Logics with Counting
ESSLLI 2009

lan Pratt-Hartmann
School of Computer Science
University of Manchester
Manchester M13 9PL, UK






Contents

1 Introduction 5
2 Finite-variable fragments 9
2.1 Fragments withonevariable . . . . .. ... ... ......... 9
2.2 Fragments with two variables . . . . . . ... ... ... ... .. 11
2.3 Fragments with three or more variables . . . . . ... ... ... B
2.4 Bibliographicnotes . . . . . . .. ... 16
3 The One-Variable Fragment with Counting 17
3.1 The one-variable fragment with counting . . . . . . .. ... ... 17
3.2 Systems of linear equations and inequalities . . . . .. ... .. 19
3.3 The numerically de nite syllogistic . . . . . ... ... ..... . 24
3.4 Bibliographicnotes . . . . . ... ... o 26
4 The Two-Variable Fragment with Counting 27
41 Normalforms . . .. ... ... .. .. ... 27
4.2 Classied signatures and featured predicates . . . . . .. . ... 31
4.3 Structures interpreting classi ed signatures . . . . .. ... ... 33
4.4  Approximating structures . . . . . .. ... L oo 46
45 Complexity of C2 . . . . . . . ... .. 55
4.6 Bibliographicnotes . . . . . ... ... o 57
5 Modal and Guarded Logics with Counting 59
51 Modallogic . .. ... ... . .. 59
5.2 Graded modallogic. . . . ... .. ... ... .. ... 61
5.3 Theguardedfragment . . . .. ... ... ... ... ....... 62
5.4 The guarded fragment with counting . . . . .. .. .. ... ... 63
55 Spectraandtallies . ... .. ... ... .. ... ... .. ..., 66
5.6 Transformation into a constraint satisfaction problem . . . . .. 68
57 Mainresult . . . ... .. 72
5.8 The satis ability problem . . . . . ... ... 0oL 80
5.9 Bibliographicnotes . . . . . ... .. ... ... ... . ... ... 82



CONTENTS



Chapter 1

Introduction

It is well-known that rst-order logic is able to express facts about how many
objects have a certain property. For example, the sentences

No professor supervises more than 3 graduate students
Every graduate student is supervised by at most 1 professor

may be formalized as

:9 x(prof(x)”
Oy1:::ys (grad(y;) ~ sup(x;yi)) » Yi 6 ;)

10 4 1 4

(1.1)

8x(grad(x) !

AN

8y1Y2( prof(yi) » sup(yi;x)) ! y1  y2) ;

10 2

(1.2)

respectively. A more succinct (and readable) formalizatio is possible if, in addi-
tion to the familiar quanti ers 8 and 9, we employ so-calleccounting quanti ers,
having the forms9 ¢, 9 ¢ or 9-¢, where C is a numerical subscript. We read
9 cv as\there exist at most C v such that ", 9 cv as \there exist at least
C v such that " and 9-cv as \there exist exactly C v such that ". With
this apparatus, the above sentences may be formalized as

19 x(prof(x) *9 sy(grad(y) " sup(x;y))) (1.3)
8x(grad(x) '9  1y(prof(y) ™ sup(y;x))): (1.4)

The formation rules governing formulas with counting quanti ers are completely
analogous to those for8 and 9.

Formally, the semantics of counting quanti ers may be givenin terms of
satisfaction in a structure relative to a variable assignmaet, in the standard way.
Speci cally, for any structure A with domain A, and any variable assignment

5



6 CHAPTER 1. INTRODUCTION

function s, we de ne

AEs9 cv i jfs?js’=ysandAFeo g C
AEs9 cv i jfs?js=,sandAFEs g C
AfFEs9-cv i jfs?jsP=,sandAfFs gj= C;

where, as usual,s® =, s indicates that the functions s and s° are identical
except possibly in the value they assign tov. It is easy to verify that, under
these semantics9x is logically equivalentto 9 1x , 8x is logically equivalent
to 9 ox: ,9=cx islogically equivalentto9 ¢x "9 c¢x ,9 cx islogically
equivalent to 19 c+1x , and 9 ox is logically true. Thus, we could if we
wished eliminate all the other quanti ers in favour of 9 ¢ (C > 0). However,
we continue to employ the redundant quanti ers for ease of eposition.

At rst blush, it might seem strange to consider counting quanti ers at all,
since they do not extend the expressive power of rst-orderdgic: any formula
involving counting quanti ers can be translated into a logically equivalent for-
mula without counting quanti ers. Thus, for example, for any C > 0, we have
the logical equivalence

N AN
9 cx (X) 9 Xx1;:::5Xe COR Xi 6 Xj ;
1§ C 1 C

wherexs;:::Xc do not occur free in ; and similarly, mutatis mutandis, for the
quantiers 9 ¢ and 9-c. However, matters are di erent when we consider cer-
tain fragments of rst-order logic, for which the addition o f counting quanti ers
yields proper super-fragments with interesting computational properties. These
properties form the subject of these notes.

In general, by alogic, L, we understand any set of expressions, known as
formulas of L (or L-formulas), equipped with a truth-conditional semantics.
Speci cally, we assume thatL associates with anyL-formula a signature of
non-logical primitives (constants, function-symbols and predicates of various
types) occurring in , and determines, for any structure A interpreting these
primitives, whether is satis ed in A. Under these assumptions, we say that

is satis able if it is satis ed in some structure, and nitely satis able if it
is satis ed in some nite structure. A set of formulas is sat is able if all its
members are simultaneously satis ed in some structure, angimilarly for nite
satis ability. Trivially, nite satis ability implies sa tis ability. If, for nite sets
of L-formulas, the converse implication holds, thenL is said to have the nite
model property.

De nition 1.  Let L be a logic. The satis ability problem for L, Sat-L, is the
problem of determining whether a given nite set of L-formulas is satis able;
the nite satis ability problem for L, Fin-Sat-L, is the problem of determining
whether a given nite set of L-formulas is nitely satis able.

Notice that De nition 1 does not assume that L is closed under Boolean con-
junction. We assume that L -formulas (and sets of such) may be coded, in some



standard way, as strings over a nite alphabet. The size of adérmula , denoted
k k, is simply the length of its encoding string. Thus, ( nite sets of) formulas
may be regarded as inputs to Turing machines over the relevanalphabet, so
that the notion of decidability and the apparatus of computational complexity
theory can be applied to SatL and Fin-Sat-L.

A logic L has the nite model property if and only if the problems Sat-L
and Fin-Sat-L coincide. Moreover, ifL is a subset of rst-order logic having
the nite model property, then Sat- L (=Fin-Sat- L) is decidable. For, given
any nite set of L-formulas, we may enumerate all nite structures (over the
signature of ) and all theorems of rst-order Iogic, in para llel, stopping when
either a satisfying structure or the theorem : is found. It is well-known
that rst-order logic lacks the nite model property, and th at its satis ability
problem and nite satis ability problem are both undecidab le. However, many
decidable fragments are known, and we brie y consider some &l-known cases
here.

