
computer systems in view of formal veri cation. It has also been the basis for numerous
speci cation languages, such as PSL [EF06], and it is used as speci cation language in
various tools such as SPIN [Hol97] and SMV [McM93].

3.1 LTL intuitively

The linear-time temporal logic LTL usually involves the tem poral operators X (\neXt time"),
F (\sometimes in the Future"), G(\always in the future"), and U (\Until") besides the classical
propositional connectives: (negation), _ (disjunction), ™ (conjunction) and ) (material
implication). The intuitive meaning of the temporal operat ors:

Nexttime. Whereas' states a property of the current state, X' states that the next
state satises' . Thus,' X' states that' is satis ed now or in the next state.

Xp: nexttime p

@—®—O—O—0

Sometime and Always . Fp claims that some future (or possibly, the current) state
satis es ' without specifying which, while G claims that all the future states (including the
current one) satisfy ' , i.e., that \ ' will always be true".

Fp: sometimep

&—O0O—0O—0O—®

Gp: alwaysp

& o —(O)—O)—CE—F@

By way of example, the expressioralert ) F halt means that if the system currently is
in a state of alert, then it will sometime later be in a halt state.

The operator G is the dual of F: whatever the formula' may be, if ' is always satis ed,
then it is not true that : ' will ever be satis ed, and conversely. HenceG and : F. ' are
equivalent.

Until. The binary operator U is richer and more complicated than the operatorF. ' U’ »
states that ' 1 is true until ' , is true. More precisely: ' » will be true at some future state,
and ' 1 will hold in the meantime.
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puUqg: p until g
O—EO—Ee—O

The example G(alert ) F halt ) can be re ned with the statement that \starting from
a state of alert, the alarm remains activated until the halt state is eventually reached":

G(alert ) (alarm U halt )):

Note that the operator F is a special case oU: F and true U’ are equivalent.

Other operators. Additional de nable operators are sometimes added to LTL, eg.:

Weak until.  This is a variation of Until, denoted W. Intuitively, the statement ' ;W' ,
still expresses \ 1 until ' »", but without the inevitable occurrence of ' ,; if ' » never occurs,
then ' 1 must remain true forever. Thus,' {W' 5 is equivalentto G 1 _ (" 1U’ »).

Release. The \release” operator Ris de ned as the dual ofU, i.e.," 1R 2:=: (i ' 1U: ' »).
The formula ' 1R' » intuitively states that the truth of ' ; releases the constraint on the
satisfaction of ' »; more precisely, it means that either' 1 will be true some day and' , must
hold between the current state and that day, or' » must be true in all future states (or both).

Using LTL one can express various properties of computatios, e.g.:

(safety) G(halt ) F lalert ),

(liveness) G(p) Fq),

(total correctness)  (init "~ p)) F(end” q),
(strong fairness) GFenabled ) GF executed.

3.2 Formal syntax and semantics of LTL in linear models
LTL formulae are built from the following abstract grammar:

propositio?fl calculus temporal Fxtension

Z

=?2)>) pic:

{

}
| AT R DGR I = A C R N V)

where p ranges over a countably in nite set PROP of propositonal variables, obtained by
abstracting properties; for instance p may mean X = 0".

Given a set of temporal operatorsO f X;F;G;Ug, we write LTL( O) to denote the
restriction of LTL to formulae with temporal connectives fr om O. Given a temporal operator
Q an Gformula is an LTL formula whose outermost connective isQ in particular it cannot
be a propositional formula. We write sul(* ) to denote the set of subformulae of the formula
' and ' j to denote the size of the formula’ viewed as a string of characters.

Models for LTL are single computations, viewed ad -sequences, and hereafter just called
linear models or LTL -models

Formally, an LTL-model is an in nite sequence :N!P (PROP), i.e., an in nite word
of (P(PROP))' . For example, here are the ve rst states of an LTL-model:

o)) ~mad [
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Given a structure , a positioni 2 N, and a formula' , we de ne inductively the satisfac-
tion relation  as follows:

? always ;i F > and never ;i F?,

? i Fpip 2 (i), forevery p2 PROP,

?250F 0 1 80,

? 0 F" 1N 20 jiFlrand i FUog,
? 00 F"1_"20 JiFlyorgi o,
?00FX 0 i +1E",

? ;i FF ithereisj isuchthat ;j ',
? i G iforall j i,wehave;] F',
? ;i iU 2i thereis J isuchthat ;j F'2and ;k g'¢foralli k<j.

We will use the following abbreviations: ' 1) 'sfor:'; ', and F1' for GF ("'
holds in nitely often"). Similarly, ' 1R' 2 is used as an abbreviation for. (: ' 1U: ' »).

Fragments.  We write LTL ﬁ(Q; Q;:::) to denote the fragment of LTL restricted to formulae
such that

? the temporal operators are amongQ; Q;:::,
? the temporal depth is bounded byk,
? at most n distinct atomic propositions occur.

When n (resp. k) takes the value!, we mean that there is no restriction on the number
of propositional variables (resp. on the temporal depth). h that case, we may omit! as
well as. The temporal depth of a formula, noted td(* ) is de ned as the maximal nesting of
temporal operators. For instance, td((XXp) _ (pU: q)) = 2. So, LTL 2(F) denotes the set of
LTL formulae of temporal depth at most 2 built over the tempor al operator F (no restriction
on the number of propositional variables).

We say that two formulae ' and are equivalentwhenever for all models and positions
i, we have ;i ' ifandonlyif ;i F . Inthat case, we write' . Roughly speaking,
' and state equivalent properties over the class of -sequences indexed by propositional
valuations. Similarly, we say that ' and are initially equivalent (noted' ¢ ) whenever
for all models , we have ; OF ' ifandonly if ; O . For instance, F' is equivalent
to >U' . Consequently, it is clear that our set of connectives is notminimal in terms of
expressive power but it provides handy notations.

Since LTL contains only temporal operators that state constaints on future positions, the
following holds.

Observation: The equivalences and ¢ are identical for LTL formulae.
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We write | ' instead of ; O ' . Models for a formula’ can be viewed as a language
Mod(' ) over the alphabet P(PROP(' )) where PROP(' ) denotes the set of propositional
variables occurring in* (these are the only relevant ones for the satisfaction of ):

Mod(")=f 2 (P(PROP("))' | F'g

NB. In a given temporal formula only a nite number of atomic prop ositions are present.
That is why, some of the technical developments in the sequehssume that PROP is nite.
However, when we really need an in nite amount of atomic propositions, typically to de ne
some reductions and to establish ne-tuned complexity resits, we will assume that PROP is
countably in nite.

De nition 3.1. [Satis ability and validity ] An LTL-formula ' is satis able if Mod(' ) is
non-empty. Respectively," is valid if : ' is not satis able, i.e., Mod(: ' ) is empty. r

The satis ability problem for LTL, denoted by SAT(LTL), is de ned as follows:

Input: an LTL formula ',

Question: Is there some LTL-model suchthat ' ?
Equivalently, is it the case that Mod(' ) 6 ;?

The validity problem VAL(LTL) is de ned similarly.

Input: an LTL formula ',

Question: Is the case that [ ' for all LTL-models ?
Equivalently, is it the case that Mod(: ' )= ;?

While the LTL models are essentially linear structures, LTL formulae can naturally be
interpreted over any (rooted) transition systems (M ;s) so that ' holds true at (M ;s) i
for all computations  starting at the state s, we have [ ' . If that is the case we write
M;sfFg'.

An alternative notion of truth replaces the universal quanti cation over computations by
an existential one: M ;s Fg ' . Thus, we talk about universal and existential truth of an
LTL-formula in a rooted transition system.

3.3 On the expressiveness of LTL

A lot can be said about the expressiveness of LTL and we refere reader to e.g., [GHR94,
KMO08]. In this section, we present one one result about the epressiveness of LTL, showing
that this logic can capture trace equivalence between niterooted transition systems. Clearly,

when two rooted interpreted transition systems have the sane computations, they satisfy the
same LTL formulae. That the converse is also true is formallystated in Proposition 3.1

below. Moreover, this characterization can be obtained by onsidering ultimately periodic

computations only. We write Traces’" (M ;s) to denote the computations in TracesM ;s)

that are ultimately periodic.

Proposition 3.1 Let (M ;s) and (M ®s9 be two nite and total rooted interpreted transition
systems. The following are equivalent:
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() For every LTL formula ' , we haveM ;siEg' i MC%sPEq" .
(1) Traces(M ;s) = Traces(M ©s9.
(1)  Traces’“ (M :s) = TracesY- (M ¢ s9.

Proof: The proof uses Bachi automata on in nite words, and can be skpped by the reader
not familiar with them.

(I implies (1) is by an easy veri cation.

(111 implies (1) is a consequence of [CNP94]. Indeed, let = P(PROP). Given (M ;s),
we consider the Buchi automatonAy s = ( ;Q; Qo; ;F ) such that L(Awm :s) = Traces(M ;s).
Aw :s is built as follows:

?Q=S5,Qy="fsg, F =S,
?2(s;a;992 i sRsPandL(s)= a.

The Bachi automaton Ay oo is built similarly. Consequently, Traces(M ; s) and TracesM ¢ s9
are ! -regular languages. Assume that (I1I) and suppose that not {I). So,

L= (Traces(M ;s) nTracesM ¢s%) [ (Traces(M % s% nTraces(M ;s9)

is nonempty and! -regular (since! -regular languages are closed under Boolean operations).
By construction, L°has no ultimately periodic ! -word, but this is in contradiction with the
fact that every nonempty ! -regular language has at least one ultimately periodid -word.
In order to prove that (1) implie\sl (1), we need a preliminar y de nition. Let 2 . In the
formulae below, the expression pgop is an abbreviation for

N N

XI( pr o ip)
p2 p62

We write to denote the formula below:

N N /AN N

X ( (N~ X G ) ) XX )

0 i+p  PROP 2 PROP PROP

Assume that (I) and not (I1). Since Traces"“(M :s) 6 Traces'" (M ©s9, say there is 2
Traces’t (M ;s) n Traces”t (M ¢ s9 is nonempty (the other case requires an analogous treat-
ment). Consequently, F and thereforeM ;s Fg . However, 62Traces’-(M ¢s9
and for every trace 92 TracesM %s%, 96 ,whence °6j . Hence,M %s°6jy , which
leads to a contradiction. QED
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4 Lecture 4. Model-checking and testing satis ability of LT L
formulae

4.1 LTL model-checking

Model-checking is about checking if a given formula is truem a given model. In order to de ne
the algorithmic problem of model-checking, models must be nitely presentable objets, which
leads us to the following notion.

De nition 4.1. [Finite transition systems ]| We say that M = (S;R;L) is nite whenever
S, the image ofL, and each set in that image are nite sets. (When PROP is nite, the last
two conditions are automatically satis ed). r

It is worth observing that even when a transition system (M ;s) is nite, the set of
computations starting at s may be uncountably in nite (two states and one atomic propostion
su ce for that). Furthermore, in full generality, a linear m odelisafunction :N!P (PROP)
with no speci c regularity, so these are in nite objects, and some of them areessentially
in nitary  (think e.g., of binary representations of irrational numbers). Still, some in nite
linear models have a simple nitary presentation, which we wll use to de ne the algorithmic
problem of model-checking LTL-formulae on linear models.

Consider a nite transition system that has the shape of a laso, i.e. consists of a nite
‘tail' of linearly arranged states, followed by a ‘loop', ie. a nite cycle of states. Clearly,
such a transition system generates a unique computation, wich has an ultimately periodic
behaviour. Formally, an ultimately periodic model : N!P (PROP) is a model such that
there exist natural numbersi and p > 0 verifying for everyk i, (k)= (k+ p). The nite

4.1.1 Path model-checking of LTL formulae

As will be shown in subsequent sections, model-checking piobbems for LTL in nite transition
systems are usually intractable, since in the worst-case gonential in the size of the input
formula amount of time is needed to solve them. However, in te case of nite (in the
sense de ned above) ultimately periodic models the compleky of model-checking is reduced
considerably. Here is the correspondingpath model-checking problenfor LTL:

input: A nite ultimately periodic model and an LTL formula ' .
question: Does F '?
Proposition 4.1 The path model-checking problem for LTL is decidable inPTime .

Proof: Let be an ultimately periodic model of pre x index i and period p encoded by the

sequence o;:::; i+p In Which each ;  PROP for some LTL formulae ' . One can check

whether E ' intime O((i + p) j 'j) by a labelling algorithm that successively marks the

positions of between 0 andi + p by subformulae of increasing size. To do so, we introduce
a Boolean array T of dimension (+ p+1) card(sub(' )) with the intention that T[j; ]= >

i ;J) F . So, F'i T[0;']= >. The elements of T are computed by considering

subformulae of increasing size.
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?Thpl=>ip 2 j,
270 1¥CTE D,
?2Th N AAETH AN ThH 2l

def

Th; X 1] = T +1; q]forj<i +p,

)

def

T+ p;X 1] = Tli+1; 4],

-~

? T[); 11U 2] is equal to

( —  (T6% 27 Tk; 1D)_
j j0i+p j kej O
N N
(G " (TGS 217 Tk 1]” Tk 1))
o j k<i+p0 i k<j O
For 2 sub(’ ), a naive reading of the above equalities implies thatT[0; ], ..., T[i + p; ]

can be computed in timeO((i + p)2). However this can be re ned a bit further so that |
can be checked in timeO((i + p) j ' j). QED

NB. Itis currently unknown whether the path model-checking problem for LTL is PTime -
hard [DS02, Open problem 4.1]. Variants of the problem obtaned by modifying the encoding
of the ultimately periodic model or the speci cation language have been studied in [MSO03].

4.1.2 The full model-checking problems for LTL

Now, let us consider the full model-checking problems for LL. Given an interpreted transition

systemM = (S;R;L) (recall that R is always assumed total) and a states 2 S, we write
Traces(M ;s) to denote the set of in nite computations whose initial state is s. Hence,
Traces(M ;s) is a possibly in nite set of ! -words in P(PROP)'. We write PROP(M ) to
denote the nite set of atomic propositions occurring in the image of L. When M is nite,

its length jMj is de ned as the sum

X
card(S) + card( R) + card(L(s)):
s2S
The local model-checking problem for LTL consists in checking whetheall computations
in Traces(M ;s) satisfy a given LTL formula. More formally, the (universal) local model-
checking problem forLTL, denoted by MC &(LTL), is de ned as follows:

input: an LTL formula ', a nite interpreted transition system M and a states 2 S,
question: Is it the case thatM ;sEg' ?.

Without any loss of generality, in the above statement we canassume that the codomain
of L is restricted to PROP(' ). The assumption that R is total is not really essential but it
allows to simply some technicalities.

We leave to the reader the proof of the lemma below.
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Lemma 4.2 M ;siEg' i Traces(M ;s)\ Mod(: "' )= ;.

The dual, existential notion of truth of LTL-formulae leads to the existential local model-
checking denoted by MC?(LTL). We write M :siEq' if | ' for some 2 Traces(M ;s).
Likewise, the following lemma holds:

Lemma 4.3 M ;siEg"' i Traces(M ;s)\ Mod(' ) 6 ;.

We present below a simple interpreted transition system in vihich ON and OFF are propo-
sitional variables and we identify them with states where they hold respectively.

() )
(ON——0FF)

We leave to the reader to check that the properties below hold

? M ;OFF Fg Ft ON _ F! OFF,

? M ; OFF 6jg Ft ON and M ; OFF 6jg F* OFF,

? M ;ON Eg¢ F! ON” F! OFF,

? M ;ON Eg: F! OFF,

? M;ON g GON ) XX OFF).

While the local model-checking problems concern truth of a érmula at a state, the
global model-checking problems are about computing the set of alltates where the given
formula is true. Formally the (universal) global model-checking problem foL.TL, denoted by
GMCB8(LTL), is de ned as follows:

input: an LTL formula ' , and a nite interpreted transition system M .

output: the set of statess such that M ;sjFg' 2.

The existential global model-checking problem (which will not be discussed further) is
de ned likewise.

Global model-checking of an LTL-formula’ in an ITS M can be reduced in a straight-
forward way to local model-checking, by testing the truth of ' independently at each state of
M . However, this approach is apparently ine cient, because the same work would have to
be done many times. A more e cient approach would be to do simdtaneous model-checking
of the subformulae of' at all states of M and reuse the results e ciently.

For more details on LTL model-checking and satis ability te sting, see e.g., [KM08] and
[BKO8].
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4.2 Relating model-checking and validity

Even though the decision problems related to model-checkimp and validity are quite di erent,
in this section we shall provide simple reductions betweentem, possibly at exponential cost.
In the subsequent chapters dealing with the automata-basedapproach, we shall see that
indeed these problems can be solved uniformly.

In order to reduce validity to model-checking it is su cient to consider interpreted tran-
sition systems whose set of traces is precisely the set of dlll’L models.

Lemma 4.4 There is a reduction from VAL(LTL) to MC &(LTL).

R =S SandL istheidentity. Then ' isvalidifand onlyifforall s2 S, we haveM ;sfFg"' .
QED

Observe that the above reduction is not in logarithmic spaceand it is not a many-one
reduction, namely in order to solve an instance of VAL(LTL) we may need to solve many
instances of MC3(LTL). By contrast, the reduction below in the other directi on will be a
logarithmic space many-one reduction.

Proposition 4.5 There is a logarithmic space reduction from MC(LTL) to VAL(LTL).