The two-variable fragment (of rst-order logic) with equality, denoted L2 ,
is the set of rst-order formulas involving only the two vari ablesx and y. For
example, the sentences

Every graduate student is supervised by a professor whohieasome course

may be formalized as
8x(grad(x) '9 y(sup(y;x) " prof(y) *9x(teach(y; x) ® coursek)))): (1.5)

Notice, incidentally, that this formula has triply-nested quanti ers; nevertheless,
it is in the two-variable fragment, because the variablex bound by the outer-
most quanti er is re-used by the innermost quanti er. Despite its non-trivial
expressive power, the fragment.? can be shown to have the nite model prop-
erty. Thus Sat-L? (= Fin-Sat- L?) is a decidable problem. In fact, this problem
is NEXPTIME-complete. By contrast, the three-variable fra gment, L2, de ned
analogously, lacks the nite model property, and both Sat1 ® and Fin-Sat-L 2
are undecidable.

But what happens if we add counting quanti ers to L2 ? De ne the two-
variable fragment with counting denoted C?, to be the set of rst-order formulas
involving only the two variables x and y, but with the counting quantiers 9 ¢,
9 ¢ and 9-¢ (for every C 0) allowed. Thus, for example, the formulas (1.3)
and (1.4) are in C2. It is not di cult to see that C? is strictly more expressive
than L2 . In fact, C? lacks the nite model property, so that the problems Sat-
C? and Fin-Sat-C?> do not coincide. Nevertheless, it can be shown that these
problems are still both decidable. Indeed, as we shall see losv, they both have
the same computational complexity as Satk.? .

A second well-known decidable fragment of rst-order logicis the so-called
guarded fragment denoted G. A formal treatment will be given below, but,
roughly, a guarded formula is one in which all quanti cation is restricted to the
patterns

sv( ! ) av( "~ )
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where is an atomic formula featuring all the free variables in  together with v.
The formula (1.5) above is guarded. As an example of a non-gueed formula,
we need look no further than

Every graduate student admires every professor

8x(grad(x) ! 8 y(prof(y) ! adm(x;y)));

for the sub-formula adm(x;y) has a free variable, namely,x, which is not an
argument of the atom prof(y). The guarded fragment was originally intro-
duced as a generalization of modal logic, and exhibits much fothe latter's
well-behavedness. In particular, it has the nite model property, so that G-
Sat (= G-Fin-Sat) is decidable. Just as with rst-order logic, so too with the
guarded fragment, it makes sense to consider its nite-varable sub-fragments.
We denote by G¢ the fragment of G involving at most k variables. It transpires
that bounding the number of variables reduces the computatbnal complexity
of the satis ability problem.

What happens if we add counting quanti ers to G? De ne the k-variable
guarded fragment with counting denoted G, to be the result of extending G¢
by allowing the counting quantiers 9 ¢, 9 ¢ and 9=, as long as they occur
in the pattern Qv( ~ ), where is an atomic formula featuring all the free
variables of together with v. Here, the results are mixed. Even fork 2,
G lacks the nite model property. Nevertheless, SatGC and Fin-Sat-GG
are both decidable, again with the same computational commxity as Sat-G?.
However, fork 3, Sat-GC and Fin-Sat-GC are undecidable.

Since we have mentioned results on computational complexy this is per-
haps an appropriate point at which to clarify two details regarding the sizes of
formulas: one unimportant, the other crucial. The rst concerns the encoding
of non-logical primitives. For most interesting fragments, signature elements
cannot, strictly speaking, be coded as a single symbol, butather as a string of
symbols whose length is logarithmic in the total number of synbols appearing in
the formula. However, doing so has no e ect on the computatimal complexity
of the fragments considered here, and the issue may be safaljsregarded. The
second detail concerns the encoding of numerical subscriptin counting quan-
tiers. Such subscripts are, strictly speaking, numerals, rather than numbers:
strings of binary digits encoding numbers in the standard wa. (It makes no es-
sential di erence whether we use base 2 or some other base.)htis, in treating,
as we shall, quanti er subscripts as if they werenumbers rather than numerals,
we are employing a notational and textual shortcut. In this connection, how-
ever, it is important to understand that size of a positive numerical subscriptC
is not C, but rather blog, Cc+1, where bxc denotes the largest integer less than
or equal to x. Put another way, the numbers featuring in numerical subscipts
are in general exponentially large compared with the formu&s containing them.



Chapter 2

Finite-variable fragments of
rst-order logic

We explained in Chapter 1 that the counting quanti ers are of interest pri-
marily in terms of their computational e ect on certain deci dable fragments of
rst-order logic. The purpose of this chapter is to lay the groundwork for our
investigation of counting quanti ers by introducing some of these fragments.
For k > 1, the k-variable fragment of rst-order logic with equality, denoted
Lk, is the set of rst-order formulas over a purely relational signature involving
no variables other than x1;:::;Xx. The k-variable fragment of rst-order logic
(without equality), denoted L, is the setL* -formulas not involving the equality
predicate . For ease of reading, we writex, y, z instead of X1, X2, X3.

2.1 Fragments with one variable

We begin with the 1-variable fragmentsL! and L', whose treatment is nearly
trivial. Since we are working with a purely relational signature (no individual
constants of function-symbols), the only equality atom in L is x X, which
may be equivalently replaced by>. Therefore, we consider onlyL!. In fact,
we may as well assume that all predicates have arity O or 1, stoe predicates of
higher arity evidently do not essentially increase expresse power in L. For
the remainder this section, then, we assume a signature of tlary and unary
predicates only.

Lemma 1. Let be anL?!-formula. We can construct, in time bounded by a

polynomial function of k k, an L*-formula
AN

=8x N OX h; (2.1)
1 h m

wherel m k k,and ; 1;:::; m are quantier-free L*-formulas, such
that and are satis able over the same domains.

9



10 CHAPTER 2. FINITE-VARIABLE FRAGMENTS

Proof. By pre xing an existential quanti er if necessary, we may assume that
is a sentence. Set o := 8x .
If o hasasubformula = 9x ,with quanti er-free, let p be a new nullary
predicate, let ;1 = [p=1], and let

1= 9x(p! )A8X( ! p):

Itis easy to see that o and 17~ 1 are satis able over the same domains. For,
on the one hand, 1 1 entails ¢, and on the other, any modelA of ¢ may
be expanded to a model of 1 3 by interpreting p to be true if and only if
A E . Similarly, if ¢ has a proper subformula = 8x , with quanti er-free,
dene 1and ; analogously, subject to the obvious adjustments. Now proces

1 in the same way, and continue until some formula , is reached having the
form 8x , with  quanti er-free. Thus, ¢ and

m® m® m N
are satis ed over the same domains. Re-arrangement of conicts yields the
desired formula . O

Lemma 2. Let be aformulainL?®. If is satis able, then it is satis able
over a domain of size at mostk k.

Proof. By Lemma 1, we may assume to be of the form (2.1). If A , let
ai;::am 2 A be witnesses for the respective conjunct®x . Let B be the
restriction of A to fas;:::;amg. Itis then obvious that B | . O

Theorem 1. The problem SatL.! is NPTime -complete.

Proof. Membership in NP follows from Lemma 2. NP-hardness is immedite,
sinceL?! includes propositional logic. O

We remark that allowing individual constants to appear in th e fragment has
no e ect on the above results (though it clutters the exposition); the details are
routine and left to the reader.

Consider the sub-fragmentS of L' consisting of all formulas having the
following forms

9X(p(x) * () 9X(p(x) " () 2.2)
8x(p(9) ! q(x)) 8x(p(9) 1 a(x); |

where p and g are unary predicates. This fragment is of some historical ad
linguistic interest, because we can think of unary predicaés as corresponding
to common nouns, and the formulas (2.2) to English sentencesf the forms

Somep is aq Somep is not aq

Everypis aq Nopis aq; (2.3)

respectively. This is, in essence, the language of the sylitstic set out in Aris-
totle's Prior analytics. Inspection of the above forms shows that, if is an
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S-formula, then there is an S-formula  logically equivalent to its negation.
Thus, validity and satis ability are dual in S in the usual way: an argument
with premises and conclusion s valid if and only if the set [f gis not
satis able. Note, however that S is not closed under conjunction. (Thus, it is
generally only interesting to consider the satis ability of setsof S-formulas.)

Theorem 2. The satis ability problem for S is NLogSpace -complete.

Proof. The problem 2-SAT is the de ned as follows. Given a set of proposi-
tional clauses, none of which contains more than two literad, determine whether
is satis able. It is well-known that 2-SAT is NLogSpace -complete (see,
e.g. Papadimitriou [27], pp. 398.) It is straightforward to show that the satis-
ability problem for S and the problem 2-SAT can be reduced to each other.
The theorem then follows from the fact that NLogSpace is closed under re-
ductions. O

Adding individual constants to S makes no di erence to Theorem 2, a detail
we leave to the reader to verify. Adding counting quanti ers, by contrast, does
make a di erence, and we consider this matter in Chapter 2.

2.2 Fragments with two variables

In this section, we show that the fragmentsL? and L? have the nite model
property, and that their satis ability (= nite satis abil ity) problems are
NExpTime -complete. In dealing with these fragments, we may as well asime
that all predicates have arity at most 2, since predicates ohigher arity evidently
do not essentially increase expressive power ih?. For the remainder of this
section, then, we assume a signature of nullary, unary and ary predicates
only.

Lemma 3 (Scott normal form). Let be a formula in L?. We can construct,

in time bounded by a polynomial function ofk k, an L2 -formula
AN

=8x8y( _x y)" 8x9y( n(x;y) " x6y); (2.4)
1 h m

wherel m k k,and ; 1;:::; m are quanti er-free L2-formulas, such that
and are satis able over the same domains containing at least 2 ements.

Proof. We proceed as for Lemma 1. By pre xing existential quanti ers if nec-
essary, we may assume that is a sentence. Set := 8x . In the sequel, let
u, v be the variablesx, vy, in either order.

Suppose ¢ has a subformula (v) = 9u , with quanti er-free. Let p be a
new unary predicate, let ; be [p(v)= (V)], and let

1:=8v9u(p(v) !  )~8v8u( ! p(Vv)):

It is easy to see that o and ;”~ ; are satis able over the same domains.
For, on the one hand, ;™ ; entails g, and on the other, any modelA of g
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may be expanded to a model of ; » 1 by interpreting p to be satis ed by an
elementa 2 A if and only if A & [a]. Similarly, if o has a proper subformula

(v) = 8x , with  quanti er-free, dene ; and i analogously, subject to
the obvious adjustments. Now process ; in the same way, and continue until
some formula n, is reached having the form8xp(x)|which we may re-write as
8x8yp(x). Thus, o and

m® m® mt N
are satis ed over the same domains. Re-arrangement of conjcts yields a for-
mula A
°:= 8x8y Axy)” 8x9y( f(x:y);

1 h m

where Ux;y) and the ?(x;y) are quanti er-free L2 -formulas.

It remains only to reform the occurrences of in  Yx;y) and the 2(x;y).
Restricting attention to domains containing at least 2 elements, we have the
following logical equivalences:

8x8y Ax;y) 8 x8y(( x;x)N Axy) _x )
8x9y J(x;y) 8 x9y(( J(x;X) _ n(x;y) " x 6 y):

Now, if is any L?-formula, denote by  the result of replacing all atoms of
the formsx x andy yin by >, and all atoms of the formsx y and
y X by ?. Thus, we have the logical equivalences

Xy Xy AX6y AXBYy:

Setting

Wy~ Axix)

RGY) _ X))

h -

forallh (1 h m), and then

= 8x8y( (x;y)_x y)" 8X9y( n(xy) " X 6Y);
1 h m

we see that and ©are logically equivalent over domains containing at least 2
elements. Thus, has the properties required for the lemma. O

At this point, we introduce some familiar concepts which will feature promi-
nently in the sequel. Fix some purely relational signature . A literal (over
) is an atomic formula or the negation of an atomic formula. A 1-type (over
) is a maximal consistent set of equality-free literals over involving only the
variable x. A 2-type (over ) is a maximal consistent set of equality-free literals
over involving only the variables x andy. Reference to is suppressed where
clear from context. If A is any structure interpreting , and a2 A, then there
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exists a unique 1-type (x) over suchthat A F [a]; we denote by tp”[a].
If, in addition, b2 A is distinct from a, then there exists a unique 2-type (X;y)
over suchthat A F [a;b]; we denote by tp”[a;b]. We do not de ne tp”[a; b
ifa= b If isa l-type, we saythat isrealizedin A if there existsa 2 A with
tpAla]= . If is a 2-type, we say that is realizedin A if there exist distinct
a;b2 A with tp A[a; b =

Notation 1. Let be a 2-type over a purely relational signature . The result
of transposing the variablesx andy in is also a 2-type, denoted *; and the
set of literals in  not featuring the variable y is a 1-type, denoted tp,( ). We
write tp ,( ) for the 1-type tp,( ).

Note that tp ,( ) is the result of taking the set of literals in  not featuring
the variable x, and then replacingy throughout by x.

Remark 1. If is any 2-type over a purely relational signature , A is a
structure interpreting , and a, bare distinct elements ofA such thattp”[a; b =
,thentp”b;d = 1, tpAfal =tp 1( ) and tp” o] = tp 5( ).