Proof: We follow the argument presented in [SC85, page 740]. La¥l = (S;R;L) be a nite
and total interpreted transition system and * be an LTL formula built over the propositional

propositions since to to each states in S, we associate a new propositional variable pand
we encode the valuationL (s) by the formula APg below:

N N
AP L fpiil i kpi2L(s)g® fopi:l i kp 6A(s)g:
For each states, we encode the non-empty seR(s) of direct successors by the formula:

def

Nexts = X~ fpso:s2 R(s)g:
Every state sin M is encoded by the formula
'S EAPs) (APs” Nexts):

Finally, the structure M is encoded by the formula
AN

"M dZEfG( f's:s2 Sg” UNI)

where UNI is a propositional formula (without temporal operators) that states that a unique
atomic proposition from fps : s 2 Sg is satis ed at the current state. One can show that
M;sFg' i ('m™ps)) ' isvalid. QED

The proof of Proposition 4.5 uses a rather standard approactihat consists in reducing a
question of the form \M j= ' ?" to satis ability/validity of m ~' where \ encodes the
model M . In order to answer this second question, deductive methodsan be used.
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4.3 Ultimately periodic model property for LTL -formulae

In this section, we state and discuss a fundamental result abut LTL that is the core of most

algorithms to solve decision problems about LTL (and many ofits extensions), viz., that if

an LTL formula has a model then it has an ultimately periodic model. For a proof the reader
is referred to [SC85].

Theorem 4.6 [SC85, Theorem 4.7] For every satis able LTL formula’ , there is an ultimately
periodic structure suchthat f ', its period is bounded byj" j 24" 1 and its pre x index
is bounded by &' 1,

Existence of ultimately periodic models for satis able LTL formulae is a major step to-
wards designing decision procedures for LTL decision probims. Furthermore, such models
can be encoded as small sequences of sets of subformulaessgiing local conditions and fair-
ness conditions, thus keeping the space needed for the vedation of the existence of such
models polynomially bounded by the size of the formula. In the rest of this section we sketch
such an encoding.

Given an LTL formula ', we write cli7. (' ) to denote the least set of formulae closed
under subformulae and negations (double negations are elimated) containing * and such that

U 22 clit (' ) |mpI|es X( 1U 2) 2 ¢l (' ) It is a routine to check that card( clr (' ))
4 .

Given a structure and a formula' , we write clor ('; ;i ) to denote the set of subfor-
mulae of cl.t. (* ) that hold true at position i,i.e. clgr. (51 )=f 2¢cm (): ;i F @

A subset clm (") is maximally consistent (with respect to ' ) whenever

? forevery 1 22clhm ("), 1N 22 0 15 22,
?forevery 1 22¢clhm ("), 1_ 22 i 12X or 22,
?forevery: 2clrt ("), : 2 i 62,

? for every U » 2 clim (' ), 22 or 1;X( 1U 2) 2 .

The proof of the following two lemmas are routine.

Lemma 4.7 Let be a structure, ' be an LTL formula and i 0. Then, clyr (5 ;i ) is
maximally consistent.

The pair of ' -saturated sets ( 1; »2) is one-step consistent(with respectto ' )i for every
X 2C||_T|_('),X 2 qi 2 .

Lemma 4.8 Let beastructure,” beanLTLformulaandi 0. Then, (clyr. (% ;i );cler (51 +
1)) is one-step consistent.

De nition 4.2. [Small satis ability withess ]Let' beanLTL formula. A small satis ability

witness for ' is a nite sequence o;:::; j;:::; j+p Of subsets ofclr (') such that
1.0 i 2%Jand0 p j'j 241 (i isjusta distinguished position)
2. each j is maximally consistent, ;= jspand’ 2 o,
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3. for0O j<i +p, (j; j+1)isone-step consistent,
S S
4. if an U-formula iU > belongsto ; ;. ,, jthen jbelongsto ; 4., j.

r

Condition 1 guarantees that the sequence is not too large wheas Conditions 2 and 3
ensure local consistency as well as initial and nal conditons. Combining them with Condition
4 provides a fairness condition.

Theorem 4.6 implies that if an LTL-formula is satis able the n it has a small satis ability
witness. The converse is also true.

Lemma 4.9 An LTL formula is satis able i it has a small satis ability ~ witness.

For a proof, see [SC85].

Most methods to check satis ability of an LTL formulae attem pt to nd a small satis -
ability witness or a variant. For instance, a brute force algorithm consists in generating all
the sequences of subsets af 1. (' ) of length at most 24 i + j' j 241 and checking whether
one of the sequences is a small satis ability witness. This pvides a double exponential-time
decision procedure for LTL satis ability. Alternatively, one can guess a sequence of length at
most 24" 1+ ' j 241 and check on-the- y that it is a small satis ability witness . This can be
done in nondeterministic polynomial space as shown in [SC85By Savitch's Theorem [Sav70],
this provides a polynomial space upper bound.

Theorem 4.10 [SC85] LTL satis ability is in PSpace.

The (existential) model-checking problem for LTL can be soled in polynomial space using
a similar argument. Indeed, each position of the small satisbility withness can be augmented
with a state of the transition system and the one-step consitency condition further requires
that two states in successive positions belong to the accebdity relation of the transition
system. The only other essential di erence is that the maximal values for the pre x index
and the period have an additional factor: the number of states of the transition system.

Theorem 4.11 [SC85] Existential model-checking problem for LTL is in PSpace.

Since a satis able LTL formula may have more than one small s#s ability witness, it
makes sense to develop di erent methods to generate as e ciatly as possible at least one
witness. The goal of the tableau-based approach introducedh [WolI85] consists in generating
a tableau that encodes all the small satis ability withesses for a given formula by decomposing
subformulae on demand (the fairness condition needs to be pof the nal check). Similarly,
in the automata-based approach [VW94], to each formula we aciate a Bachi automaton that
accepts exactly the models of the formula and checking the memptiness of this automaton
amounts to nd a small satis ability witness for the formula . Hence, the methods for checking
LTL satis ability (and model-checking) adopt distinct str ategies and heuristics to build such
small satis ability withesses when they exist.

4.4 A note on extensions of LTL

Various extensions of LTL have been proposed and studied. Téamost notable of them include
LTL with past operators [LPZ85], [LS00], [LMS02], [Mar02], Wolper's Extended Temporal
Logic ETL [WoI83], [VW94], and the linear mu-calculus [Var88].
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5 Lecture 5: Branching time temporal logics

While LTL is suited for reasoning about single computations in a transition system, more
expressive languages and logics are needed to reason abdu entire transition system. Such
languages should be able to refer to, and quantify overall possible computationsstarting from
a given state.

The study and use of branching-time logics in computer sciece started in the late 1970's
- early 1980's when several similar branching-time logicakystems were proposed in [Abr79],
[Lam80], [BAPM81], and [CE81]. The latter paper introduced the computation tree logic
CTL, which subsequently emerged as the most popular and pratcally useful among these.
Soon, a debate on the pros and cons of linear time (LTL) vs braohing time (CTL) logics
ensued, and in response to it the very expressive logic CTL. encompassing both approaches,
was introduced in 1983, in [EH83],[EH86]. See the survey [EaD0] and the bibliographic notes
for more details and references.

5.1 The temporal logic of reachability TLR

Before discussing the more expressive and popular branchintime logics CTL and CTL , we
will introduce brie y the basic temporal logic of reachability in transition systems, denoted as
TLR. We will then build the other branching time logics on top of TLR.

5.1.1 Syntax and semantics of the reachability Logic TLR
n o

GivenaTST =(S; 7t 2A)’ we denote by7'rf1 the re exive and transitive closure of the
a

transition relation 7% , thatis: s 7§ ti there exists a nite path s = so 7% sy::: 7%
Sy = t, wheren 0.

The temporal logic of reachability TLR extends TL with additional (existential) reacha-
bility modalities EF,, one for each transition relation R, with semantics:

M;sE ER if M;tE "' for somet 2 S such that s 7% t, i.e. such that there
exists a nite path s= s 7% s1::: 7% s, = t.

Thus, ER;" is true at the state sif ' is true at some state t reachable froms.
The dual, (universal) coverability modalities, are de ned as expected:AG, = : EF;: and
have the respective semantics:

M;sF AGy iftM ;tFE" foreveryt2Ssuchthats?ii t.

Thus, AG;' is true at the state s if ' is true at every state t reachable froms.

All basic syntactic and semantic notions of TL extend seamlesly to TLR; we leave the
details to the reader.
5.1.2 Bisimulation games and bisimulation invariance of TL R-formulae

The notion of bisimulation game can be extended toTLR-bisimulation game by allowing
player | to choose between two types of movesstep-movealong single step transitions, and
path-move along nite paths. The former are as in the usual bisimulation games, while in
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the latter, in a con guration ( M 1;s1; M 2;s,) player | is allowed to choose a nite path in
M ; starting from s; for i 2 f 1;2g and pick the last state t; of that path; then player Il must
respond by choosing a nite path in the other ITS M 3 ; and picking its last state s3 j. The
resulting con guration is (M 1;t1; M »;t2) and the rest of the game is the same.

Note that the TLR-bisimulation game are equivalent to the usual bisimulation games, in
a sense that, for any given initial con guration a player Il has a winning strategy in one i
that player has a winning strategy in the other; consequenty, same applies tol, too. Indeed,
if player Il has a winning strategy for the TLR-bisimulation game then the same winning
strategy will work for the TL-game. Conversely, if player Il has a winning strategy for the
TL-game, then any path-move of player| in the respective TLR-bisimulation game can be
represented as a series of step-moves; all playér needs to do in her response is to follow
step by step her winning strategy in responding to the succesive step-moves.

On the other hand, it is quite easy to re-state Theorem 2.6 andCorollary ?? to apply for
TLR, where the modal depth of a TLR-formula is computed by considering EX and EF as
two separate modalities and replacing bisimulation game byTLR-bisimulation games:

Proposition 5.1 Let (M 1;s1) and (M »2;s») be rooted interpreted transition systems.

1. If player Il has a winning strategy for the n-round TLR-bisimulation game with initial
con guration (M 1;81; M 2;sp) then (M 1;s1) T g (M 2;82).

2. If player 1l has a winning strategy for the TLR-bisimulation game with initial con gu-
ration (M 1;s1; M 2;s2) then (M 15s1) 1R (M 2;S2).

Proof:
1. Minor modi cation of the proof of Theorem 2.6.
2. Immediate from 1.

QED

Consequently, we nd that the formulae of TLR are invariant u nder bisimulations:

Proposition 5.2 [bisimulation invariance of TLR-formulae] If (M 1;s1) and (M »; s,) are rooted
interpreted transition systems, such that (M 1;s1) (M 2;s2),then (M 1;s81) 1R (M 2; ).

Proof: By Proposition 5.1, using the equivalence between TL-bisimlation games and TLR-
bisimulation game. QED

5.1.3 Characterization of nite transition systems up to bi simulation equivalence
with TLR

We have already seen in Lecture 3 that LTL is su ciently expre ssive to de ne any ultimately
periodic computation in a nite transition system up to isom orphism. Moreover, with LTL
one can characterize any nite rooted ITS up to trace equivaknce.

However, LTL cannot characterize an ITS up to bisimulation equivalence: there are easy
examples of non-bisimilar ITS satisfying the same LTL-formulae. On the other hand, we will
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show that TLR is expressive enough to describe every nite roted ITS up to bisimulation
equivalencé.
First, let us recall some results from section 2.8.1.:

1. With every rooted ITS (M ;r), whereM =(S;R;L) and n 2 N we associate aharac-

teristic formula of depth n: FM - 2 TL.

2. When M is nite, with every r 2 M we associate the characteristic formula v .
(wr;]ich is FM ] for a large enoughn) characterizing r up to bisimulation equivalence
within M .

Theorem 5.3 (Cf. [BCG88])

For every nite rooted ITS (M ;r), where M = (S;R;L) there is a TLR-formula v
that characterizes (M : r) up to bisimulation equivalence, i.e., for any rooted ITS (M ©r9), the
following are equivalent:

1. M O,roj: M :r]-
2.M%r9 (M ;r).

Proof: We rst de ne for every s2 M the formula

N
)= AG v g ! EX m” AX ma
sRt sRt
Now, we de ne A

M= mor” M :s]-
s2S
The implication 2 ) 1 is immediate from the bisimulation invariance of TLR-formulae,
Proposition 5.2.

For the implication 1 ) 2 it su ces to de ne a winning strategy for player 1l for the TL-
game between 1 ¢r9 and (M :r) with initial con guration ( M ;r;M ©r9, using the formula
v :r] @s follows: at every round of the game, playerl responds to the choice of playen
by choosing a state satisfying the same characteristic forma v . as the choice of player
I. That such strategy can be proved by induction on the number @ rounds: at round 0 that
follows from the fact that M Gr%= [y ;. Now, suppose thatM %O |y ., i.€., i.e. the
condition of the winning strategy is satis ed by the current con guration (M ;s;M &9 of

round n. This, agd the assumption M %r%  [m ), imply that
(*) MSGsE th\ﬁX ™ 1), and
() MO AX ome
Now, consider the two cases for the possible move of playér

1. If player | chooses a successdrof s in M, then, by (*), M%t° v ) for some
t°2 M © and any sucht®is a good choice of playei .

2. If player | chooses a successaf of s°in M O then, by (**), M%t°E 4 for some
t 2 M , and any sucht is a good choice of playelfl .

3This was rst established in [BCG88] for CTL, but was essenti ally known earlier in modal logics, see e.g.,
[BdRVO1a].
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That completes the induction. QED

Corollary 5.4 Two nite rooted interpreted transition systems are locally bisimilar i they
satisfy the same TLR-formulae.

5.2 The full computation tree logic CTL

As we have already noted, the logic CTL was introduced by Emerson and Halpern in [EH83],
[EH86] as an extension of, and a unifying approach to, both te linear-time logic LTL and
the branching-time logic CTL. From purely logical perspective, the logic CTL is precisely
the Ockhamist logic of the class of! -trees, i.e., of the tree-like models where every path has
the order type ! of the natural numbers, while CTL is the Peircean logic on thesame class
of models. Arguably, CTL is more natural in logical terms than CTL, as it fully combines
the purely temporal fragment with the path quanti cation, w ithout the syntactic restrictions
of CTL. So, contrary to the historical development, we will begin with CTL .

5.2.1 Language and syntax

The language of CTL extends the one of LTL with the path quantier A, thus involving
formulae of the type A’ , meaning \' is true on every computation passing through the
current state".

The set of formulae of CTL is de ned recursively as follows:

=plctjC )X U gAY

The other logical connectives>;?,) , ,, , and the temporal operators F and G are
de nable as usual, as well as the “'macros5' andF! . Again as usual,E' isdenedas: A:"
and means \ is true on some computation passing through the current state". Parentheses
in formulae will be omitted when no ambiguity may arise.

It is convenient to distinguish two types of CTL -formulae: state formulag that are
evaluated relative to states, andpath formulae, evaluated relative to paths. The sets StateFor
of state formulae and PathFor of path formulae are de ned by nmutual induction as follows.

StateFor:

? All atomic propositions and ? are in StateFor.

?If', 2 StateFor then: "' ~ 2 StateFor.

? If ' 2 PathFor, then A' 2 StateFor.

PathFor:

? Every state formula is a path formula: StateFor PathFor.

?2If" 2 PathFor then : ;' ~ ; X' U 2 PathFor.
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5.2.2 Semantics

The models of CTL are interpreted transition systems.

Since all CTL -formulae are path formulae, the basic semantic notion igruth of a formula
relative to a path in an interpreted transition system. If M = hS;R;Li is an interpreted
transition system and isapathin M ,then M ; E ' will mean that ' is true of the path

in M.

Notation: given a path , we obtain the path ¢ by chopping o the rst k states of ,
e, k= (K); (k+1); (k+2);::..

The inductive de nition of M ; [ ' naturally extends the truth de nitions for LTL and
TLR.

?M; Epi p2L( (0)for p2 PROP;
?M; F:'i M; 6"

?M; A i M; E'"andM; E ;
?M; FXE ML R

?M; F'U,i M; ; F forsomej OandM; ;F ' foreveryi such that
0 i<j
?M; EA'" i M: %" forevery path %in M with the same initial state as

Hereafter by a CTL -model we mean any interpreted transition system, where triuh of
the formulae of CTL is de end as above.
Now, given a CTL -model M we say that:

? a path formula ' is true of the states of M , denotedM ;s ' ,if M; | ' for every
path in M suchthat (0)= s.

? aformula’ isvalid in M, denotedMj=",if M ;sE ' for every statesin M.

? a formula ' is valid in a transition system T, denoted T F ' if it is valid in every
interpreted transition system (T ;L) over T.

? aformula’ is valid, denoted ', if it is valid in every transition system.

? a path formula * is satis able if it is true of some path in some interpreted transition
systemM .

? likewise, a state formula' is satis able if it is true of some state s in some interpreted
transition system M .

NB. Note that, due to the dierent sorts of CTL -formulae, unlike in most traditional
logics, validity in CTL is not closed under uniform substitutions Indeed,p) Ap is valid
for any p 2 PROP, while Gp) AGp is not valid.
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NB. Since all formulae of CTL are path formulae, the semantics of CTL can be modi ed
to evaluate every atomic proposition, and hence every formia, on a set of paths. Then, the
same atomic propositionp may be true with respect to one path, while false with respectto
another, starting at the same state. The resulting logic is $ll decidable [BHWZ04], however
it becomes much less intuitive.