A terminological note: in books on model theory, the word \type" is stan-
dardly used to refer to a maximal consistent set offormulas (over some sig-
nature) featuring a xed collection of variables|includin g formulas involving
quanti ers. What we are calling types here are known, in that nomenclature,
as \rank-0 types". In the sequel, however, we only ever have ecasion to refer
to rank-0 types, and so we continue to use the more abbreviatkterminology.

Remark 2. If features only unary and binary predicates, and j = s, then
there are exactly2s 1-types over and at most24S 2-types.

Lemma 4. Let be a satis ableL? -formula, and let n = k k. Then has a
model of size at most3n:2".

Proof. If is satis able over a 1-element domain, there is nothing to pove.
Moreover, we may assume without loss of generality that the ignature of
features only unary and binary predicates, since any nullay predicates can be
replaced by > or ? according to their truth-value in some model. Now let
be the formula (2.4) constructed in Lemma 3, and supposéA . Let the
signature of be ;thusm nandj | n. Itsucesto constructa model
B of with jBj 3n:2". In the rest of the proof, we employ the symbols , m

If a2 A, we say that a is aking if a is the only elementa®2 A such that
tp”[ag = tp A[a]. Let K be the set of kings. Evidently, jKj 2". We now
de ne a set of elementsC A, called the court, as follows: every king is a
member of court; and, for each kinga, and everyh (1 h m), we select one
elementb 2 A nfag such that A £ n[a;b], and let b be a member of court.
(These elements need not be distinct, and may themselves beargs.) Evidently,
jiCj  (m+1)jKj. Let C be the structure on C induced by A. Notice that, for
any elementa2 A, and anyh (1 h m), there exists an elementb2 A nfag
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t

A K

A
tt %{

C
b§<
* Xx
>(xx «
X t
t

a
hi;j; Oi h;j; L h;j; 2i D

Figure 2.1: The small model property forL? , showing the absence of clashes in
Stage 3 of the proof of Lemma 4

(depending ona and h) such that A £ [a;b. As we might say, b satis es the
“existential requirement' 9y( n(X;y) * X 6 y) of a.

Let 1;:::; L be the 1-types realized inA by more than one element (i.e.
realized in A, but not by kings). Evidently, L 2" j Kj. Let D be the set of
integer triples

fhi;h;kij2 i L,1 h mandO0 k 2g;

and assume without loss of generality thatC and D are disjoint. Now let
B=C[ D. HencejBfj (m+1)jKj+3m(2" j Kj) 3n2". We dene a
structure on B satisfying . In de ning this structure (Fig. 2.1), we ensure that
all the existential requirements of successive elements @ are satis ed. We
proceed in three stages.

Stage 1: Import the structure C onto the elementsC B (so that A and B
agree on the court). Consider any kinga; and let 1 h m. By construction
of C, there existsb 2 C nfag such that A  n[a;b, whenceB E n[a;h.
Thus, all kings have their existential requirements satis ed.

Stage 2: First, x the 1-type of any element h;h;ki2 D by setting
tpB[h;h;ki]= ;:
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Now consider anya 2 C which is not a king, and any h suchthat1 h m.
Choose somé 2 A nfag such that A £ [a;b. If bis a king, then tpB [a; b =
tp”[a; bl from Stage 1, so that we already haveB F [a;b. If bis not a king,
then its 1-type is ; for somei (1 i L), so let ® = h;h;0i 2 D, and
set tp® [a; ] = tp A[a;b]. Since tp*[b] = ; = tp BB, there is no clash with
any of the 1-types already assigned to elements d ; hence this assignment is
legitimate. Proceeding in this way, we can satisfy the existntial requirements
of all the elements inC.

Stage 3: Consider anya = h;h%ki2 D,andanyhsuchthat1 h m. Let
a’2 A be such that tpA[a = ;, and pick 2 Anfagsuch that AF [a% .
If B°is a king, let b = b’ otherwise, leti® be such that tpA[tf] = o, and let
b= hH%h;k + 1i. Set tp® [a; b = tp A[a% b (we show presently that we are free
to do this). Proceeding in this way, we can satisfy the existatial requirements
foralla2 D.

It is immediate that the 2-type assignments made in this stag cannot clash
with any previously assigned 1-types. However, we must shouhat the assign-
ment to tp B [a; b described above made in this Stage cannot clash with any
previously-made assignment to t¥ [b;d. To see that this is so, suppose rst
that b’ is a king. Then b= ©°, and any previous assignment to t¥ [b; & must
have occurred in Stage 1. But that is impossible, because, iBtage 1 kings had
their 2-types xed only only with respect to other members of court. Suppose,
on the other hand, that t°is not a king, so that b2 D, and any previous assign-
ment to tp B [b; & must have occurred in Stage 3. Writinga = h{;h¢;ksi and
b= hj;hy; ki, we then havek, = ki +1 mod 3 and k; = ko+1 mod 3, which
is impossible (see Fig 2.1, wherk; = 0). Hence, none of the 2-type assignments
made in Stage 3 clashes with any other.

Stage 4: To complete the de nition of B, suppose t@ [a; b was not assigned
in any of the Stages 1{3. Certainly, then, a and b cannot both be kings; in
particular, if tp B [a] = tp B [1], it follows that this common 1-type is realized more
than once in A. Therefore, we can always nd distinct elementsa®, b° of A such
that tp B [a] = tp A[a9 and tp® [b] = tp A[)]. Now make the 2-type assignment
tp® [a; b = tp A[a% bF. This obviously does not clash with any previously-made
1-type assignments, and completes the de nition ofB .

Since all existential requirements are satis ed followingStages 1{3, we have
N

B F 8x9y( n(x;y) " x 6 y):

1 h m

And since all 2-types realized inB are also realized inA, we have

B F 8x8y( _x )

Corollary 1.  The problem Sati? (=Fin-Sat- L?) is in NEXPTIME.

There is in fact a matching lower bound to Corollary 1, namely
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Lemma 5. The problem Satt 2 is NEXPTIME-hard.
The proof is omitted from these notes. Hence we have
Theorem 3. The problems Satk? and SatL? are NEXPTIME-complete.

Proof. Corollary 1 and Lemma 5. O

2.3 Fragments with three or more variables

This section is omitted from these notes.