Exercise 5.1 . Consider the two-sorted language for CTL, where state and path formulae
are formally distinguished, and de ne by simultaneous indwction on state and path formulae
the notions of truth respective to states and to paths.

Note that LTL can be regarded as the fragment of CTL consisting of all purely path
formulae, i.e., those containing no path quanti ers, while TLR is the (EX; EF)-fragment of
CTL .

5.2.3 Some useful validities in  CTL
Proposition 5.5 The following formulae are CTL -valid:
? A' for every LTL-valid formula ' ;
? A" ) ";(NB:' can be a path or a state formula.)
?2AC) ) (AT) A
? AX' ) XA';
? AG ) GA',;
? AGEF ) EGF ; (Burgess's formula)
?AG( ) EX")) () EG);
? AGA' ) EXFA')) (A" )9 GFA");

?AGE' ) EX((E UE)) ) (E' ) EGQ(E UE ))) (Reynold's limit closure for-
mula).

Proof: Exercise. QED

5.2.4 Expressing properties of transition systems with CTL

CTL can be used to express variouglobal properties. For instance:
? Partial correctness along every possible computation:

") AG(terminal) ):

? Partial correctness along some possible computation:

') EQterminal) ):
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? Total correctness along every possible computation:

") AF(terminal® ):

? and total correctness along some possible computation:

") EFterminal® ):

? Fairness along every possible computation:

A(GHKresource requestg¢d F(resource granted

etc.

5.2.5 Bisimulation Invariance of CTL

Proposition 5.6 If (M 1;r7) (M 2;r2), then (M 1;r1) and (M »;r») satisfy the same state
formulae of CTL .

Proof: Induction on the state formulae of CTL , using Proposition 2.2. QED

Question: What about the converse? Read further.
A notion of bisimulation can be accordingly introduced as a elation between paths rather
that states; see [Sti92] for detalils.

5.2.6 Addendum: generalized semantics for CTL

The semantics of CTL given above takes all paths in the transition system into acount.
This is not always necessary, and sometimes it is evenot reasonable because some paths
could be forbidden by liveness or fairness conditions impa&s on the transition system. On
the other hand, in order to give meaningful semantics, thereought to be su ciently many
available paths. The situation here is similar to Ockhamist semantics over bundled trees.

We are going to generalize the semantics of CTL by considering models based on pairs
(T; ) where T is a labelled transition system and is a family of recognized pathsin T. A
minimal reasonable requirement for such a family is that it must be covering: every state must
belong to some recognized path. This, however, is not su ciat, because the truth de nitions
of the temporal operators invokesu xes of a path, which may not be in the family. Recall, a
sux of a path  is every path | obtained from by chopping o the rst k states. Thus,
we impose the additional requirement ofsu x closure: every su x of a path from must be
in .

A pair (T; ) where is a covering and su x closed family of paths in T will be called a
generalized branching time structure An interpreted generalized branching time structure is a
triple (T;P(T);L), whereL is a state description inT. The semantics of CTL can be gener-
alized over such structures with no complications, just by estricting the path quanti cations
to the family .

Given a transition system T the set of all paths on T will be denoted by P(T). A
generalized branching time structure (T ; P(T)) will be called standard or, following [Eme83],
R-generated
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Note that this generalized semantics isnot equivalentto the standard one, because not ev-
ery formula valid in all transition systems is valid in all generalized branching time structures.
One example isAX' ) XA' . (See more examples in the exercises.)

Working through this example, one can see that the reason fothe possible failure of that
formula is that a path (falsifying ' ) may belong to while its extension one step backwards
is not in . Thus, another natural closure condition emerges: a family of paths is pre x
closedif whenever a path belongs to and sR (0) then the path s: obtained by pre xing

with s must belong to , too.

Given a path = (0); (1);:: we denote by | its initial segment (0); (1);:::; (n).
Given two paths and © suchthat (n)= 9m), the path ,: 9 ., obtained by append-
ing %, to iscalled afusion of and °

A family of paths is called fusion closedif every fusion of paths from belongs to .

Proposition 5.7 Su x closure and pre x closure together imply fusion closure.

Proof: Exercise. QED

Yet another natural closure condition, satis ed by standard models islimit closure: if
is a path such that for everyn 2 N there is a path " such that the fusion ,: " belongs
to , then must belong to , too.

Theorem 5.8 [Eme83]

1. A family of paths is su x, fusion, and limit closed i ther e is a transition systemT
such that = P(T).

2. A generalized branching time model T; ) is R-generated i itis pre x and limit closed.

Proof: Exercise. QED

For more discussion on the standard vs generalized semantidor CTL see [Sti92], as well
as [Tho84] and [Zan96], from the viewpoint of complete treews bundled trees in Ockhamist
branching time logics.

5.2.7 CTL as a fragment of CTL

The computation tree logic CTL is a syntactically restricted fragment of CTL . It was in-

troduced before CTL by Clarke and Emerson in [EC80] and [CE81]. It is an extensionof

the very similar branching time logic UB, introduced at about the same time in [BAPM81],

which does not containU, but only X and G. Although CTL is not as expressive as CTL, it

is often regarded a better choice for practical applicatiors because of its lower computational
complexity. Indeed, as we will show in next lecture, unlike CTL model-checking of CTL is
tractable.

The language and syntax of CTL are the same as those of CTL but there is a syntactic
restriction on the formation of the CTL-formulae: the temporal operators X and U, must be
immediately quanti ed by path quanti ers. Thus, in CTL ther e areonly state formulae For
instance AGF and E(F ~' U ) are not CTL-formulae. In fact, allowing Boolean combina-
tions of path formulae within the scope of a path quanti er does not extends essentially the
expressiveness of the language, as we will show further.
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Because of that syntactic restriction, A(' 1U' ») and E(" 1U' ») are not inter-de nable in
CTL, so both path quanti ers must be present in the language. Here is the recursive de nition
of CTL-formulae:

=pj?i (1) "2 IAX JA( U ) E( U 2):
Some de nable operators in CTL:

? EX =: AX: ',

? AF = AGU),

? EF =E>U),

?AG = EE",

? EG

AR
The semantics of CTL is the same as CTL.

Exercise 5.2 . Show that AU is de nable in terms of E-pre xed operators.

Note that the translation of TLR in CTL in fact embeds TLR into CTL. Thus, TLR
is essentially the EX; EF)-fragment of CTL. Consequently, CTL su ces to characteriz e any
nite ITS up to bisimulation.

5.2.8 Expressing properties of transition systems with CTL

For invariance and eventuality properties, CTL is essentidly as expressive as CTL: note that
the examples of CTL -formulae expressing partial and total correctness in?? are actually
CTL-formulae.

However, CTL is not suitable for expressingfairness properties where Gt and F* are
essentially used. For instance, the example of fairness along every possibleomputation,
expressible in CTL is beyond the expressiveness of CTL. It is certainly di eren from what
seems to be the closest translation in CTL:

A G AHresource requested A F(resource granted

Exercise: show that these are not equivalent. Which is stronger?

5.2.9 Some variations and extensions of CTL

Numerous variations and extensions of CTL have been studiedincluding: CTL without
nexttime operator, which is related the notion of behavioural equivalence modulo stuttering
see [BCG88]; CTL? which allows pairing of two temporal operators after a path cuanti er,
thus enabling expression of fairness properties, see [KGRE&CTL *, which allows any boolean
combinations of unnested temporal operators in the scope ad path quanti er (proved to be
as expressive as CTL, but exponentially more succinct), se.MSO01]; CTL with past, see
[LS00], [LMS02]; etc.

“The original version of CTL introduced in [EC80] contained t hese operators, too.
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6 Lecture 6: Model-checking and satis ability testing of br anching-
time logics.

7 Model-checking of CTL reduced to model-checking of LTL

As rst shown in [EL87], model-checking of CTL -formulae can be reduced to global model-
checking of LTL-formulae, inductively on the path quanti e r rank (the maximal number of
nested path quanti ers) of the formula as follows. First, note that the CTL -formulae with
path quanti er rank O are precisely the LTL-formulae. Now, given any CTL -formula' and
a CTL -model M, we identify the maximal state subformulae 1;:::; , of ' and replace
them uniformly with new atomic propositions p;;:::;pn. Note that each ; is a boolean
combination of atomic propositions and formulae of the typeA where is a CTL -formula

can globally model check each of ;;:::; , and compute the sets of statesX1;:::; X in

Now, the global model-checking of' in M is reduced to the global model-checking of the
LTL-formula ' ®in M © For more details on CTL model-checking see also [BKO08].

The procedure outlined above gives aPSpace -complete method for model-checking of
CTL , which is optimal since LTL is a fragment of CTL .

As an alternative approach, an e cient on-the-y method for CTL model-checking has
been developed in [BCG95].

7.1 Polynomial time model-checking algorithm for CTL

The reduction method described above applies, in particula to CTL, but it turns out that
model-checking of CTL-formulae can be done much more e cietly. The model-checking
problem for CTL was rst discussed and solved optimally in [CE81], where a model-checking
algorithm for CTL was developed that works in time linear both in the size of the model and
in the size of the formula, which is a strong argument to use CT as a formal language for
speci cation and veri cation. We will present that algorit hm in detail here.

Formally, the CTL model-checking problem MC(CTL) can be de ned as follows:

input: a CTL formula ' , a nite and total Kripke structure M and sg2 W,
output: 1if M ;sgfF ', O otherwise.

Proposition 7.1 Let M = (W;R;L) be a CTL model and' be a CTL formula. Computing
the setk' ky = fs2 W : M ;sE ' gcan be done in timeO((card(R) + card(W)) j ' }).

In the proposition above, we assume that the codomain of. is a subset ofP (PROP(' ))
where PROP( ) is the set of propositional variables occurring in' .
Proof: Let M = (W;R;L) be a CTL model and' be a CTL formula. The directed graph
(W;R) is encoded by lists of neighbours (total size inO(card(R) + card( W))) whereas the
labeling function L is encoded by a vector of length card{V): the ith element contains the
indices of the propositional variables that hold true at the ith state of W (arbitrary orderings
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of variables and states). The size ot is in O(card(W) j ' j).

Let' 1;:::;" k be the subformulae of ordered by increasing size. In case of con ict, we make
an arbitrary choice for the formulae of identical sizes. Cosequently,

? k=",
? ' 1 is a propositional variable,

? if ' i is a strict subformula of ' ;, theni<j ,
2k ji

For every s 2 W, we build a set of formulael(s) such that

2. forevery 2f' ;i it kg, 21(s)i MsE

card(R)).

For technical convenience, here we will assume that the primive temporal operators in
CTL are the EX-pre xed ones.

Case 1: ' ; is a propositional variable.
Foreverys2 W, if ' j 2 L(s), then insert ' j in I(s) otherwise insert: ' in I(s).
Case 2: ' =:";, for someij <i.
For everys2 W, insert : " in I(s) if ' j; 2 I(s) otherwise skip (' ; is already in I(s)).
Case 3: ' =", ", forsomeiy;ip <i.
For everys2 W, insert' ; in I(s) if f' ;" i,9 [(s) otherwise insert: ' ; in I(s).
Case 4: ' = EX i, for somei; <i.
For every s 2 W, if there is s°2 R(s) such that ' i, is in I(s9, then insert ' ; in I(s),
otherwise insert: ' ; in I(s).
Case 5: ' = E(" {,U' j,) for someis;iz <i.
One can show thatM ;s ' i thereisa R-paths§ s ::! s,in M such that
?s=s,

? ", 2 I(sn) (use of induction hypothesis for the correctness),
? foreveryi2f0;:::;n 1g, I(sp)\f " ;5" i,08 ;.

For everyj 2f 1;2g we de ne
W €fw2 W 21(s)g:
Let M 9L (WCRC L9 be the Kripke model such that

1. WOE Wy [ Wa.
2. ROE'R 1\ (WO w9,
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3. LYis the restriction of L to W©°

For every s 2 W, if there is s°2 W, such that s 2 (R9 (s9 then insert ' ; in I(s)
otherwise insert: ' ; in I(s). In order to show that this step requires time in O(card(W )+
card(R)), we use the following result from graph theory (see e.g.,AHU74, AHU83]):

Lemma 7.2 Let G = (WéR) be a directed graph encoded by lists of neighbours anX
W. Computing the set fR*(r): r 2 X g can be done in timeO(card(W) + card( R))
where R* is the transitive closure of R (smallest transitive relation containing R).

Observe that M %can be also computed in linear-time injMj .

Case 6: ' = EG i, for somei; <i.
As in the previous case, we de ne
WOE fs2 W :' 2 I(s)a:
Let M 2= (WCRCLY be the restriction of M to W® We show that for everys 2 W,
M;sfF ' ssi
() s2wP%and
(I1) there is a nite pathin M °from s to a state sthat belong to a non-trivial strongly
connected component (SCC) for W R9.
A non-trivial SCC C for (W% R9 is a subset ofWsuch that

1. for all s°6 s%92 C, there is an R%path from s®to s®®and an R%path from s%to s°
(C strongly connected),
2. either card(C) > 1 or (C = fs9 and (s®s% 2 RY (C non-trivial).

Suppose thatM ;s F EG j,. Obviously, s 2 W% Hence, there is an in nite path
So;S1;::: such that sp = s and for everyj 0, M ;s; F 'i,. Since the path is in nite,

there isn 0 such that for every j n, sj occurs in nitely often in sp;sp+1;:::. The
states insg;:::;sn 1 (if n =0, this is the empty sequence), belong tow °
Let C be the set of states occurring ins,; Sp+1;:::. We can show that C is a non-trivial

SCC. If C is a singleton, then the proof is immediate. Otherwise, for 4 s and s®in C,
there is an R%path betweens and s®and there is anR%path betweens®and s. Indeed,
s and s% occur in nitely often in S Sp+1;:0

Now, let us suppose that (1) and (I1) hold true. Let p; be a nite R%path betweens
and s° Let p, be a nite R%path between s®and the length of sCis at least one (which
is possible to nd since C is a non-trivial SCC). All the states in the path pip, (i.e.
P1p2P2pP2 ::2) satisfy ' i, (use of the induction hypothesis for the correctness). Sinep;p,
is also anR-path starting from s, we getM ;s ' ;.

Ci is a maximal SCC. Maximality is de ned with respect to set inclusion. In order to
show that each step can be computed in timeO(card(W) + card( R)), we need to use
the following result from graph theory.
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Lemma 7.3 Let G = (W;R) be a directed graph represented by lists of neighbours.
Computing the partition of maximal SCC can be computed in time O(card(W) +
card(R)).

See [AHU74, AHUB83] for a proof.

We write W%to denote the set of states belonging to some non-trivial maikxnal SCC

of (WCR9. For every s 2 W, if s 2 WO%and there is s 2 W®such that s°2 R (s)

then insert ' j in I(s) otherwise insert: ' ; in I(s). As in the previous case, this step can
computed in time O(card(W) + card( R)).

QED

Corollary 7.4 MC(CTL) is in PTime.
Proposition 7.5 MC(CTL) is PTime -hard.

Proof: PTime -hardness of MC(CTL) can be shown be reducing to it satis ablity for syn-
chronized alternating monotonous Boolean circuits, that 5 a PTime -complete problem, see
e.g. [LMSO01]. QED

7.2 Tree-model property of CTL

7.2.1 Tree unfoldings of models for CTL

Using proposition 5.6 and 2.3 we can obtain the following (nte that paths is M are states
in ).

Corollary 7.6 For any interpreted transition system M and a path 2 P(M ), we have that:

1. M5 ) staeror (M; (0)).

2. (M ;b) pathror (M ; ), where b is the path in M corresponding to the path in M .

7.2.2 Uniformly branching trees

Thus, we see that the semantics of CTL (standard and general) can be restricted to models
on tree-like transition systems. In fact, it turns out that a simple type of trees is su cient.

De nition 7.1. [! -trees]

A tree-like transition system is called an! -tree if every maximal path in it has the order
type ! of the natural numbers.

Note that every unfolding of a transition system with a serial transition relation is a
disjoint union of ! -trees. r
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De nition 7.2. [Finitely branching transition systems ]
A transition system is nitely branching if every state in it has nitely many successors.
A branching factor of a nitely branching transition system T is the supremum of the
cardinalities of all sets of successors of states ifi. If that branching factor is nite, T is said
to be boundedly branching

For any cardinal number ( nite or in nite) , a transition system T is called -branching
if every state has successors
We call -branching treesuniformly branching. r

Clearly, every -branching ! -tree is unique up to isomorphism. Such a tree can be rep-
resented in a canonical way by ordering all successors of a de with the ordinals in  and
labelling every node with a nite string of such ordinals marking the path from the root to
that node. For instance, the nodes of &-branching tree are labelled with the set of all nite

We call the resulting labelled tree the canonical -branching! -tree, denoted by [ ] . Note
that every path in[ ] can be represented as a mapping :! ) , by assigning to every node
from the path the last term of the string representing it. Conversely, every such mapping
denesapathin[ ].

Respectively, a computation in a [] is a mapping! ) 2PROP,

Proposition 7.7 For every rooted interpreted transition system (M ;r) with a branching factor
there is a bisimilar interpreted system based on [] , relating r with ".

Proof: Sketch: First, take the unfolding of M fromr. Itis an ! -tree with a branching factor
Then, starting from the root, level by level, add as many copes of existing successors together
with the subtrees rooted at them, as necessary to make the tee exactly -branching. QED

7.2.3 Satis ability of CTL in k-branching trees

Corollary 7.8 Every state formula ' of CTL , satis able in a model with a branching factor
is satis able in a model based on [] .

Theorem 7.9 [ES84, Theorem 3.2] Every satis able state formula’ of CTL is satis able in
a k-branching ! -tree, fork m + 1, where m is the number of path quanti ers occurring in

Proof: Sketch: Structural induction on ' . Take an! -tree satisfying' and, starting from the
root, level by level prune all ‘unnecessary' successors. Fa proof see [ES84], though some
important details are missing there. QED

7.3 Decidability and complexity of satis ability testing f or CTL and CTL
Theorem 7.10 [CE81] The satis ability problem for CTL is ExpTime -complete.

SReaders unfamiliar with in nite cardinals can think that is a natural number of ! .
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Proof: Sketch: The upper bound is provided by the tableau construction that will be described
later. The matching lower bound is by reduction from alternating polynomial space bounded
Turing machines, similar to the proof for PDL in [KT90]. QED

Theorem 7.11 The satis ability problem for CTL is 2ExpTime -complete.

Proof. Sketch: The complexity lower bound is established in [VS85] by reduton from al-
ternating exponential space bounded Turing machines, wheras the upper bound is proved
in [EJOQ], where Emerson and Jutla produce a deterministic duble exponential time algo-
rithm for deciding satis ability for CTL by an elaborated reduction to non-emptiness of
automata on in nite trees. QED

7.4 Linear-time vs branching-time Logics

The debate on the pros and cons of using linear vs branchingme temporal logics has been
alive and unabated since the beginning of the 1980's; see [r#80] and [EH86] for the beginning
of it. Of course, the linear and branching time approaches hae somewhat di erent scopes of
application, viz. linear time approach is the more natural when the properties to be checked
are about a single computation in a transition system, whilethe branching time approach
is more natural to reason about all computations, i.e., abou the global structure of the
transition system. Yet, for many purposes both approachessem to compete hard, and there
has been a quest for theoretical argumentation of the supeority of one approach to the other.
The major types of arguments brought to the battle eld are:

? expressiveness
? complexity of satis ability,
? complexity of model checking

? suitability for speci ¢ practical purposes.

Here we discuss brie y the rst three.
Regarding expressiveness, it should be intuitively cleartat LTL and CTL are incompatible
in their expressive powers. Indeed, this intuition can be tuned into a precise statement:

Proposition 7.12

1. The CTL-formula AF A Gp is not expressible in LTL.

2. The LTL-formula AFGp is not expressible in CTL.

Proof: Sketch: The key to the proof of these is the observation that with evey CTL formula
', one can associate the LTL-formula LTL( ) obtained from ' by deleting all path quanti ers.
Now, show that for every path in a CTL -model M, we have that M; | LTL( ") i
M ; ', where M; s the respective LTL-model while M is the CTL -model obtained
by restricting M over the path . See [Eme90] for details.QED
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Thus, so far it seems that the ideal solution is CTL which subsumes both rivals. However,
the second type of arguments comes in against this choice: ¢ghcomputational price demanded
by the complexity of CTL (deterministic 2ExpTime ) is virtually prohibiting for practical use.
Indeed, the deterministic ExpTime completeness of the complexity of satis ability of CTL
is already high enough to put many customers o, but CTL has other virtues to compensate
for this, notably the bilinear complexity of model checking. On the other hand, LTL, while
having better than complexity of the satis ability ( PSpace) fares worse when it comes to
model checking.

All these suggest that, so far, there are no decisive theoraal arguments in favour of one
approach to the other, so the practical consideration play aleading role here, and, as Vardi
puts it in [Var98], \the debate might end up being decided by the market-place rather than
by the research community".

For the latest on the discussion, see [Var01], [KV05] [NV07]

53



8 Lecture 7. Tableau method for testing satis ability and
model-checking of temporal logics. Testing satis ability and
model-checking of LTL using tableaux.

The origins of the method of semantic tableau for testing sais ability of logical formulae go
back to Gentzen's work on syntactic tableau, but the method was rst explicitly developed by
Beth [Bet], [Bet70], and Smullyan [Smu68], and further adaged for modal logics by Fitting
[Fit83]. For a survey of tableaux for modal and temporal logics see [Gor98] and for a more
recent account see [Fit07]. In particular, a standard tablewu for the logic TL can be extracted
from any of these.

The complications in the tableaux arise when xpoint operators are added to the language,
i.e., in the cases of the linear and branching time temporal dgics studied in this course, as
these logics demand a special mechanism for checking realtion of eventualities.

In this course | will present a uniform, incremental tableau building methodology for
temporal logics, going back to works of Pratt [Pra79], [Pra®] (for PDL), Wolper [WoI83],
[Wol85] (for LTL), Ben-Ari, Manna, Pnueli [BAPM8L1] (for the branching-time logic UB) and
Emerson, Halpern in [EH82],[EH85] (for the branching-time logic CTL); see bibliographic
notes for further details.

All these tableau-based decision procedures for testing Ha ability runs in  ExpTime ,
which is optimal in all cases, except the case of LTL. In that @se we will discuss how the
procedure can be optimized toPSpace.

For convenience of the reader not previously familiar with tis style of tableau-based deci-
sion procedures, we will rst sketch generic tableaux congtctions for testing satis ability and
for model-checking of temporal logics. Then we will presenin detail the tableau constructions
and proofs of soundness and completeness for the logic LTLnd in Lecture for each of the
logics TLR and CTL, building on the generic common notions ard results. The expositions
for LTL and TLR are relatively independent, while the one for CTL refers more substantially
to the TLR case. Thus, while seeing the common methodology, hte reader should be able
to follow each of these cases fairly independently, but thatcomes at the expense of some
inevitable repetitions, mutatis mutandis, of technical details.

8.1 A generic incremental tableau method for testing satis ability and
model-checking of temporal formulae.

First, we will give an informal outline a generic incrementd tableaux construction for modal
and temporal logics, beginning with some preliminaries.

8.1.1 Preliminaries

The set of all subformulae of a formula will be denoted by sul( ); likewise, the set of all
subformulae of a set of formulae will be denoted by sub().

Negation normal form. A formula is in negation normal form (NNF) if the only occur-
rences of negations in it, if any, are in front of atomic propaitions.

In all logics considered here, every formula can be transfoned up to logical equivalence
to one in NNF by systematically driving all negations inwards, using de Morgan's laws and
other suitable logical equivalences.
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Some tableau styles assume the input formula in NNF, as that snpli es some arguments.
We will not make this assumption for the sake of e ciency: when the formulae occurring in
the tableau are in NNF, patent contradictions are detected aly after full decompositions of
the involved formulae. Still, for some tasks it is convenien to assume that a formula is in
NNF.

Types of formulae. We will distinguish 4 types of formulae:

1. -formulae, of conjunctive type. Every -formula is associated usually with two (but,
sometimes can be more or less), possibly coinciding formwda called the -components
of . Every -formula is equivalent to the conjunction of its -components.

For instance, the -components of* ~ are 1 ="' and , = , and the only -
component of:: ' is 1=

2. -formulae, of disjunctive type. Every -formula is associated usually with two (some-
times three), possibly coinciding formulae, called the -components of . Every -
formula is equivalent to the disjunction of its -components.

For instance, the -components off _  are ;="' and ;=

3. nexttime formulae: these are formulae beginning withEX, AX (respectively X in LTL)
and negations of such formulae.

4. literals: >, :> , atomic propositions and their negations.

The literals and the nexttime formulae are commonly calledprimitive formulae.

Closure of a formula. Often, in addition to all subformulae of a formula we have to
consider their negations, as well as formulae obtained by nfolding' formulae from the closure,
e.g., unfolding of xed point operators pre xing subformul ae of . Thus, the notion of a closure
of the formula , denotedcl( ), emerges. In all cases of logics considered here, the closu
will be de ned generically as follows.

De nition 8.1. [Closure of a formula in  LTL]
The closurecl( ) of the formula is the least set of formulae such that:

1.>;" 2cl();
2. cl( ) is closed under taking subformulae;
3.if 2cl()and does notbegin with: then: 2cl();

4. cl( ) is closed under taking all components of -formulae and -formulae.

De nition 8.2. [Closure of a set of formulae. CI%sed sets ]
For any set of formulae we de ne cl() := fc()j' 2 g
A set of formulae is closedif = cl(). r

The closure of a formula (and hence, of any nite set of formube) will always be a nite
set, of cardinality linear in the length of the formula.
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Consistent and fully expanded subsets of a closure

De nition 8.3. [Patently inconsistent set ] A set of formulae is patently inconsistent if it
contains ?, or :> , or a contradictory pair of formulae : ' and ' ; otherwise it is patently
consistent r

Here we give a generic de nition of a fully expanded set, to banade speci ed in each of
the particular cases of logics considered further.

De nition 8.4. [Fully expanded set ] A set of formulae is fully expandedi :
1. it is patently consistent,
2. for every -formulain , all of its -components are in ;
3. for every -formula in , at least one of its -components is in .

r

Intuitively, a patently consistent set is fully expanded if it is closed under applications
of all local (propositional, applying to the same state of the model) fomula decomposition
rules.

For some logics, speci ¢ additional conditions may be imposd on the de nition of fully
expanded sets.

De nition 8.5. [Minimal full expansions ] Given a set of formulae , a fully expanded set
is a minimal full expansion of if and there is no fully expanded proper subset of
containing . r

Note that a set may have none, or several minimal full expangons.

Note that not every fully expanded set is satis able. In fact, the purpose of the tableau
is to determine whether there is at least one fully expanded &t containing the input formula
that is satis able.

Computing full expansions by saturation under closure oper ations In the tableaux

constructions we will be using a rule calling the procedurd-ullExpansion , described below,
for computing the family FE () of all full expansions of a given set of formulae obtaine d
by saturation under the closure operations correspondingd the de nition of full expansion.

That procedure essentially represents a propositional takeau, performing the propositional
decomposition steps on the side of the main tableau proceder

The procedure FullExpansion  uses the followingset replacement operationsapplied to
a set of formulae in a family of sets of formulae F:

(): If* 2 forsome -formula' with -components' ; and' ,, replace by [f ' ;' 20

() 1If* 2 forsome -formula' with -components' i and' ,, replace by [f '1g
and [f ' Q.
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An expansion stepconsists in choosing a set from the current family of sets F, and
then choosing an - or - formula' 2 (if there is any) and applying the respective set
replacement operation for' to , with the following proviso: if a patently inconsistent set is
added to F as a result of such application, it is removed immediately aer the replacement.

Now, given a nite set of formulae , the procedure FullExpansion  starts with the
singleton family f g and checks if it is patently inconsistent. If so, it returns FE() = ;.
Otherwise, it applies repeatedly expansion steps to the cuent family F until saturation,
i.e. until no application of a set replacement operation canchangeF. (The stage of sat-
uration is guaranteed to occur because all sets of formulaerpduced during the procedure
FullExpansion  are subsets of the nite setcl().) At that stage, the family FE() of sets
of formulae is produced and returned.

We note that FE () may contain some non-minimal full expansions of ; examp les will
be given further. Nevertheless, we want to keep such non-mimal full expansions obtained
by the procedure FullExpansion , too, for reasons that will become clear later.

We will call the sets in FE () the lean full expansionsof .

Proposition 8.1
I. The family of lean full expansionsFE () contains all minimal full expansions of .
Il. For any nite set of formulae :

N N

f ] 2FE() g

Proof:
I. Exercise.
Il. Recall the requirements, that every -formula is equivalent to the conjunction of its
-components, and every -formula is equivalent to the disjunction of its -components.
Wgy imply that every set replacement operation applied to afamily F preseryes the formula
f j 2 Fg up to logical equivalence. At the beginning, that formulais . QED

Exercise 8.1 . Prove claim | and complete the details of the proof of claim I.

Eventualities Intuitively, eventualities are formulae stating that something will happen
eventually in the future, but without specifying exactly wh en.
In particular:

? the language TL has no eventualities;
? the eventualities in TLR are the formulae of the type EF and: AG ;
? the eventualities in LTL are the formulae of the type ' U (in particular, F' ,and: G );

? the eventualities in CTL are:

existential eventualities of the type E' U and : AG , referring to a single path
on which such eventuality must be realized.

universal eventualities of the type A* U and: EG , where the eventuality must
be realized on every path.
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8.1.2 Hintikka structures

While the notion of Hintikka structure (rst de ned in [Pra79] by analogy with Hintikka sets
for propositional logic) is not an explicit part of the table aux construction, it is fundamental
for its understanding, because the purpose of that construion is to check for existence of a
Hintikka structure “satisfying' the input formula.

Intuitively, a Hintikka structure represents a partly de n ed rooted ITS satisfying the input
formula. It is a graph, every node of which is labeled by a set bformulae. These labels are
fully expanded subsets of the closure of a designated inpuibfmula (in the satis ability of
which we are interested). All desired properties of the trarsition relations in a Hintikka
structure are encoded by means of the labels of the states. Mabership to the label of the
state of a Hintikka structure simulates the notion of truth o f a formula at a state of an ITS,
and the labeling of states must ensure that the Hintikka structure can generate a model (or,
sometimes, apseudo-mode) of the input formula.

Conversely, every rooted ITS uniformly generates a rooted Htikka structure which “sat-
is es' the input formula  at its root, by labelling each state with the set of all formulae from
the closure of that are true at that state. However, an essential di erence between ITS
and Hintikka structures is that, while an ITS determines the truth value of every formula
at every state, a Hintikka structure contains only just enough information to determine the
truth values of those formulae that are directly involved in the evaluation of the input formula

at the root state.

For a class of Hintikka structures to be suitable for the tableau procedure, it must be the
case that every formula “satis able' in such a Hintikka structure is satis able in an ITS, so
the two notions of satis ability are equivalent.

8.1.3 Sketch of a generic tableaux construction for testing satis ability

The tableau procedure for a given input formula attempts to construct a non-empty graph
T , called atableay representing in a way su ciently many possible Hintikka st ructures for
. The procedure usually consists of three major phases:

1. Construction phase In that phase a nite directed graph with labeled vertices P ,
called the pretableaufor is produced, following prescribedconstruction rules. The set
of nodes of the pretableau properly contains the set of nodesf the tableau T that is
to be ultimately built.

The pretableau has two types of nodes:states and prestates The states are labeled
with fully expanded subsets ofcl( ) and represent states of a Hintikka structure, while
the prestates can be labeled with any subsets ofl( ) and they play only a temporary
auxiliary role.

When there is no danger of confusion we will identify prestages or states with their
labels.

2. Prestate elimination phase The prestates are removed during this phase, using the
prestate elimination rule, and the result is a smaller graphT,, , called the initial tableau
for

3. State elimination phaseDuring this phase we remove, usingstate elimination rules, all
states, if any, from T, that cannot be satis ed in any Hintikka structure, for one of the
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following reasons: either their labels containunrealizable eventualities or some of the
successor states they need for the satisfaction of nexttiméormulae have been removed
in the process.

The state elimination phase results in a (possibly empty) sbbgraph T of T, , called the
nal tableau for

If there is a state in the nal tableau T containing in its label, the tableau is declared
open and the input formula is pronounced satis able; otherwise, the tableau is declaxd
closedand is pronounced unsatis able.

8.1.4 Termination, soundness, and completeness of the tabl eaux construction

Termination Each of the phases of the above described procedure termires:

1. The termination of the construction phase follows from the fact that there are only
nitely many possible labels of states and prestates to be aeated in the tableau, and
each of them is created at most once.

2. The prestate elimination phase terminates because the iehination of each of the nitely
many prestates is a one-step act.

3. The state elimination phase terminates because there arenly nitely many eventualities
to be checked for realization, each in nitely many state labels, and if any round of
testing realization of all eventualities at all states in which labels they occur ends without
elimination of any state, the construction is completed.

Estimates for the maximal number of steps needed for the coriction of the tableau will
be obtained further, in all particular cases, thus yielding upper bound for the time complexity
of the decision procedures.

Soundness Soundnessof the tableau procedure means that if the input formula is satis -
able, then the nal tableau T is open, so the tableau procedure is guaranteed to establishe
satis ability. A generic proof of soundness consists in sheing that at least one tableau state
containing  will survive until the end of the procedure. Note, thatif is satis able, and hence
propositionally consistent, there will be at least one o spring state of the initial prestate con-
taining . Moreover, for every rooted ITS (M ;s) satisfying ,thesetf 2cl( )jM ;sF ¢
contains at least one such state.

Thereatfter, it su ces to show that only unsatis able states get eliminated in the state
elimination phase. The proof of that claim is done by induction on the applications of state
elimination rules.

Completeness  Completenessof the tableau procedure means that if the input formula is
not satis able, then the nal tableau T is closed, so the tableau procedure is guaranteed to
establish the unsatis ability. By contraposition, comple teness means that if the nal tableau
is open, the input formula is satis able.

A generic proof of completeness consists in proving that an men nal tableau yields
a Hintikka structure satisfying , and then using the equivalence between satis ability in
Hintikka structure and in ITS. In some cases (e.g., TL, TLR) t he construction of the Hintikka
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structure satisfying from an open tableau for is straightforward { the tableau itself can
be used for that purpose. In other cases (e.g., LTL, CTL) the Hntikka structure satisfying
has to be pieced together fromfragments extracted from the tableau.