2.4 Bibliographic notes

The locus classicus for the Syllogistic|the fragment here denoted S|is Aris-
totle [2]. The study of the syllogistic dominated logic until the end of the 19th
Century. For a comprehensive complexity-theoretic accouh of the syllogistic
and some of its extensions, see Pratt-Hartmann and Moss [29]

The fragment L? has an interesting history. Lemma 3, which is due to
Scott [34], reduces the problem Sat-? to the satis ability problem for the so-
called Gedel fragment with equality: the set of rst-order formulas in prenex-
form having quanti er pre x matching 9 889 . Essentially the same argument
reduces Satk? to the satis ability problem for the Gedel fragment without
equality. Gadel [9] had earlier shown that the Gadel fragment (without equality)
has the nite model property, and is thus decidable. Unfortunately, Gedel also
claimed that adding equality would not a ect this result, a ¢ laim which was
only later shown to be false by Goldfarb [10]. Relying on Gecl's incorrect
assertion, Scott claimed to have a proof thatL? is decidable. (What Scott
actually showed was the decidability for L, only.) That the full two-variable
fragment does indeed have the nite model property was evenially established
by Mortimer [23]. The tight NEXPTIME complexity bound was r st obtained
by Gradel, Kolaitis and Vardi [12], whose proof Lemma 4 repats.



Chapter 3

The One Variable Fragment
with Counting

In this chapter, we consider the 1-variable fragment with cainting quanti ers,
Cl. The main result is that C' has the nite model property, and Sat-C' is NP-
complete. We also consider an NP-complete, proper fragmenif C!, of historical
interest.

Recall that C! involves a purely relational signature: i.e. there are no iuli-
vidual constants of function symbols. Since, therefore, tle only occurrences of

in C' are in the trivial atom x  x, we may assume that does not occur in
C. In fact, we may further assume that the signature contains ro predicate of
arity greater than 1, since such predicates evidently do notessentially increase
expressive power in the presence of only one variable. In thichapter, then, we
assume a signature of nullary and unary predicates only.

3.1 The one-variable fragment with counting

Lemma 6. Let be aCl-formula. We can generate, in time bounded by a
polynomial function of k k, a formula
N
= Pm " Ph$9 /,cnX ns (3.1)
1 h m

satis able over the same domains as, wherel m k Kk, the p, are nullary
predicates, the 1, are quanti er-free L!-formulas, the / \, are any of the symbols
, or =, and the C;, are either 0, 1 or occur as a quanti er subscript in

Proof. Let o= 9 1x . Thus, ¢ is satis ed in the same structures as .
Suppose o has a subformula = 9 pu , with quanti er-free. Let p; be
a new nullary predicate, let ; = [p1=1], and let

1=m$9 pv;

17
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so that 1~ ; entails . On the other hand, any model A of ¢ may be

expanded to a model of ; » 1 by interpreting p; to be true in A just in case

A F . Similarly, if ¢ has a subformulaQu , whereQ is any of9 p, 9-p, 8,

or9,and quantier-free,dene 1 and ; analogously, subject to the obvious

adjustments. Now process ; in the same way, and continue until some formula
m is reached which is a single proposition lettelpy, . Thus, ( and

= pmA 1A " m

are satis ed over the same domains. But has the form (3.1), as required. I

It is easy to derive a small model property for C! from the above normal
form. For convenience, we consider rst a special case.

Lemma 7. Let be aCl-formula of the form
N VAN
9 c X i A 9 DjX i (32)

1im 1 j mo

with the ; and ; quantier-free. If  has a model, then it has a model of size
at mostCy+  + Cpy.

Proof. Foralli (1 i m), select distinct elementsa; 1;:::;a;c, satisfying i
in A. (Note that the a;; and ajo;jo are not required to be distinct for i 6 i%)
Let A°=fay j1 i m; 1 j Cig, and let A° be the restriction of A to
Al Itis obvious that A°F andthat A° Ci+ + Cp. O

Corollary 2. Any satis able C!-formula has a model over a domain of size
at most 2" wheren = k k.

Proof. From Lemmas 6 and 7. O

The bound of Lemma 7 is, essentially, the best possible, as éfollowing
example shows.

Example 1. Let ¢ be the formula 9, x>, k = 1;2;:::. Since quanti er
subscripts are coded as binary numerals, we havke (k = k + 3; however, the
smallest model of  has X 1 elements.

Thus, although both L* and C' have a small model property, the size bound
is linear in the former case, but exponential in the latter. This is signi cant,
because, in Chapter 2, we used the linear size bounded to shawat Sat-L?! is
in NP: showing that is satis able is simply a matter of guessing a structure
of size at mostk k and verifying that it is a model of . Evidently, no such
simple-minded approach will work for Sat-C': the smallest satisfying structures
are too big.

It turns out, however, that models of C'-formulas may admit of more com-
pact descriptions. Fix a signature consisting only of the unary predicates
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Henceforth, we keep this ordering xed. LetA and B be structures interpreting
. It is obvious that A and B are isomorphic if and only if, for every 1-type
the setsfa2 A:AE [alJgandfb2 B : B F [blg have the same cardinality.
(After all, what it means for two sets to have the same cardindity is that there
is a bijection between them.) That is to say, any structure A interpreting can

be characterized, up to isomorphism, by the sequence

(A)=( 10 L)
where, forallj (1 j L), j is the cardinality of the set of elements whose
l-typeinAis ;.

Might representing the structures in this way give us a nondéerministic
algorithm for Sat-C' that runs in polynomial time? By Lemma 7, we may
con ne our attention to structures A for which every entry in  (A) is at most
2", and hence can be written as a string of at most + 1 bits. The problem,

however, is that the number L of 1-types we need to consider is exponentially
large.

Example 2. Consider the formulas

k= 9pkx>n 95« 1XPi(X); (3.3)
10 k

for k > 0. Each  has a model in which all the ¥ 1-types over the signature
two 1-typesinamely, fpi(x);:::;pc(X)g and f: pi(x);:::;: pc(X)glare real-
ized exactly ¥ ! times.

Example 2 raises the following question. If aC'-formula has a model|and
hence a nite model|lwhat is the smallest number N such that has a nite
model A with every component of (A) bounded by N ?

3.2 Systems of linear equations and inequalities

Consider the Ct-formula A
= 9/ ¢, i (3.4)

1 i m
wherem > 0, each/ ; isone of ,=or ,andeach ;is a quantier-free Li-
formula. (Such formulas turn out to be su ciently general fo r our purposes.)
Foralli(1 i m)andj (1 | L), dene

(
LifFp !

0o 0 otherwise.
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SupposeA is a nite structure interpreting the signature of . It is obvious that
A F ifand only if (A) is simultaneous non-negative integer solution of the
system of linear equations and inequalities

apxit it apxy /i1 Cq
: : Do (3.5
am:1X1t i+ amuXe [/ m Cm;
Conversely, given any solution 1;::: | of (3.5) over N with at least one non-
zero value, we can easily construct a modeh of such that (A)=( 1;::: ).

In view of the correspondence between models @@!-formulas and solutions
of systems of linear equations, we need to study the latter. W begin by recalling
some classic results.

De nition 2.  Let E be a system of linear inequalities of the form (3.5), where
the C; and the a;; are integers, and the symbols/ ; are one of ,=or . We
take the size of E, denoted KEk, to be measured in the obvious way, assuming
binary encoding of integers. Integer programming feasibility is the problem of
determining, for a given E, whether E has a solution overN. Linear programming
feasibility is the problem of determining, for a givenE, whether E has a solution
over Q.

Theorem 4. Let E be a system of linear equations and inequalities of the
form (3.5), where the C; and the a; are integers. If E has a solution over
N, then it has a solution in which every value is bounded by a xkexponential
function of KEk

Theorem 4 will be used in Chapter 4. We mention one striking coollary
here.

Corollary 3. Integer programming feasibility is NP complete, and remairs so
even when all coe cients are required to be either 0 or 1.

Proof. Membership in NP follows from Theorem 4. For if E is feasible with
KEk = n, then there is a solution in which all values are bounded by arexpo-
nential function of n. Using binary encoding, such a solution can be written
down and checked in time bounded by a polynomial function ofn. NP-hardness
follows by an easy encoding of SAT. O

By contrast to Corollary 3, we have:
Theorem 5. Linear programming feasibility is in PTIME.

This result will be used in Chapter 5.

Example 2 directed our attention to models of C'-formulas in which as few
1-types as possible are realizedve now return to this topic. To set the scene,
we rst recall the following textbook result. Denote the set of non-negative
rationals by Q*.
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Lemma 8. Let E be a system ofm linear equations with rational coe cients.
If E has a solution overQ™*, then E has a solution overQ* with at most m
non-zero entries.

Proof. We can write E as Ax = ¢, where A is a rational matrix with m rows
and, say, L, columns, and c is a rational column vector of length m. If b
is any solution of E in Q* with k > m non-zero entries, thek columns of A
corresponding to these non-zero entries must be linearly geendent. Thus, there
exists a non-zero rational vectorb®with zero-entries whereverb has zero-entries,
such that Ab = 0. But then it is easy to nd a rational number " such that
b + "b%is a solution of E in Q* with fewer than k non-zero entries. O

The question naturally arises as to the whether this bound isavailable when
solutions are sought inN, rather than Q*. The following result shows that it is
not.

Lemma 9. Fix m 6. Let A be them (m + 1)-matrix given by

0 1
111 0 0 0 00 ::: 0
01 1 1 0 0 00 ::: 0
0 01 11 0 00O 0
0O 00 1 1 100 0

A = 0O 00O 1 1 10 0 ;
0O 00 0O 1 11 0
0O 00O OOTU OO :::: 0111
11 0 1 0 0 1/0 ::: 0

in which a pattern of three 1s is shifted right across the rst(m 1) rows, and
the last row contains the seven entries shown on the left folved by(m 6) Os.
Let ¢ be the column vector of lengthm given by

c=(3;3:::34)"

consisting of(m 1) 3s and a single4. Then the unigue solution of the system of

any solution of Ax = c in N. From the rstrow of A, by + by + by = 3, whence
bi; bp; by are either (i) the integers 0, 0; 3 in some order, or (ii) the integers Q1; 2
in some order or (iii) the integers 1, 1;1. By considering rows 2 tom 1 of A,
it is then easy to see that, in every case, these three valuesust recur, in the
same order, to the end of the vector: that is,b must have the form

(by; by bs; by by b by i) T

From the last row of A, then, 3b; + b, = 4. Thus, by;by; bs are certainly not
3;0;0, in any order. Suppose, thenjy;by; bz are G 1; 2, in some order. Ifb; =0,
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then 3b; + by, is at most 2; if by = 1, then 3b; + b, equals either 3 or 5; and if
by =2, then 3b; + by is at least 6. Thus, by; p; b are not 0; 1;2, in any order,
whenceb = (1;:::;1)" as required. O

It follows that the argument of Lemma 8 cannot work for solutions overN.
Fortunately, however, an alternative approach is availabke.

De nition 3. A Boolean equationis any equation of the formayx;+ azx, =
C, where eacha; (1 i n)is either 0 or 1, and C is a natural nhumber.

Lemma 10. Let E be a system ofm Boolean equations inL variables. If E
has a solution overN, then E has a solution overN with at most mlog(L + 1)
non-zero entries.

Proof. We write E asAx = c, whereA is a matrix of Os and 1s withm rows and
L columns, ¢ is a column vector overN of length m, and x = (xq;:::x.)". If E

number k of non-zero entries. We show that
k mlog(L +1): (3.6)

This condition is trivially satis ed if k =0, so assumek > 0. Furthermore, by
renumbering the variables if necessary, we may assume withibloss of generality
that b > Oforallj (1 j k). Now, if I f 1;:::;kg, de ne v, to be the

X
Vi = Ai;j .
j21
That is, v, is the sum of those columns ofA indexed by elements ofl . Since
eachv; (1 i m)is a natural number satisfying

vi L (3.7)

such that v| = vjo. SettingJ = | n1%and J°= 1%n1, it is evident that J and
JOare distinct (and disjoint), again with vj = vjo. By interchanging J and J°
if necessary, we may assume thal 6 ;. Now dene, forall j (1 | L):

8

2h 1ifj2J

b = _b+1if j 230

" by otherwise,
and write b% = (B;:::;)T. SinceJ and J° are disjoint, the cases do not
overlap; and since thely are all positive (1 | k), the Iqo all lie in N.
Moreover,

Ab%= Ab v; +Vvjo= Ab:
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Since J is nonempty, minf qojj 2 Jg, is strictly smaller than minfhyjj 2 Jg.
Generating b% b%0 etc. in this way (using the sameJ and J9 will thus even-
tually result in a vector|say, b |with strictly fewer non-zero entries than b,
but with Ab = Ab |a contradiction. O

We now strengthen Lemma 10 to obtain a bound which does not degnd on
L.

Lemma 11. Let E be a system oin Boolean equations. IfE has a solution over
N, then E has a solution overN with at most gm logm + 1 non-zero entries.

Proof. The casem = 1 is trivial: if E has a solution, then it has a solution with
at most one non-zero entry. So assume henceforth than > 1.
In the proof of Lemma 10, the inequality (3.7) can evidently be strengthened
to
vi k:

Proceeding exactly as for Lemma 10, we obtain, in place of (8), the inequality
k  mlog(k+1):

Hence, fork positive, we have

k

log(k +1) (3.8)

Now the left-hand side of (3.8) is greater than or equal to uniy, and since the
function x 7! xlogx is monotone increasing forx e %, we can apply it to
both sides of (3.8) to obtain

kzZ(k) mlogm; (3.9)

where, for allk > 0,

logk loglogk +1)
log(k + 1) '

It is straightforward to check that Z is monotone increasing on the positive
integers, and that Z(k) ! 1 ask ! 1 . (Indeed, for x > 0, the function
x 7! logx=log(x + 1) is monotone increasing with limit 1 as x tends to 1 ; and
forx 2% 1,the function x 7! loglog(x+1)=log(x+1) is monotone decreasing
with limit 0.)