8.1.5 A generic tableaux method for model-checking

The tableau procedures for testing satis ability can be smathly modi ed to perform local
model-checking given a nite rooted ITS (M ;r) and a formula , the model-checking tableau
must decide whetherM ;r E

The idea of tableau-based model-checking is simple: in a nahell, the procedure simulates
the construction of the pretableau inM by starting from r and advancing along the transitions
in M , while labeling the prestates and states of the tableau withthe respective current states
of M . More precisely:

1. The states and prestates of the tableau are now labeled byairs (s; ) where s2 M
and cl( ), where in the case of states s fully expanded.

2. The pretableau construction phase is similar to the one irthe tableaux for satis ability,
but with modi ed construction rules, taking into account th at the states and prestates
they create are properly associated with states oM .

3. The prestate and state elimination phases are essentiglithe same as in the tableaux
for satis ability.

4. When the nal tableau is obtained, M ;r F is declared true i there is a state (r; )
initsuchthat 2 .

The soundness of the procedure follows from the following a®rvations:

1. If a prestate in the pretableau is satis ed in some state ofM then some o spring state
of it is satis ed there, too.

2. A state (s; ) from the initial tableau is eliminated during the state el imination phase
only if some formula from is not true at s.

3. For every state (s; ) in the nal tableau, M ;s holds.

8.2  Testing satis ability and model-checking of LTL using t ableaux.

Now, we will illustrate the generic tableau construction outlined in the previous section with
the logic LTL. Most, but not all, of its features are simpler t han the case of branching time
logics. The major distinction is that in the case of LTL we are looking for a linear model
satisfying the input formula.

For simplicity of the exposition, we will consider LTL over a language with one transition
relation; in the case of many transition relations the same pocedure appliesmutatis mutandis,
treating all temporal operators over the di erent transiti ons in the same way.

The rst construction of tableau for LTL, a version of which w ill be presented here, was
given in [Wol83], [WolI85]. It takes exponential time and spae in the length of the formula,
but we will discuss further how it can be optimized to work in polynomial space.

For some variations and improvements of Wolper's tableau pocedure for LTL see [KMMP93]
(for LTL with past) and [LPOO].
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8.2.1 Preliminaries

We will choose to work with a minimal language, containing>, : and » as Boolean con-
nectives, andX and U as temporal operators. The other Boolean constants and corettives

>:7?;_;) ,as well as the operatorg~, G, and R will be assumed de nable in a standard way.

We leave it as a running exercise to the reader to extend the k&ic concepts and steps of
the procedure outlined below to a language containing somepr all, of these connectives as
primitives.

The nexttime formulae in LTL are X' and: X' .
The -and -formulae in LTL and their components are:

1 2
X X! X'
(U)o o X(tU)
1 2
N ) :
"U AX(U)

The only type of eventualities in LTL is ' U .

Lemma 8.2
I. For every -formula’':' 1) ().
Il. For every -formula':" (") 20).

Proof: Exercise. QED

The notions of closure of an LTL-formula, fully expanded ses, and the procedurg-ullExpansion
computing the family of lean full expansions of a set of LTL-brmulae, are de ned as in Lecture
4,

Exercise 8.2 . Show that cl(' ) is nite for every ' 2 LTL.

Exercise 8.3 . Give explicitly the closure conditions for fully expanded sets and the set-
replacement operations of the procedurd-ullExpansion  for the LTL-formulae : X' ,' U ,
F,:(U)andG .

Note that for some sets of formulae , the family FE () may contain some non-minimal full
expansions of . Forinstance, if = fpUqg;X(pug)gthen FE () = ff pUq;X(pUq)g;fq; puqg; X(pUug)gg.
In such case we want to keep such larger full expansions obtad by the procedureFE, too,
for reasons that will become clear later.
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8.2.2 Hintikka traces

Since we are interested in satis ability of LTL-formulae in linear models, we will only de ne
the notion of linear Hintikka structure, or simply Hintikka trace.

De nition 8.6. [Hintikka trace ] Given a (usually closed) set of formulae , a Hintikka trace
(HT) for isamapping H:N!P () satisfying the following conditions for every n 2 N:

H1 H(n) is fully expanded,;
H2 If X' 2H(n),then’ 2H(n+1)

H3 If ' U 2 H(n), then there existsi O suchthat 2H(n+i)and' 2H(n+ j) for
everyj suchthat0 j<i.

Proposition 8.3 In every Hintikka trace H:

1L.If: (U )2H(n), thenforeveryi2 Nif: 2H(n+i)then' 2H(n+ j) for somej
suchthat0 j<i .

2. 1fG 2H(n),then' 2H(n+ i) foreveryi 2 N.

Proof: Exercise. QED

De nition 8.7. We say that a formula 2 LTL is satis able in a Hintikka trace H if 2 H(n)
for somen 2 N. r

Lemma 8.4 For any set of formulae , every linear ITS M = (N;L) generates a Hintikka
traceH :N!P ()for ,where H(n)=f" 2LTL jM;nE "' gforeveryn2 N.

Proof: Straightforward veri cation of H1-H3. Exercise. QED

Usually, we will be interested in Hintikka traces for setscl( ), where is a formula for
which we want to nd a model.

Theorem 8.5 Aformula 2 LTL is satis able i it is satis able in a Hintikka trace for  cl( ).

Proof: One direction is immediate by Lemma 8.4 for = cl( ). For the converse, suppose
2 H (m) for some Hintikka trace H : N! P (cl( )) and m 2 N. Without restriction, we can
assume thatm = 0. We de ne the following state description L in N: L(n) := PROP \H (n).
Let M = (N;sucgL), where succis the successor relation inN.
We now show by induction on 2 LTL that for every n 2 N:

@if 2HM)then M ;nF ;
@iy if : 2H(n)then M ;n [ :
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When 2 PROP the claim is immediate by de nition of L.

Let = : . Then, clause (i) is part of the inductive hypothesis for , while clause
(ii) follows again from the inductive hypothesis for and the fact that every H(n) is fully
expanded, so if:: 2H(n)then 2H(n).

The case where = 1/ 5 is straightforward, using the inductive hypothesis and the fact
that H(n) is fully expanded.

The case of = X' follows from the inductive hypothesis and the conditions Hland H2
of the de nition of Hintikka trace.

The case of = ' U follows from the inductive hypothesis, the conditions H1, axd H3,
and Proposition 8.3. QED

Exercise 8.4 . Complete the details of the proof above.

Given an input formula 2 LTL we are now going to build a tableau for testing the
satis ability of . The procedure will consists of 3 phases, as described in liece 4.

8.2.3 The pretableau construction phase
The pretableau construction phase consists in alternatingapplications of two rules:
PrExp ‘™t : producing all o spring states of a given prestate;

Next Tt : producing the successor prestateof a given state.

The rule PrExp 't involves the procedureFullExpansion , described in Lecture 4, for
computing the family FE () of all full expansions of a given subset of cl( ) obtained by
saturation under the closure operations corresponding to te de nition of full expansion.

Rule PrExp “™-: Given a prestate to which the rule has not yet been applied,
do the following:

1. Compute the family FE() = f 1;::: ng of all lean full expansions of
and add these as (labels of) new states in the pretableau, dald the o spring
states of .

2. For each newly introduced state , create an edge =)

3. If, however, the pretableau already contains a state withlabel then do not
create a new state with that label, but create an edge =) to that state.

We denote the setf | =) g of o spring states of by stateg).
Rule Next '™~ : Given a state with label , to which the rule has not yet been
applied, do the following:

1. Add a successor prestate of with label f j X 2 g

2. If the label of does not contain any formula of the type X then add a
successor prestate of with label f>g .
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3. Create an edge !

4. If, however, the pretableau already contains a prestate Wth label then do
not create a new prestate with that label, but extend an arrow ! to
that prestate.

The construction phase of building a pretableau for begins with creating a single prestate
f g, followed by alternating applications of the rules PrExp and Next, respectively to the
prestates and the states created at a previous stage of the noetruction. The construction
phase ends when none of these rules can add any new states oegtates to the current graph.
The resulting graph is the pretableauP .

8.2.4 Prestate elimination phase

In this phase, all prestates are removed fronP , together with their incoming and outgoing
arrows, by applying the following prestate elimination rule:

Rule PrElim Tt : For every prestate in P , do the following:

1. Remove from P ;

2. Ifthereisastate in P with ! , then for every state 92 stateq),
create an edge ! 0

The resulting graph is called theinitial tableau for , denoted T, . The o spring states of
the input prestate f g are calledinput states of T .

8.2.5 State elimination phase

The purpose of the state elimination phase is to remove from he tableau all “bad' states,
the labels of which are not satis able in any Hintikka trace, and hence in any linear model
for LTL. That will be done using the state elimination rules StElim1 '™t and StElim2

introduced below. The state elimination phase is carried otin a sequence of stages, starting
at stage 0 with the initial tableau T, , and eliminating at every stagen at most one state for
the current tableau Ty, by applying one of the state elimination rules, to produce he new
current tableau T, .

One possible reason for existence of a "bad' state in a curretableau is that it may lack
a successor state. Such states can arise because some piiestanay have no full expansions,
and hence may yield no o spring states. Once such bad statesra removed, some of their
predecessor states may be left without successors, so theyust be removed, too, etc., until
stabilization. Formally, the elimination of states with no successors is done by applying the
following rule.

Rule StElim1 L™t : If a state has no successor states in the current tableau,
then remove from the tableau.

Another reason for a state to be “bad', i.e., for its label notto be satis able in any
Hintikka trace, is when that label contains an eventuality formula which is not “realized' in
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any reachable (i.e., future) state. Such cases are handledybtan additional state elimination
rule. In order to formulate it we have to formalize the notion of eventuality realization.
Hereafter, by a path in the current tableau T,, we mean a path of successor statesg !
| s g
1 - oo Tn .

De nition 8.8. [Realization of eventualities in LTL] An eventuality = 'U s realized

at the state in T, if there exists a nite path = o, 1.::%, m,wherem O0,in T,,

suchthat ; 2 g and ;' 2 foreveryi =0;:::;m 1. We say that is realized on

the path o; 1;:::; m and call any such path awitness of the realization of the eventuality
in

If 2 ,then we saythat isimmediately realized at the state (by the singleton path

). r

There are various algorithms for testing the realization of the eventualities in tableau
states. A more e cient approach is the global one, where that testing is done for all eventu-
alities at all states simultaneously.

Now, we can state the second state elimination rule.

Rule StEIim2 Y- : If an eventuality 2 is not realized on any path starting
from in the current tableau, then remove from the tableau.

The rules StElim1 ™% and StElim2 b are applied alternatively, in any order, which
may be determined by a specic strategy. This procedure coninues until reaching a stage
when no further elimination of states by an application of ary of the rules is possible.

8.2.6 The nal tableau

When the state elimination phase reaches a stabilization sige the current tableau at that
stage is the nal tableau for , denoted by T , with a set of states denoted byS .

De nition 8.9. The naltableau T isopenif 2 forsome 2 S ; otherwise, T is closed
r

The tableau procedure returns \not satis able" if the nal t ableau is closed; otherwise,
it returns \satis able" and, moreover, provides su cient i nformation for producing a nite
Hintikka trace satisfying , as described in the completeness proof below.

8.2.7 Soundness of the tableau for LTL

Recall, that soundness of the tableau procedure means thaf the input formula is satis able,
then the tableau T is open. We will establish the soundness of the tableau for LT by proving
that every state elimination rule is “sound', in a sense thatit never eliminates a state with a
satis able label. The soundness of the overall procedure ithen an immediate consequence.

Lemma 8.6 Let be a prestate in P such that ;i E for some linear LTL-model and
i 2 N. Then:

I. ;i F for atleast one 2 FE().
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Il. Moreover, for any eventuality ' U 2 suchthat ;i F ,the state can be chosen to
contain

Proof: Claim | follows from Proposition 8.1.

Forclamll,let "U 2 and ;i F '. We start the construction of the desired lean
full expansion of by applying the ruleto U to . Now, it suces to show that we
can complete that construction by applying the set replacenent operations, starting with the
replacement [f ' g of until saturation, by choosing at every step to replace the current
set by an extension that is still satis ed at ( ;i ). This claim is proved by induction on the
number of applications of expansion steps. The base of the d@uction, for [f ' g, holds by
assumption. The inductive step is carried out by a straightforward consideration of all cases
of set replacement operations. (In case of a set replacemenperation applied to a -formula
and o ering a choice of two extensions, both satis ed at (;i ), the procedure chooses any of
them.) QED

Note, that the so constructed full expansion need not be minimal { indeed, that happens
in the example = fpUqg;X(puUqg)g given earlier. For that reason we want to keep all lean full
expansions inFE (), not only the minimal ones.

Lemma 8.7 No satis able state 2 T, is removed by any application of the rules StE-
lim1 ™% and StElim2 - during the state elimination phase.

Proof: It su ces to show, by induction on n 2 N, that no satis able state 2 T, is removed
by an application of StElim1 ‘"% or StElim2 Y% to T, . For that purpose we will prove a
somewhat stronger inductive claim, viz., that for everyn 2 N, if 2 T, is satis able then:

1. There is a satis able state 2 T, such that ! in Th.

2. For any eventuality ' U 2 there is a nite path of satis able states in T, witnessing
the realization of that eventuality.

3. All satis able states in T, are still present in Ty .

Note that the inductive claim refers simultaneously to all satis able 2 Tn and all
eventualities in them.

Let n =0.

Take any state 2 T, suchthat ; OF for some linear model . Therefore, ; 1F X,
whereX = f j X 2 g. Then, by Lemma 8.6, at least one lean full expansion ofX is
satis ed at ( ; 1). By the construction of the initial tableau, there is a state (with label) in
T, such that ! . Therefore, the state cannot be removed from T, by an application
of the rule StElim1 ‘- .

Now, let *' U 2 . Then, thereis i 2 N such that ;i F and ;j F ' for every
0 j<i . Moreover, we can choose a minimal such, so all intermediate states in it would
satisfy ' U , too { shown by induction on j. By iterating the argument above, we show that

that ;j F ( j)forO j i, thusrealizing' U at in T,. Indeed, we show by induction
on j that each intermediate state ( j), forO | <i, contains both' and' U , using the
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fact that each ( j) is fully expanded and X(' U ) is a -component of' U . To show that
the last state ( i) can be chosen to contain , we use Lemma 8.6.
Thus, the state cannot be removed from T, by an application of the rule StElim2 - .
Consequently, all satis able states inT, have remained inT, .

Now, assuming the claim holds for alin < m, take any satis able state 2 T,. By the
argument above (forn = 0) there is a satis able state in T, such that ! in T,.
By the inductive hypothesis, has remained intact in Tq,. Therefore, cannot be removed
from Ty by an application of the rule StElim1 - .

Likewise, for any ' U 2 , the nite path of satis able states in T, witnessing the
realization of that eventuality, produced by the argument for n = 0, will have remained intact
in Tm, and hence' U s realized at in Ty. Therefore, cannot be removed from Ty by
an application of the rule StElim2 -, either.

That completes the induction, and the proof. QED

Theorem 8.8 [Soundness of the tableau for LTL] If 2 LTL is satis able inthen T is
open.

Proof: Follows immediately from Lemmas 8.6 and 8.7.QED

8.2.8 Completeness of the tableaux for LTL

To prove completeness of the tableaux for LTL it su ces to show how from the open nal
tableau T one can construct a Hintikka trace satisfying , and then refer to Theorem 8.5.
We can extract such a Hintikka trace from T , by starting with any state containing
and building up a path of successor states throughl , while ensuring that all eventualities
appearing along that path eventually get realized on that pah. Note, that not every path in
T satis es that requirement. Indeed, we have proved that evey eventuality in a state is
realized alongsome path starting from , but di erent eventualities may be real ized along
di erent paths.

Exercise 8.5 . Give an example of , where not every path in T is a Hintikka trace.

So, we have to guide the process of building a Hintikka trace. The idea is to build
the Hintikka trace H( ) in a sequence of steps, each producing a nitgoartial Hintikka trace
extending the previous one by appending a nite path realizhg onepending eventuality while
possibly adding more pending eventualities at the end. Thusan in nite path is produced in
the limit, as a union of all partial Hintikka traces, in which there are no unrealized eventualities
{ and that is the required Hintikka trace.

The reason we can apply such a piecewise approach to the readiion of the eventualities
is that if an eventuality belongs to a state in the nal tableau T and is not realized within
some nite path in T starting at that state, then it gets propagated down the path, and
thus its realization can be deferred. More precisely:

Proposition 89 1If 2T and ="'U 2 isnotrealized on a given path = 0 i m
in T , then every state on that path contains' ,' U , and X(' U ).
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Proof: Induction on i. Exercise. QED

The proposition above allows the realization of the eventulty at to be deferred
inde nitely, i.e., throughout any nite path, and then acco mplished by appending to its last
state Canother nite path realizing at © and hence at .

To formally organize the procedure of building the Hintikka trace we do the following:

1. Fix alistof all statesin T : g;:::; n 1, and a list of all eventualities occurring in
T: o000 m 1.

2. For every state ; and an eventuality ; 2 ; selectand x a nite pathin T , denoted
( is j), witnessing the realization of ; at ;.

We are now ready to prove the completeness theorem.