We may now establish that k %m logm + 1. Calculation shows that
1=2(7) 2:4542< g Therefore, sinceZ is monotone increasing, (3.9) yields,
for k 7, the inequalities k m logm=Z (k) mlogm=2(7) < %mlogm.
Obviously, if k 6, we havek gm logm+1, sincem 2 by assumption. [

Z(k) =

The proof of Lemma 11 actually shows a little more than advertsed: forany
real c > 1, there exists ad such that, if E is a system ofm Boolean equations
with a solution over N, then E has a solution overN with at most cmlogm + d
non-zero entries. (Asc approaches unity, the required value ofd given by the
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above proof quickly becomes astronomical.) It follows thatnone of these bounds
is optimal, in the sense of being achieved in nitely often.
Returning to the main business of this chapter, we have:

Lemma 12. The satis ability (= nite satis ability) problem for ~ C! is in NP.

Proof. Let be a givenC!-formula. Compute the formula  given in (3.1),
Lemma 6, and guess an assignment of the truth-values for anyutlary predicates
occurring on . Carrying out routine logical simpli cation, we obtain a fo rmula
of the form A
9/ ey hi
1 h m

giving rise to a systemE of linear inequalities such that E has a non-zero solution
over N if and only if  is satis able. By Lemma 11, E has a non-zero solution
over N if and only if it has a non-zero solution with k %m logm non-zero
values. Now simply guess & gm logm and set of indicesJ = fj1;:::;jkgin
the range between 1 and_, and let E° be the system of equations and inequalities
obtained from E by ignoring those termsa;; x; for which j 62J. The system E°
can be computed in polynomial time; and is satis able if and only if E® has a
non-zero solution overN. The result then follows by Corollary 3. O

3.3 The numerically de nite syllogistic

De ne the fragment N ! to be the set of C'-formulas of the forms

9 cx(p(x) " a(x)) 9 cx(p(x) *: q(x)) (3.10)
9 cx(p(x) ™ a(x)) 9 cx(p(x) ": a(x)); '

where p and g are unary predicates. This fragment is of some historical ad
linguistic interest, because we can think of unary predicaes as corresponding
to common nouns, and the formulas (3.10) to English sentenceof the forms

At leastC p areq At least C p are notq

At most C p areq At most C p are notq; (3.11)

respectively. (We have simpli ed the presentation here by gnoring the issue of
singular/plural agreement, which has no logical or computdional signi cance.)

We call the fragment of English de ned by these sentence-fans the numerically

de nite syllogistic, loosely following the terminology of de Morgan.

The sentenceSomep are g may be equivalently written At least1 p is aq,
and the sentenceAll p areq may be equivalently|if somewhat unidiomatically|
written At most O p are notg. Thus, the numerically de nite syllogistic gen-
eralizes the ordinary syllogistic mentioned in Chapter 2. We remark that the
sentenceThere are at leasC p may be equivalently written At least C p arep;
and similarly for There are at mostC p. So these sentences too are expressible
in N1,
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We now proceed to establish a lower complexity bounds foN . Recall that
a graphis a pair G = (V;E) where V is a nite set (the ‘nodes' of G) and E
is a set of 2-element subsets 0¥ (the "edges' ofG). Note that graphs, in this
sense, have no ‘loops' or ‘multiple edges'. A 8slouring of G is a function t
mapping the nodes ofG to the set f0; 1; 2g such that no edge ofG joins two
nodes mapped to the same value. We say tha® is 3-colourableif a 3-colouring
of G exists. The problem of deciding whether a given graphG is 3-colourable
is well-known to be NP-hard. We reduce it to C*-satis ability.

Lemma 13. The satis ability problem for N ! is NP-hard.

Proof. By reduction of graph 3-colourability. Let G = (V;E) be a graph, and
assume without loss of generality thatv = f1;:::;ng. Foralli (1 i n)and
k(0 k< 3),let pk be afresh unary predicate. Think ofpk(x) as saying: \x is
a colouring of G in which nodei has colourk”. Let ¢ be the set ofC'-formulas
consisting of

9 3x(p(x) " p(x)) (3.12)
f9 ox(l () Apk(x)j1 i n0 j<k< 3g (3.13)
fO x(EK(X)Ap(x))jl i n0 k< 3g (3.14)

fo ox(pK(x)~ pF(x)) j (i;j ) is an edge ofG;0 k< 3g (3.15)

We prove that ¢ is satis able if and only if G is 3-colourable.

SupposeA F . By (3.12), jp?j 3. Fixanyi (L i n). Noa2p?
satis es any two of the predicatesp?, p, p?, by (3.13); on the other hand, each
of these predicates is satis ed by at least one element gi*, by (3.14); therefore,
jp*j = 3, and each elementa of p* satis es exactly one of the predicatesp?,
pt, p>. Now x any a 2 p*, and, foralli (1 i n), dene ta(i) to be
the unique k (1  k < 3) such that A F pK[a], by the above argument. The
formulas (3.15) then ensure thatt, de nes a colouring of G. Conversely, suppose

with domain A = f0; 1; 2g; let all three elements satisfyp; and, for all k 2 A,
let p be satis ed by the single elementk + t(i) (where the addition is modulo
3). It is routine to verify that AE . O

Theorem 6. The satis ability problem for any fragment between the numa-
cally de nite syllogistic and the 1-variable fragment withcounting is NP-complete.

Proof. Lemmas 12 and 13. O

Notice that the only numerical subscripts mentioned in the encoding of graph
colourability in Lemma 13 are 0, 1 and 3. It follows that this lemma continues
to hold even if if the size of a positive numerical quanti er subscript C is taken
to be C, rather than blogCc + 1. As we say, the problem SatN ! is strongly
NP-complete it is NP-complete, and remains so under non-succinct codig of
numerical inputs.
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3.4 Bibliographic notes

The system N, which we have called thenumerically de nite syllogistic, corre-
sponds loosely to the logic investigated by de Morgan [6]. Th semantic appara-
tus in terms of which satis ability (or, dually, validity) i s understood today was
of course not available to de Morgan, who presents a collean of numerically
de nite syllogisms|in e ect, 2-premise proof-rules for the fragment N . De Mor-
gan's system is certainly incomplete with respect to the serantics given here.
Similar systems (likewise incomplete) have been proposed/tMurphree [24] and
Hacker and Parry [14]. For impossibility results on complee systems of numer-
ical syllogisms, see Pratt-Hartmann [32], Sec. 5, and [33].

Theorem 4 was proved by Borosh and Treybig [4]. Theorem 5 wasrpved
by Khachiyan [17].

The problem PSAT was shown to be in NP by Georgakopoulosgt al. [8]. (For
a good textbook treatment, see Paris [28], Chapter 10.) Theem 6 was rst
proved, independently, by Kuncak and Rinard [19] and Pratt-Hartmann [32];
however, the fundamental combinatorial idea behind the prof actually appears
in Eisenbrand and Shmonina [7].