Theorem 8.10 [Completeness of the tableau for LTL] For any formula 2 LTL, if the
nal tableau T is open, then the formula is satis able.

Proof: We construct a sequence of partial Hintikka tracesHo( );H1( );::: as follows:

We start with any state 2 T containing . This state constitutes the singletonHg( ),

and we associate with it a list of pending eventualitiesEveng - these are all eventualities in
that are not immediately realized at .

Thereafter the construction continues inductively as follows. Let H,( ) be constructed,
with a last state , and let Event, be its list of pending eventualities, where ;, is the rst
item, if any. We then take a copy of the path ( i,; j,), withessing the realization of ;, at

i,, and append itto H,( ) by identifying its rst state with the last state of Hp( ); if Even,
iIs empty, we simply extend Hn( ) with any successor state of ;,, to keep the path going.
Thus, Hp+1 () is produced. The new list of pending eventualitiesEvent,+1 is produced by
removing j, from the head of the list Event, and appending to it a list of all eventualities in

i, that do not appear in Event, and are not immediately realized at ;,. This completes
the construction of the chainHg( );H1( );:::, and consequently, ofH ( ) as the union of that
chain.

It remains to show that H( ) de ned as above is indeed a Hintikka trace satisfying . This
veri cation is now straightforward from the construction, and is left as an exercise QED

Corollary 8.11 The logic LTL has the small model property. (Actually, small satis ability
witness property.)

Proof:

The construction of H( ) above can be made nite by propagating the list of pending
eventualities to every next state in the partial Hintikka tr aces produced as above and looping
back the rst state for which a state with the same label and sane set of pending eventualities
(even possibly listed in di erent order) appears earlier in the current trace.

A careful inspection of that construction shows that we can hus produce an ultimately
periodic Hintikka trace with a number of states bounded expmentially by the size of the
formula. We leave the details as an exerciseQED
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8.2.9 On the complexity and optimality of the tableau for LTL

A closer look at the tableau procedure for LTL, as described hove, shows that it takes
exponential time in the size of the input formula . On the other hand, as we know from
[SCB85], the problem of testing satis ability of an LTL formu la is PSpace -complete, so it is
clear that the tableau, as described above, uses more spacesources than necessary. It can
be optimized to work in (non-deterministic) PSpace by rst guessing a satisfying “Hintikka
trace' already in the pretableau, i.e., organizing a depth+st expansion of the pretableau,
and then testing for its suitability by a more judicial memor y use, namely only keeping in the
memory the current position and the set of eventualities curently waiting to be satis ed.

8.2.10 Model-checking tableaux for LTL

In Section 8.1.5 we discussed how the generic tableau proaae for testing satis ability can
be modi ed to perform local model-checking. Here we will ilustrate the idea by developing
a model-checking tableau-based method for LTL.

Recall the general,universal local model-checking problem for LTL: given a nite rooted
ITS (M ;r), whereM = hS;R;Li, and a formula 2 LTL, decide whether M ;r Eg , mean-
ing that every computation in M starting from r satis es . This problem is trivially reduced
to the existential local model-checking problem: decide whetheM ;r g9 : , meaning that
some computation in M starting from r satis es : . The latter problem is closer in spirit to
the satis ability testing problem, so we will construct a mo del-checking tableau for it.

Given a nite rooted ITS ( M ;r), whereM = KS;R;Li,and aformula 2 LTL, we denote
forany s2 S:
Lcl( );s]:=(L(s)[f: pj p2PROPNL(s)g)\ cl( ):

Following the idea in Section 8.1.5, we rst construct a modied pretableau, in which the
states and prestates are now labeled by pairss( ) where s2 S and cl( ), where in the
case of states is fully expanded.

The root prestate is (; f g[ L[cl( );r]).

The pretableau construction phase is similar to the one in tre tableaux for satis ability,
but employs modi ed rules PrExp '™t and Next LTt .

The rule PrExp '™ is modi ed as follows:

PrExp - (M ): given a prestate (s; ) to which the rule has not yet been applied,
do the following:

1. Compute the family FE () of all lean full expansions of and add a new
state in the pretableau with a label (s; ) for each 2 FE().

2. For each newly introduced state 6; ), create an edge (s; ) =) (s;).

3. If, however, the pretableau already contains a state withlabel (s; ), then do
not create a new state with that label but extend an arrow (s; ) =) (s;)
to that state.

We denote the setf (s; ) j (s;)=) (s;) gofospring states of (s; ) by stategs; ).

The rule Next '™t is now modi ed as follows:
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Rule Next Y- (M ): Given a state with label (s; ) to which the rule has not yet
been applied, do the following:

if there are noR-successors afin M , remove the state §; ) from the pretableau;
else:

1. For everyt 2 S such that sRt, add a successor prestate ofs ) with label
(tf JX 2 gf[ L[cl():t]):

2. For each so introduced prestate {; ), create an edge (s;) ! (t; ).

3. If, however, the pretableau already contains a prestate vth label (t; ) then
do not create a new prestate with that label, but extend an arrow (s; ) !
(t; ) to that prestate.

Recall, that the test for patent consistency of prestates isdone at the beginning of the
procedure computing their lean full expansions.

Because of the niteness ofM the pretableau construction phase is guaranteed to termi-
nate, producing the pretableauPM " .

The prestate and state elimination phases are essentiallyhte same as in the tableau for
satis ability.

When the nal tableau TM " s obtained, M ;r Fg¢ is declared true i there is a state
(; Yin TM% suchthat 2 .

The correctness of the procedure follows from the followingheorem.

Theorem 8.12 [Correctness of the model-checking tableau for LTL] For any formula
2 LTL and a nite rooted ITS ( M ;r), the following hold:

|. If a prestate (s; ) in the pretableau PM " is such that M ;s Fgq , then it has at least
one o spring state (s; ) in the pretableau PM " suchthatM ;sfFq .

Il. A state (s; ) from the initial tableau T," " is eliminated during the state elimination
phase only ifM ;s &g .

lIl. For any state (s; ) from the initial tableau Ty" " ,M;sig holdsi ( s;)isin the
nal tableau TM " | too.

Proof:
I. Follows from Proposition 8.1.

Il. A slight modi cation of the proof of Lemma 8.7 as follows.

Prove by induction on n that for every n 2 N, for every 2T, , and for everys2 M ,
if M ;sFg forsome s2M then:

(@) There is a state 2 T, such that I in T, and M ;t Fg for some
R-successott of s.
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(b) For any eventuality ' U 2 there is a nite path = piihy om o in Ty
witnessing the realization of that eventuality and such that there is an R-path
S=Sp;:::;Smin M suchthat M ;siFg jforO0O i m.

(c) All states 2T, suchthatM ;tFg forsome t2M are still presentin Ty .
We leave the details to the reader.

[1l. One direction follows from II. For the other, suppose (s; ) is in the nal tableau TM:" .
By a modi cation of the proof of Theorem 8.10 (the completeness for the satis ability

tableau) and using the arguments from the proof of claim Il, we can construct a path
in M starting from s and such that fF .

Again, we leave the details to the reader.

QED

Exercise 8.6 . Complete the proofs of claims Il and Il above.
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9 Lecture 8: Testing satis ability of branching time tempor al

formulae using tableau-based method

We will now adapt the generic tableau constructions presergd in the previous lecture for
the logic TLR, and then will extend it to CTL. The tableau for T LR subsumes one for TL,
which we will indicate in passing. Unlike LTL, the tableau for TLR has to test satis ability
in an arbitrary ITS, so this will create some technical overhead compared to the construction
for LTL. On the other hand, again unlike the LTL case, the condruction of a satisfying
Hintikka structure from an open tableau for a TLR-formula wi Il turn out straightforward.
The tableaux for LTL and TLRsupplement each other in illustr ating all important issues that
will apply to the tableau for the logic CTL in the next section .

9.1 Tableau for TLR

For simplicity of the exposition, we will consider TLR over a language with one transition
relation; the extension to the general case of a language witmany transition relations is
straightforward.

9.1.1 Preliminaries

In this section, in order to illustrate the role in the construction of each logical connective,
we will assume that the language of TLR contains>;: ;*; ;) , EX, AX, EF, and AG as
primitives connectives. Some of these can be eliminated asedhable in terms of the others
and the tableau construction can be seamlessly restrictedHowever, we will o er independent
treatment for each of them, so the readers can make their fawite selection.

The nexttime formulae in TLR are all formulae beginning with EX or AX and their nega-
tions. The primitive formulae in TLR are the literals and the nexttime formulae.

The -formulae and -formulae in TLR and their components are given in the tables
below:
1 2
. AX' EX: ' EX: '
. EX AX: ! AX: !
LI AN '
) ‘
) | :
AG ' AXAG
. EF ‘ AX: EF
1 2
1 ) 1
) ' :
EF ‘ EXEF
. AG " | EX: AG
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Lemma 9.1

|. For every -formula' 2 TLR: ()N 200).

Il. For every -formula' 2 TLR: ' 1(") . 20).

Proof: Exercise. QED

The notions of closure of a formula, fully expanded sets, anthe procedureFullExpansion
computing the family of lean full expansions of a set of TLR-brmulae, are de ned as in Section
8.1.

Exercise 9.1 . Show that cl(' ) is nite for every ' 2 TLR.

Exercise 9.2 . Give explicitly the closure conditions for fully expanded sets of TLR-formulae
and the set-replacement operations of the procedur&ullExpansion  for the TLR-formulae
: AX' ,AG ,EF ,: AG ,: EF .

As in the case of LTL, FE () may also contain some non-minimal full expansions of .
For instance, if = fEFRp;EXEFpg then
FE() = ff EFp;EXERg;fp; EFp;EXEFRpgg. We want to keep all full expansions obtained by
the procedureFE, for reasons (same as in the case of LTL) explained later.

9.1.2 Hintikka structures

De nition 9.1. [Hintikka structure for TLR ] Given a set of formulae 2 TLR, a Hintikka
structure (HS) for isatuple H =(S;R;H) such that (S;R)isa TS,andH :S!P ()is
a labeling of the states inS with sets of formulae from satisfying the following condit ions
for everys2 S:

H1 H(s) is fully expanded;
H2 if EX 2 H(s), then' 2 H(sY for somes®such that sSRs®
H3 if AX' 2 H(s), then' 2 H(s9 for every s®such that sRs®

H4 if EF 2 H(s), then ' 2 H(sY for some s® such that sR s° i.e., there is an R-path
connecting s with s

H5 if : AG 2 H(s), then : ' 2 H(sY for somes®such that sR s°

Proposition 9.2 In every Hintikka structure ( S;R;H):
l. If AG 2 H(s), then' 2 H(sY for every s®such that sR s°

Il. If : EF 2 H(s), then :' 2 H(sY for every s®such that sR s°

Proof: Exercise. QED
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De nition 9.2. A formula is satis able in a HS H for some set of formulae containing ,
with a labeling function H if 2 H(s) for some states in H; a set of formulae is
satis able in H if H (s) for some states in H. r

Lemma 9.3 For any set of formulae 2 TLR and for every ITS M = ( S;R; L) the structure
HM)=(S;R;H), whereH(s)=f' 2 M ;sE 'gforeverys?2 S, is a Hintikka structure
for .

Proof: Straightforward veri cation of H1-H5. Exercise. QED

Given a formula for which we want to nd a model, we will be interested in Hinti kka
structures for the setcl( ).

Theorem 9.4 A formula of TLR is satis able i it is satis able in a Hintikka structu re for

cl( ).

Proof: One direction is immediate by Lemma 9.3 for = cl( ). For the converse, suppose
2 H (sp) for some statesg in some Hintikka structure H = ( S; R; H). We de ne the following
state descriptionL in S: L(s):=PROP \ H(s). Let M =(S;R;L).
We now show by a routine induction on* 2 TLR that for every s2 S:

@ if " 2H(s)then M ;sE ';
@iy if :" 2H(s)then M ;sfF :"';

When ' 2 PROP the proof is immediate by de nition of L.

Let * = : . Then clause (i) is part of the inductive hypothesis for , while clause
(ii) follows again from the inductive hypothesis for and the fact that every H (s) is fully
expanded, so if:: 2 H(s)then 2 H(s).

The rest of the Boolean cases, where = ' 1~ "5, ' ='7 's,and' ="',) ', are
straightforward, using the inductive hypothesis and the fact that H(s) is fully expanded.
The cases of = EX ,' = AX ,' = EF ,and' = AG follow from the induc-

tive hypothesis and the conditions H1, and H2, H3, H4, and H5 espectively, together with
Proposition 9.2. QED

9.1.3 Pretableau construction phase

Given an input formula 2 TLR we are going to build a tableau for testing the satis abil ity
of , following the construction outlined in Section 8.1.

The pretableau construction phase consists in alternatingapplications of two rules:

PrExp ™R : producing all o spring states of a given prestate;

Next T'R : producing all successor prestatef a given state.

Hereafter we will freely identify prestates or states with their labels, whenever that will
not lead to confusion.
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Rule PrExp ™R : Given a prestate to which the rule has not yet been applied,
do the following:

1. Compute the family FE() = f 1;::: ng of all lean full expansions of
and add these as (labels of) new states in the pretableau, dald o spring
states of .

2. For each newly introduced state , create an edge =)

3. If, however, the pretableau already contains a state withlabel then do not
create a new state with that label, but extend an arrov =)  to that
state.

We denote the (nite) set f | =) g of o spring states of hy stateq).

Computing successor prestates of a state

Rule Next: "R Given a state with label , to which the rule has not yet been
applied, do the following for everyEX' 2 :

1. Add a successor prestate of with label f' g[f | AX 2 g.

2. If the label of does not contain any formula of the type EX' then add one
successor prestate of with label f j AX 2 g

3. For each newly introduced prestate , create an edge P
4. If, however, the pretableau already contains a prestate wh label then do

not create a new prestate with that label, but extend an arrow P o
that prestate.

Building the pretableau The construction phase of building a pretableau for begins
with creating a single prestatef g, followed by alternating applications of the rulesPrExp TR
and Next TR respectively to the prestates and the states created at a préous stage of the

construction.
The construction phase ends when none of these rules can addyanew states or prestates

to the current graph. The resulting graph is the pretableau P .
Note that there are two types of branching in the pretableau: tableau branching from a
prestate to its o spring states, indicated by =) , and structural branching, from a state to

its successor prestates, indicated by  where is a EX-formula. The tableau branching is
branching of the search tree, thus it isdisjunctive { only one o spring state of every prestate is
eventually needed to build a satisfying structure, while the structural branching is conjunctive,
as it represents branching in the satisfying structure to bebuilt, so all successors prestates of
every state are needed in the construction.

9.1.4 Prestate elimination phase

In this phase, all prestates are removed fromP , together with their incoming and outgoing
arrows, by applying the following prestate elimination rule:

Rule PRE: TR For every prestate in P , do the following:
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1. Remove from P ;

2. Ifthereisastate in P with ! , then for every state 92 stateg),
create an edge ! 0

The resulting graph is called theinitial tableau for , denoted T, . The o spring states of
the input prestate f g are calledinput states of T, .

9.1.5 State elimination phase

The purpose of the state elimination phase is to remove fromhe tableau all “bad' states, the
labels of which are not satis able in any Hintikka structure , and hence in any ITS.

One possible reason for existence of such a "bad' state (thenly one in the case of TL)
is that it may lack a successor state needed to satisfy somEX-formula in its label. Such
states can arise because some prestates may have no full ergons, and hence may yield
no o spring states. Once such a bad state is removed, their pedecessor states may be left
without a necessary successor, so they must be removed, toetc., until stabilization.

Formally, the elimination of states lacking all necessary sccessors is done by applying the
following rule.

Rule StElim1 TR: |f a state contains a formula EX and there are no outgoing
arcs marked with EX from to successors states in the current tableau, then
remove that state (together with all incoming and outgoing arcs) from the tableau.

Another reason for a state to be “bad', i.e., for its label notto be satis able in any Hintikka
structure, is when that label contains an eventuality formula which is not “realized' in any
reachable (i.e., future) state. Such cases are handled by aadditional state elimination rule.
In order to formulate it we have to formalize the concept of eventuality realization.

Recall, that the eventualities in TLR are the formulae of the type EF and: AG .

Hereafter, by a path in a TLR tableau we mean a path of states wih respect to the state

successor relation, i.e., o; 1;:::; m is a path in the current tableau if forevery 0 i<m
there exists ; = EX j suchthat ;!' 4.
De nition 9.3. [Realization of eventualities in TLR ] An eventuality = EF (respec-
tively, = : AG ) is realized at the state in T, if there exists a nite path =
0, 1;:::; minT, suchthat ;* 2 |, (respectively, ;:' 2 pinthecaseof =: AG )

and 2 foreveryi=0;:::;m 1.

We then say that is realized on the path o; 1;:::; m and call any such path awitness
of the realization of the eventuality in

If ' 2 inthe case of = EF , orrespectively,: ' 2 inthecaseof =: AG ,we say
that is immediately realized at the state (by the singleton path ). r

Checking for realization of a TLR-eventuality is a simple graph reachability problem.For
any given eventuality it can be done simultaneously for all $ates in the current tableau by a
standard marking procedure in time linear in the number of states in Ty .

Now, we can formulate the second state elimination rule.
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Rule StElim2 ™R: |f a state 2 T, contains in its label an eventuality that is
not realized at in T, , then remove that state from the tableau.

Using the state elimination rules StElim1 ™R and StElim2 TR | the state elimination
phase is carried out in a sequence of stages, starting at stagd with the initial tableau T, ,
and eliminating at every stagen at most one state for the current tableau T, , by applying one
of the state elimination rules, and producing the new curren tableau T,,,. The rules StE-
liml ™R and StElim2 ™R are applied alternatively, in any order, which may be deternined
by a speci c strategy. This procedure continues until at some stage no further elimination of
states by an application of any of the rules is possible.

9.1.6 The nal tableau

When the state elimination phase reaches a stabilization sige the current tableau at that
stage is the nal tableau for , denoted by T , with a set of states denoted byS .

De nition 9.4. The naltableau T isopenif 2 for some 2 S ; otherwise, T is closed
r

The tableau procedure returns \not satis able" if the nal t ableau is closed; otherwise,
it returns \satis able" and, moreover, provides su cient i nformation for producing a nite
Hintikka structure satisfying

9.1.7 Soundness of the tableaux

Recall, that soundness of the tableau procedure means that the input formula is satis able,
then the tableau T is open. We will establish the soundness of the tableau for TR by proving
that every state elimination rule is “sound' in a sense that t never eliminates a state with a
satis able label. The soundness of the overall procedure ithen an immediate consequence.

Lemma 9.5 Let be a prestate of P such that M ;s for some rooted ITS ( M ;s). Then:
I. M;sE foratleast one 2 stateq).

I[l. Moreover, if EF 2 and M ;sE ', then can be chosen to contain ' .

Respectively, if: AG 2 and M ;sfF :',then can be chosen to contain :
Proof: A minor modi cation of the proof of Lemma 8.6. QED

Note that the so constructed full expansion need not be minimal { indeed, that happens
in the example = fEFp; EXERpg given earlier. For that reason we want to keep all lean full
expansions inFE (), not only the minimal ones.

Lemma 9.6 No satis able state 2 T, is removed by any application of RuleStElim1 TR
or Rule StElim2 TR during the state elimination phase.

Proof: It su ces to show, by induction on n 2 N, that no satis able state 2 T, is removed
by an application of Rule StElim1 ™R or Rule StElim2 ™R to T, . For that purpose we will
prove a somewhat stronger inductive claim, viz., that for exery n 2 N, if 2 T,, is satis able
then:
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1. For any EX' 2 there is a satis able state 2 T, such that FX' in Th.

2. For any eventuality EF 2 (respectively, : AG 2 ) there is a nite path of satis -
able states inT, realizing that eventuality.

3. All satis able states in T, are still present in Ty, .

Note that the inductive claim refers simultaneously to all satis able 2 Tn, all EX-
formulae EX' 2 , and all eventualites EF 2 and : AG 2 .

Let n = 0. Take any satis able 2T, andEX 2 . Then, M ;sfF for some rooted
ITS (M ;s).

Recall, that all states ©2 T, such that T  in T, are obtained as lean full
expansions of the prestate =f'g[f | AX 2 g

SinceEX 2 , we have that M ;s g EX' , hence there is anR-successort of sin M
suchthat M ;t E ' .

By the truth de nition for AX-formulae, it follows that M ;t = becausef | AX 2 g
is satis ed at every R-successor o6 in M .

Then, by Lemma 9.5, at least one lean full expansion of is satised by ( M ;t), and, by

construction of the initial tableau, there is a state (with | abel) in T, suchthat T
Therefore, the state cannot be removed from T, by an application of the rule StElim1 TR

Now, let us consider the case of an eventualiteF 2 , the other case being completely
analogous. SupposéM ;s F for some rooted ITS ( M ;s). Then, there is a nite path of
states in M from s to a state t satisfying ' , while all intermediate states in it satisfy EF .
By iterating the argument for the case of EX' 2 , we show that that path can be simulated
by a path of satis able states in T, , each containing EF and ending in a state containing
', thus realizing EF at in T,. To show that the last state of the path can be chosen
to contain ' , we use Lemma 9.5. Therefore, the state cannot be removed fom T, by an
application of the rule StElim2 TR,

Now, assuming the claim holds for alln < m , take a satisable 2 T,. Forany EX 2 ,

by the argument for n = O there is a satis able state in T, such that i T, , and
hence, by the inductive hypothesis, has remained intact in T,. Therefore, cannot be
removed from T, by an application of the rule StElim1 ™R,

Likewise, for any EF 2 , by the argument for n =0 there is a nite path of satis able
states in T, leading to a state containing' . By the previous case and the inductive hypothesis,
all states in that path have remained intact in Ty, and henceEF is realized at in Tp.
Therefore, cannot be removed from Ty, by an application of the rule StElim2 TR,

QED

Theorem 9.7 [Soundness of the tableau for TLR  ]If 2 TLR is satis able inthen T is
open.

Proof: Follows immediately from Lemmas 9.5 and 9.6.QED
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9.1.8 Completeness of the tableaux

Theorem 9.8 [Completeness of the tableau for TLR ] For any formula 2 TLR, if the
nal tableau T is open, then the formula is satis able.

Proof: It su ces to show how from the open nal tableau T one can construct a Hintikka
structure satisfying . That construction in the case of TLR is straightforward: th e nal
tableau T itself can be taken as such a Hintikka structure, with a labeling function assigning
to each state its own label.

The proof that T is a Hintikka structure is straightforward from the constru ction of the
tableau and left as an exercise QED

Exercise 9.3 . Prove that the nal tableau T is a Hintikka structure.

9.1.9 On the complexity and optimality of the tableau for TLR

A closer look at the tableau procedure for TLR, as described bove, shows that it takes
exponential time in the size of the input formula . Indeed, ExpTime is shown in [Spa93],
using the argument for PDL from [FL79], to be a lower bound forits complexity.

Still, this tableau procedure can be optimized, both timewise and spacewise, by a more
judicial strategy of search and memory use.

1. To begin with, note that there are no more tableau branchirg arrows in the initial
tableaux { the tableau branching has become implicit there,viz.: every state now has
possibly several successor arrows marked with the santeX-formula (to all o springs
of the respective successor prestate), while only one sucluscessor is needed for the
satisfaction of at . Thus, the branching of the tableau at is implicitly rep  resented
by all possible successor family selectiondor , i.e. selections of one successor state of

for each EX-formula marking at least one outgoing arrow from . Consequently, a
branch of the initial tableau is a subgraph of the tableau, rooted at an input state and
branching at every state into a family of successors obtaing by some successor family
selection applied at that state.

If the tableau is open then at least oneopen branch containing a state with the input
formula in its label. It is su cient to select such an open branch in order to produce a
satisfying Hintikka structure, and that would reduce signi cantly its size.

2. Various further optimizations are possible. For instan®, testing for closedness of the
tableau can be done after every stage of the state eliminatio phase, for, if any inter-
mediate tableau T, closes, the nal tableau will be closed, too.

9.1.10 Model-checking tableaux for TLR

Here we will modify the tableau procedure for testing satis ability of formulae in TLR to
perform local model-checking; global model-checking wodl be more e ciently done by a
labeling algorithm as the one for CTL in Lecture 6.

Recall the local model-checking problem: given a nite rooed ITS (M ;r), where M =
hS;R;Li, and a formula 2 TLR, decide whether M ;r E
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The construction combines the satis ability tableau for TL R and the model-checking
tableau for LTL in Section 8.2.10.

Again, given a nite rooted ITS (M ;r), where M = hS;R;Li, and a formula 2 TLR,
we denote for anys 2 S:

Lcl( );s]:=(L(s)[f: pj p2PROPNL(s)g)\ cl( ):

The states and prestates of the pretableau are now labeled bpairs (s; ) where s2 S
and cl( ), where in the case of states is fully expanded.

The root prestate is (r; f g[ L[cl( );r]).

The pretableau construction phase employs modi ed rulesPrExp ™R and Next ™R .

The rule PrExp ™R is modied as follows:

PrExp TR (M ): given a prestate (s; ) to which the rule has not yet been applied,
do the following:

1. Compute the family FE () of all lean full expansions of and for every
2 FE () add a new state in the pretableau with a labels (s; ).

2. For each newly introduced state 6; ), create an edge (s; ) =) (s;).

3. If, however, the pretableau already contains a state withlabel (s; ), then do
not create a new state with that label but extend an arrow (s; ) =) (s;)
to that state.

We denote the setf (s; ) j (s;)=) (s;) g ofospring states of (s; ) by stategs; ).

The rule Next ™R is modi ed as follows:

Rule Next ™R (M ): Given a state with label (s; ) to which the rule has not yet
been applied, do the following:

1. ChooseEX' 2 to which the rule has not yet been applied and:

(a) For every t 2 S such that sRt, add a successor prestate ofs( ) with

label
(Gfglf jJAX 2 gf[ LcI();t]):

(b) For each so introduced prestate §; ), create an edge (s; ) P (t; ).
(c) If, however, the pretableau already contains a prestatewith label (t; )
then do not create a new prestate with that label, but extend an arrow

(s;) P (t; ) to that prestate.

2. If there are noR-successors of in M , complete the execution of the rule by
removing the state (s; ) from the pretableau.

3. If does not contain any formula of the type EX' then add for everyt 2 S
(if any) one successor prestate ofg; ) with label ( t;f j AX 2 g][
Llcl( );t]). Again, if such prestate exists, do not create a new one but

X' -
extend an arrow T° from (s; ) to the existing one.
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Recall, that the test for patent consistency of prestates isdone at the beginning of the
procedure computing their lean full expansions.

Because of the niteness ofM the pretableau construction phase is guaranteed to termi-
nate, producing the pretableauPM " .

The prestate and state elimination phases are essentiallynte same as before.

When the nal tableau TM " is obtained, M ;r £ is declared true i there is a state
(; Yin TM% suchthat 2 .

The correctness of the procedure follows from the followingheorem.

Theorem 9.9 [Correctness of the model-checking tableau for TLR ] For any formula
2 TLR and nite rooted ITS ( M ;r), the following hold:

|. If a prestate (s; ) in the pretableau PM " is suchthatM ;s , then it has at least one
o spring state (s; ) in the pretableau PM " suchthatM ;sfF .

Il. A state (s; ) from the initial tableau T,” " is eliminated during the state elimination
phase only ifM ;s § ' for some' 2 .

lIl. For any state (s; ) from the initial tableau Ty" ™" , M ;s holdsi ( s;)is in the
nal tableau TM " | too.

Proof:
I. Follows from Proposition 8.1.
Il. A slight modi cation of the proof of Lemma 9.6. Exercise.

I1l. We show by structural induction on formulae ' 2 cl( ) that for every (s; ) in the nal
tableau TM " -

(@ If' 2 then M;sF"'.
() If :* 2 then M;sE :".

If * 2 PROP, then the claim holds because is patently consistent and L[cl( );s]

The case of' = : s straightforward: both claims hold by the inductive hypot hesis,
because if: 2 then 2 .

The other Boolean cases are just as easy, using the fact that is fully expanded.

Let' = EX . If' 2 then, since ( s;) has not been removed by Rule StElim1 ™R

thereis (2 9 2TM" suchthat(s:) T (s® 9 for someR-successors? of s and
2 O Then, the inductive hypothesis, M ;s°E , henceM ;s ' . Now, if : ' 2

then AX: 2 since is fully expanded. Let s®be any R-successor o6 in M . Then

thereis(s® 9 2TM suchthat(s;) T- (s° 9 hence: 2 ©henceM :s°F :

by the inductive hypothesis. ThereforeM ;s F AX: , henceM ;sfF : EX .

The case' = AX is completely analogous.

Let' = EF . If' 2 then, since (' s;) has not been removed by Rule StElim2 ™R
' is realized at (s; ) in TM | ie., thereis a path (5;) = ( so; 0);:::;(Sm; m)

81



in TM3% such that 2 . Then, by the inductive hypothesis, M ;s, F . Since

S= Sg;:::;Sm is an R-path in M , it follows that M ;s ' .

Now, if :* 2 then AG. 2 since is fully expanded. Then for any R-path

S = Sp;:::;Sm in M there is a correspondent path 6; ) = ( So; 0);:::;(Sm; m) In

TM:t | By the property for AG of fully expanded set and the ruleNext ™R we can show

that : 2 , hence, by the inductive hypothesisM ;s F: . Thus, M ;sF AG. ,
henceM ;s : EF .

The case of = AG is completely analogous.

QED

Exercise 9.4 . Complete the details of the proof of claim II.

9.2 Tableau for CTL

First constructions: [BAPM81] for UB, [EH85], [EH82] for CT L.
The tableau for TLR can be transformed to a tableau for CTL with several changes
described below.

9.2.1 Preliminaries

In this section we assume that the language of CTL contains tle Bollean connectives>;: ;" ;lor;)
and the temporal operatorsEX, AX, EG, AG, EU, AU, while we will assumeEF, AF, ER AR as
denable: EF = E(>U ),AFF =ACGU E'R =:AC"U )A'R =:E:"U ).

The reader may wish to add these operators to the language, do remove more of those
de nable in terms of the others; all that follows would be modi ed predictably, mutatis
mutandis.

The nexttime formulae in CTL are EX , AX' , and their negations.

The -and -formulae in CTL and their components are:

1 2
. EX AX: ! AX: !

. AX' EX: ' EX: '

'OA ,

C) .

() )| :

EG ' EXEG

AG ' AXAG
cECU) : _AXCE(CU)
AU ) : ' EXCA(CU)
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. EG D AX: EG

. AG . EX: AG
EC U ) CAEXE' U )
AC U ) " A AXA(C U )
Lemma 9.10
|. For every -formula' 2 CTL: ()N 200).
Il. For every -formula' 2 CTL: ' 1) 20)

Proof: Exercise. QED

The notions of closure of a formula, fully expanded sets, anthe procedureFullExpansion
computing the family of lean full expansions of a set of CTL-brmulae, are de ned as in Section
8.1.

Exercise 9.5 . Show that cI(' ) is nite for every ' 2 CTL.

Exercise 9.6 . Give explicitly the closure conditions for fully expanded sets, and the set-
replacement operations of the procedurd-ullExpansion , for the CTL-formulae EG , AF ,
E'U , A" U , and their negations.

9.2.2 Hintikka structures for CTL

The de nition and main properties of a Hintikka structure ar e predictable modi cations of
those in Section 9.1.2.

De nition 9.5. [Hintikka structure for CTL] Given a set of formulae 2 CTL, a Hintikka
structure (HS) for isatuple H =(S;R;H) such that (S;R)isa TS,andH :S!P ()is
a labeling of the states inS with sets of formulae from satisfying the following condit ions
for everys 2 S:

H1 H(s) is fully expanded,;

H2 If EX 2 H(s), then' 2 H(sY for somes®such that sRs®

H3 If AX' 2 H(s), then' 2 H(sY for every s®such that sRs®

H4 If : AG 2 H(s), then :' 2 H(sY for somes®such that sR s°

H5 If E(C U ) 2 H(s), then 2 H(sY for some s such that there is an R-path s =
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H6 If : EG 2 H(s), then for every R-path s = sg;s1;::: there is somen 2 N such that
;" 2 H(sn).

H7 If A" U ) 2 H(s), then for every R-path s = sgp;s1;::: there is somen 2 N such that
2H(sp)and' 2 H(sj) forall i=0;:::;n 1.

Proposition 9.11 In every Hintikka structure ( S;R;H):
I. If EG 2 H(s),then' 2 H(sj) for every state s; on someR-path s = Sp;s;1;:::.
Il. If AG 2 H(s),then' 2 H(s;) for every state s; on every R-path s = sg;s1;:::.

I If : EC U ) 2 H(s), then for every R-path s = sp;s;1;:::, foreveryi 2 Nif 2 H(sj)
then:' 2 H(s;) for somej suchthat0 j<i .

VI. If : A(" U ) 2 H(s), then there is an R-path s = sg;s1;:::, such that for everyi 2 N if
2 H(sj) then :' 2 H(sj) for somej suchthat0 j<i.

Proof: Exercise. QED

De nition 9.6. A formula 2 CTL is satis able in a HS H for some set of formulae con-
taining , with a labeling function H if 2 H(s) for some states in H; a set of CTL-formulae
is satisable in H if H (s) for some states in H. r

Lemma 9.12 For any set of formulae 2 CTL and for every ITS M = ( S; R; L) the structure
HM)=(S;R;H), whereH(s)=f' 2 |jM ;s 'gforeverys2 S, is a Hintikka structure
for .

Proof: Straightforward veri cation of H1-H7. Exercise. QED

Theorem 9.13 A formula of CTL is satis able i it is satis able in a Hintikka structu re for

cl( ).

Proof: Easy modi cation of the proof of Theorem 9.4. Exercise. QED

9.2.3 The construction of the tableau for CTL

Given an input formula 2 CTL we are going to build a tableau for testing the satis abil ity
of , following closely the construction for TLR in Section 9.1.

The pretableau construction phase again employs essentigl the same rules PrExp and
Next from Section 9.1.3, modulo the accordingly modi ed de nition of the set of lean full
expansionsrFE (), which only di ers in the set replacement operations speci c to the temporal
operators in CTL. We leave the details to the reader.

As before, the construction phase ends when none of these ad can add any new states
or prestates to the current graph. The resulting graph is thepretableau P .

The prestate elimination phase is the same as before and it es with an initial tableau
To -

The state elimination phase employs essentially the same ate elimination rules StElim1
and StElim2 as for the TLRtableau, now phrased in the CTL setting:
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Rule StElim1 €Tt : If a state contains in its label a formula EX and there
are no outgoing arcs marked withEX from to successors states in the current
tableau, then remove that state from the tableau.

Rule StElim2 €™ : If a state 2 T, contains in its label an eventuality that is
not realized at in Ty, then remove that state from the tableau.

Recall, that there are two types of eventualities in CTL.:

? existential eventualities. : AG and E(" U ).

? universal eventualities : EG and A(" U ).

Thus, the rule StEIim2 ST now refers to realization of existential or universal evential-
ities. Let us specify what realization of such eventualities means.
The case of existential eventualities is similar to the onen TLR:

De nition 9.7. [Realization of existential eventualities ]

1. An existential eventuality = E(' U ) is realized at the state in T, if there exists a
nite path = o, 1.::1; m,wherem O0,inTp,suchthat; 2 nand ;' 2
foreveryi =0;:::;m 1

2. An existential eventuality = : AG s realized at the state in T, if there exists
a nite path = 0, 1;::%; minTy,suchthat ;:'" 2 nand 2 ; for every
i=0;::i;m 1

In each case, we say that is realized on the path o; 1;:::; m and call any such path

a path-witness of the realization of the eventuality in
If ' 2 inthe case of = EF , orrespectively,: ' 2 inthecaseof =: AG ,we say
that is immediately realized at the state (by the singleton path ). r

Again, testing for realization of existential eventualities is a simple graph reachability
problem,and can be done globally for all states in the currehtableau by a standard marking
procedure.

The realization of universal eventualities is more subtle. In order to realize a universal
eventuality A(" U ) atastate in T, it would be too much to insist that every pathstarting
from in A(' U ) mustreach a -state while passing through' -states, because not all such
paths are needed in any Hintikka structure that can be extraded from that tableau, but only
those that belong to some branchof the tableau. Recall that a branch in the initial tableau
T, is a subgraph of the tableau, rooted at an input state and brarching at every state into
a family of successors obtained by selectingne successorfrom every non-empty family of
successor states of marked with the same formulaEX . Then any branch in T, is obtained
as the remainder of a branch inT, , after possibly removing some bad states from it on the
way.

Thus, for testing for realization of a universal eventuality that belongs to a state in
Tn it su ces to select one branchin T, and then test all paths in that branch that pass
through for realizing that eventuality. More precisely, ¢ onsider the universal eventuality

= A(C U )2 (respectively =:EG 2 )andlet B be a branch inT, in which every
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path starting from has a nite prex = 0, 1,.::; m consisting of states containing

and realizing that eventuality, i.e., ; 2 gpand ;' 2 foreveryi =0;:::;m 1
(respectively, ;:' 2 nand 2 foreveryi=0;:::;m 1forthe case of = : EG ).
We say that such branchrealizes at and the subgraph of that branch consisting of the
union of the shortest nite pre xes realizing along all paths starting from will be called a
witness of the realization of the eventuality at (on the branch B). Then we say that the
universal eventuality is realized at in T, if there is at least one branch inT, realizing
at .

Alternatively, realization of a universal eventuality can be de ned recursively, simultane-

ously for all states of the tableau:

De nition 9.8. [Realization of universal eventualities ]
1. Let = A("'U )2cl(). Then for any state 2 Ty:

(@ If 2 then is realized at ;

(b) If * 2 and, forevery EX 2 ,thereis astate ©°2 T, suchthat F* Cand
is realized at © then s realized at , too.

2. Let =: EG 2cl( ). Then for any state 2Th:

(@ If ;' 2 then is realized at ;

(b) If for every EX 2 ,thereisastate ©°2T, suchthat F° Cand is realized
at O then is realized at , too.

If 2 inthecaseof = A('U ), orrespectively,:' 2 inthecaseof =:EG, we
say that is immediately realized at the state (by the singleton path ).
r

This de nition also yields a non-deterministic recursive procedure for identifying all states
in the current tableau that realize a given universal eventuality.

Exercise 9.7 . Develop an e cient algorithm for identifying all states in the current tableau
that realize a given universal eventuality, and determine ts complexity.

Now, the state elimination phase is carried exactly like in the tableau for TLR.

Clearly, all phases of the tableau construction terminate. The resulting graph T upon
stabilization of the state elimination phase is the nal tab leau.

The tableau T is open if it contains a state such that 2 , otherwise it is closed
9.2.4 Soundness of the tableau for  CTL

Lemma 9.14 Let 2 CTL and be a prestate of P such that M ;s E for some rooted
ITS (M ;s). Then:

I. M;sE foratleast one 2 stateq).
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Il. Moreover, ifE(" U )2 or AU )2 and M ;sE ,then can be chosen to contain

Respectively, if: AG 2 or : EG 2 and M ;s E :', then can be chosen to
contain : ' .

Proof: Essentially the same as the proof of Lemma 9.5. Exercis€QED

Lemma 9.15 No satis able state 2 T, is removed by any application of the rules StE-
lim1 €Tt and StElim2 €™ during the state elimination phase.

Proof: For Rule StElim1 €Tt and for Rule StEIim2 C™t applied to existential eventualities,
the proof essentially repeats the proof of Lemma 9.6.

The argument for the case of ruleStElim2 €™t applied to universal eventualities is a bit

more involved. We will prove that for any satis able state a nd a universal eventuality
= A(" U ) 2 (respectively, = : EG 2 ) there is a branch B in the initial tableau
containing a witness of the realization of that eventuality consisting of satis able states.

We will consider the case = A(' U ), the other case being analogous. If 2 then s
realized at , and any branch B that contains the state (there is at least one such branch)
can be selected. So, let us assume that2 , hence '; AXA(' U )2 .

Let M ;s F for some rooted ITS ( M ;s). Then M ;s E A(" U ) hence every path in

a prex of a path  fullling , and the subsystem ofM rooted at s and consisting of the
states along all fullling  pre xes of paths starting at s { a witness of the truth of at s in
M . Hereafter we x such a witness and denote it byW (M ;s; ). SinceM ;s AXA(' U ),
we can assume thatW (M ;s; ) does not consist ofs alone.

Now, we will construct a branch B realizing at in T, as follows. We start with any
branch leading from an input state to { by construction of th e initial tableau there is at
least one. Then, we continue from constructing B by building a witness of the realization
of at step by step, in accordance with W (M ;s; ):

1. For every nexttime formula EX 2 there is a successort of s satisfying in M, and
hence satisfying the successor prestate of correspondirgto EX . Thent satis es at
least one of the o spring states of , say YEX ).

Note that t 2 W(M :s; ) and henceM ;t E . Furthermore, if M ;tE  then YEX)
is chosen to contain ; such choice is guaranteed by Lemma 9.14.

2. Now, any family of successor states of , one for every nextime formula EX 2 ,
selected in such a way, provides an extension of the brancB at .

3. Thereafter the construction of B repeats for every descendant of alongB until reaching
states containing . Since the construction followsW (M ;s; ), every path in B starting
from is bound to reach such a state.

From all such states onwards the branch is extended arbitraity.
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Once the branchB realizing at in T, is constructed, we show by induction onn that
none of the satis able states in the witness of the realizatbn of at on B is eliminated
from T, , and henceB realizes at in T, for everyn.

Thus, in the long run, no satis able state gets eliminated in the state elimination phase.
QED

Theorem 9.16 [Soundness of the tableau for CTL] If 2 CTL is satis able inthen T is
open.

Proof: Follows immediately from Lemmas 9.14 and 9.15QED

9.2.5 Completeness of the tableau for CTL

To prove the completeness of the tableau for CTL, we have to aostruct a Hintikka structure
H( ) satisfying the input formula  whenever the nal tableau T is open. However, taking
the entire tableau as a Hintikka structure, as we did in the case of TLR, would not work
in general here, because there may be too many paths in it andhe truth of some universal
eventualities may get damaged.

Selecting one open branch of to produce such a Hintikka structure may work sometimes,
e.g., if there is at most one universal eventuality incl( ). In general, however, a more modular
approach is needed, where eventualities are satis ed one bgne, each of them at least once
after every reappearance. To that aim, the Hintikka structure H( ) is constructed from
building blocks associated with pairsh state, eventuality i, extracted from T as follows.

First, we will de ne so called local fragments for all statesin T .

De nition 9.9. [Local fragments ] A local fragment for a state 2 T consists of together
with all of its successor states in any xed branch of T .

The state is an internal node of the fragment, while all other states in the fragment are
its leaves r

Then, we de ne realization witness fragments for all statesin T and eventualities in
them.

De nition 9.10. [Realization witness fragments for universal eventualitie 9]

For a universal eventuality = A(' U ) (respectively, = : EG ) a realization witness
fragment is simply any witness of the realization of in T , as de ned in Section 9.2.3.
The last states of every path in such a fragment, i.e., the stées containing (respectively,
in the case of = : EG ), are the leavesof that fragment, and all other states in it are
its interior nodes. r

De nition 9.11. [Realization witness fragments for existential eventualit ies]

For an existential eventuality = E(' U ) (respectively, = : AG ), a realization witness
fragment is a path-witness of the realization of in T , extended with local fragments for
each of the intermediate states of the path.
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All interior states in the path-witness are interior nodes of the fragment; all other nodes
are the leavesof that fragment. r

Now, for every state in T we x a local fragment LFR(), and for every pair ( ;)
where isastatein T and is an eventuality in , we X a realization witness fragment
RWF( ; ). In each case, the state is called the root of the fragment

Note that all these fragments may come from di erent branches of T .

Thenwe x alistofall statesin T : go;:::; n 1anda list of all eventualities occurring
inT : o;:::; m 1, and denote the fragment corresponding to ( i; j) (if there is one) by
FR(i;j ).

We will be building the Hintikka structure H( ) in a sequence of steps, producing a chain
by inclusion of partial Hintikka structures Hgo( );H1( );:::. Each of these will be a nite
graph composed of fragments and consisting of interior nodeand leaves, where all unrealized
eventualities will be listed in the leaves as “pending reafiation'. Each step will taking care
of the satisfaction of one eventuality at one of the current baves, by grafting at that leaf a
fragment realizing that eventuality. In the process, new urrealized eventualities may occur,
and their realization will be deferred to the new leaves. If o unrealized eventualities are listed
at a leaf, a local fragment will be grafted at it in order to ensure totality of the transition
relation. The union of the chain Ho( );H1( );::: will be the structure H( ), where there will
be no leaves and no unrealized eventualities.

The crucial observation that makes this construction possble is that if an eventuality
in the root of a given fragment is not realized within that fragment, then it is passed down to
the leaves of the fragment. This enables the partial Hintikla structures H,( ) not to falsify
unrealized eventualities but to only defer their realization by listing them at the leaves. More
precisely:

Proposition 9.17 Let be an eventuality which belongsto a state ; 2 T butis not realized
at  in the fragment FR(i;j ). Then:

? If = E(' U )then there is a path in the fragment ending in a leaf, every sate in which
contains EXEK' U ).

?If =: AG then there is a path in the fragment ending in a leaf, every st&e in which
contains EX: AG' .

?1f = A( U ) then for every path in the fragment that does not realize every state
on that path contains AXA(' U ); in particular, the leaves of all such paths contain
AXA(' U ).

?If =: EG is notrealized at the state ; in a fragment FR(i;j ) then for every path
in the fragment that does not realize , every state on that path contains AX: EG ; in
particular, the leaves of all such paths containAX: EG .

We are now ready to prove the completeness theorem.

Theorem 9.18 [Completeness of the tableau for CTL] For any formula 2 CTL, if the
nal tableau T is open, then the formula is satis able.
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Proof:

We start the construction of H( ) with any state containing . This state is the label
of the root ¢ of the initial partial Hintikka structure Hg( ) having one leaf ¢ with a list of
pending eventualities Event( () consisting of all eventualities in that are not immediate ly
realized at . Thereafter the construction continues induc tively as follows. Let H,( ) be
constructed and let Leave$H ,( )) be the list of all leaves in it. Let be the st leaf in that
list, labelled with a state ; 2 T , and let ; be the rst eventuality in the list of pending
eventualities Even{ ) at that leaf, if any. We then take a copy of the fragment FR( i;j ) and
graft it to the leaf , by identifying that leaf with the root o f the fragment (which has the
same label ); if Even{) is empty, we graft a copy of the local fragment LFR( ;) instead.
Thus, Hp+1 () is produced. The new list of leavesLeave$H +1 ( )) is obtained by removing

from the list Leave$H,( )) and then adding to it all leaves of the newly grafted fragment.
Each of the new leaves inherits the list of pending eventualies of Even() from which
has been removed, to which the list of eventualities in theirrespective labels, that are not
immediately realized, has been appended. Note that the grdp Hn+1 ( ) is an extension of
the graph H,( ).

This completes the construction of the chainHg( );H1( );:::, and consequently, ofH( )
as the union of that chain.

Now, it remains to verify that H( ) de ned as above is indeed a Hintikka structure sat-
isfying at its root . But, this veri cation is now straightforward from the cons truction,
and is left as an exercise QED

Corollary 9.19 The logic CTL has the small model property.

Proof:

The construction of H( ) above can be made nite by identifying leaves with earlier
introduced states with the same label and reusing identicafragments. That is, if a fragment
FR(i;j ) is to be grafted to the leaf of the current partial HS H,( ), and that fragment
has already been grafted to another node °at an earlier stage, instead of grafting a new
copy of FR(i;j ), the leaf is identi ed with Oand all incoming arrows to are accordingly
redirected to  ©

A more careful inspection of the construction shows that theHintikka structure H( ) has
a sizeO(29 ). We leave the details as an exerciseQED

As a consequence, we can now obtain an earlier result aboutde model property of CTL
for the case of CTL.

Corollary 9.20 The logic CTL has the tree model property.

Proof: The construction above can be modied by de ning the fragmerts as nite trees.
Thus every partial Hintikka structure Hp( ) will be a nite tree, and eventually H( ) will be
constructed as a tree.QED

Exercise 9.8 . Prove that any open branch in the nal tableau T is a Hintikka structure
satisfying if there at most one universal eventuality in cl( ). Then, give an example of a
case with more universal eventualities incl( ), where this approach does not work.
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9.2.6 Model-checking tableaux for CTL

Just like in the cases of LTL and TLR, the tableau procedure fo testing satis ability in CTL
can be smoothly modi ed to perform local model-checking. Itis however relatively ine cient,
compared to the labeling algorithm for global model-checkng of CTL-formulae presented in
Lecture 6, so we will not discuss it further.
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10 Lecture 9: Automata-based methods for satis ability tes t-
ing and model-checking of LTL

Recommended reading: M. Vardi, An automata-theoretic approach to linear temporal
logic, [Var96]. Available online from: http://www.cs.ric e.edu/ vardi/papers/ban 94rj.ps.gz

Additional readings:

1. M. Vardi, Lecture notes on Automata-Theoretic Approach to Automated Veri cation,
course given in 1999 at The Weizmann Institute.

Available online from: http://www.cs.rice.edu/ vardi/fav .html

2. M. Vardi and P. Wolper, Automata-theoretic approach to automatic program veri ca-
tion, [VW86].

Available online from: http://www.cs.rice.edu/ vardi/pa pers/lics86.pdf.gz

3. M. Vardi, Verication of concurrent programs: the automa ta-theoretic framework,
[Var91l].

Available online from: http://www.cs.rice.edu/ vardi/pa pers/lics87r2.ps.gz

4. M. Vardi and T. Wilke, Automata: From Logics to Algorithms
Available online from: http://www.cs.rice.edu/ vardi/pa pers/wal07.pdf

5. M. Vardi, Automata-theoretic techniques for temporal reasoning,
chapter in the Handbook of Modal Logic, [Var07].
Available online from: http://www.cs.rice.edu/ vardi/pa pers/mlhb06.ps.gz

6. F. Kreger and S. Merz, Temporal Logic and State Systems, BATCS Texts in Theoretical
Computer Science Series, 2008.

7. C. Baier and J.-P. Katoen, Principles of Model Checking, The MIT Press, 2008.
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11 Lecture 10: Automata-based methods for satis ability te st-
ing and model-checking of branching time logics
Recommended reading:  O. Bernholtz, M. Vardi, and P. Wolper, An automata-theoreti c

approach to branching-time model checking (Extended abstact), in: Proc. of CAV'94.
Available from: http://www.cs.rice.edu/ vardi/papers/c av94.ps.gz

Additional readings:

1. M. Vardi, Lecture notes on Automata-Theoretic Approach to Automated Veri cation,
course given in 1999 at The Weizmann Institute

Available online from: http://www.cs.rice.edu/ vardi/av .html

2. O. Kupferman, M. Vardi, and P. Wolper, An automata-theore tic approach to branching-
time model checking, [KVWO00]. Long version of the CAV'94 paper recommended above,
available from: http://www.cs.rice.edu/ vardi/papers/c av94rj.ps.gz

3. M. Vardi and T. Wilke, Automata: From Logics to Algorithms ,
Available online from: http://www.cs.rice.edu/ vardi/pa pers/wal07.pdf

4. M. Vardi, Automata-theoretic techniques for temporal reasoning,
chapter in the Handbook of Modal Logic, [Var07].
Available online from: http://www.cs.rice.edu/ vardi/papers/mlhb06.ps.gz

5. C. Baier and J.-P. Katoen, Principles of Model Checking, The MIT Press, 2008.
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