Chapter 4

The Two-Variable Fragment
with Counting

4.1 Normal forms

In this chapter, we consider the 2-variable fragment with cainting quanti ers,
over a signature of unary and binary predicates,C?>. The main result of this
chapter is that the problems SatC?> and Fin-Sat-C?> are both NEXPTIME-
complete.

The theorems and lemmas in this chapter all continue to hold ér signatures
also featuring individual constants, nullary predicates a predicates of arity 3
or more. However, the addition of these non-logical primitves to C2 would
complicate the exposition, and would not essentially incrase expressive power.
Consequently, we ignore them in the sequel. By contrast, adichg function-
symbols to the signature would invalidate the key results ofthis chapter. In the
presence of counting quanti ers, equality is de nable by the formula 8xe(x; x)
8x9 1ye(x;y). Consequently, we shall assume that the equality predicad is
available in C2.

The Lewenheim-Skolem-Tarski theorem guarantees that, ifa rst-order for-
mula has a model, then it has a nite or countably in nite mode |. Since we are
concerned with the satis ability and nite satis ability o f rst-order formulas in
this chapter, we shall silently take all structures to be either nite or countably
in nite.

The fragment C presents us with much greater challenges than any of the
fragments considered so far. For a startC? lacks the nite model property:

Example 3. The C-formula  given by
8x9ys(x;y) *8x9 1ys(y;x) *9x8y: s(y; x)

is satis able, but not nitely satis able. Forlet A = Nands” = fhi;i +1iji2
Ng. Then A £ . On the other hand, supposeB E . SinceB E 8x9ys(x;y),

27
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6 H
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Figure 4.1: The treeT,.

letf : B! B be afunction such thatf sB. SinceB F 8x9 1ys(y;x), f is
1{1. Since B F 9x8y: s(y;x), f is not onto. Therefore B is in nite. [

Actually, matters are even worse than Example 3 might lead o to expect.
It turns out that even nitely satis able C? formulas can require huge models.

Example 4. Forn 0, let T, be the complete, binary tree of depth 2 1,
as depicted in Fig. 4.1. (Note: ifa is a node in any treeT, we take the depth
of a, denoted d(a), to be the number of edges on the unique path froma to the
root of T; and we take the depth of T to be the depth of the deepest node.)
Thus, T, contains 2" 1 elements. Recalling the representation of a natural
numbern 2" 1 as a string of binary digits d, 1;:::;do (where the zeroth

Xi be satis ed by a node a just in case theith digit of d(a) is 1. Likewise,
fori < n, let X, be satised by a just in cased(a) < 2" 1 and the least
signi cant zero-digit in d(a) is the ith digit; and let X, be satis ed by a just in
cased(a) =2" 1. Finally, let r be satis ed by the pair of nodesha; b just in
casebis a daughter ofa.

Let n.o be the conjunction of all formulas
N

8x X; (x)$: Xi(x)" Xj(X) ;
0 j<i

for 0 i<n, together with the formula
AN

8x X,(x) $ Xj(x) :
0 j<n

Thus, .0 Xes the interpretations of the X; in terms of the X; in the required
way. Let .1 be the conjunction of the following formulas

8x8y r(x;y) ! (X (x) ! (X5 " Xi(y)
forO j<i<n ,and

8x8y r(x;y) ! (X;(x)! (Xj(x)$ Xj(¥)
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for 0 i<j<n . Recalling the standard algorithm for incrementing binary
numerals, we see that ,.1 asserts that the depth of a daughter of a node inT
is one greater than the depth of that node. Finally, let ., be the conjunction
of the fo;\mulas

9x DX (%) 8X(: X, (X) 19 2yr(x;y)) 8x9 1yr(y;x):

0 i<n

Thus, n.» asserts that there is a node of depth zero, that each node of gén
lessthan 2 1 has at least two daughters, and that no node has more that one
mother. Let , = no”™ n1” n2. Thus, T, F . Conversely, it is evident
that every model of |, contains an isomorphic copy ofT,.

We have shown that each , is nitely satis able, but not satis able over
any domain containing fewer than 2" elements. On the other hand, inspection
of the above formulas shows thatk ,k grows as a polynomial function ofn. O

Example 3 shows that the problems Satc? and Fin-Sat-C?> do not coin-
cide. Obviously, then, we cannot hope to establish the deciability of Sat-C?
by describing a procedure for guessing models of bounded siz Example 4
shows that even nitely satis able C?>-formulas in general require models of
doubly-exponential size. Again, it follows that we cannot hope to establish that
Fin-Sat-C? is in NEXPTIME by describing a procedure for guessing modelsof
exponential size. We remark that, in the course of the chapte a matching
upper bound is obtained to Example 4: any nitely satis able C? formula s
shown to have a model whose size is bounded by a doubly exporteh function
of k k. (A priori, this is by no means obvious.)

One technique of previous chapters that does usefully applyo C?, however,
is the existence of equisatis able Scott-form formulas.

Lemma 14. Let be aC>-formula. We can generate, in time bounded by a
polynomial function of k k, a quanti er-free L2-formula , a list of positive inte-

gersCy;:::;Cy and a list of binary predicatesf 1;:::;fy such that the formulas
and A
=8x8y( _x y)* 8X9=c,y(fr(x;y) " x 6 y) (4.1)
1 h m

are satis able over the same domains containing at leas€ +1 elements, where
C = maxy Cy,.

Proof. We construct the formula in stages.

Stage 1: Let o= 8x9y9x . (Thus, o and are satis ed in exactly the same

structures.) In the sequel, we takeu, v to denote the variablesx, y, in either

order. Suppose (o possesses a subformula(u) = 9 pv , with  quanti er-

free. Let p be a new unary predicate, andry, r, new binary predicates. De ne
1= o[p(u)= (u)] and

1:= 8u9=pVvri(u;v) *8uU9=p 1 Vra(u; V)"
8u8v(p(u) ! (! ra(u;v))) ~8u8v(: pu) ! (ra(u;v)! )
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We claimthat o and 1" 1 are satis able over the same domains containing
at least D + 1 elements. On the one hand, we havg= 1~ 1! (. Onthe
other, if AE o with jAj D +1, expand A to a structure A° as follows. Set
A%E pla]ifand only if AE [a). Forall a2 A, if AE [a], setA°E ri[a; b
for exactly D objectsb2 A including all those b such thatA £ [a;b]; and set
A°  ry[a; b for exactly D + 1 (randomly chosen) objectsb 2 A. Likewise, if
A 6 [a], set A°F ry[a; b for exactly D (randomly chosen) objectsb2 A; and
set A°F r,[a; 1 for exactly D + 1 objects b2 A such that A F [a;b. Itis
routine to check that A°= ;~ ;. Hence, g and ;" 1 are satis able over
the same domains of sizéd + 1 or more, as claimed. Similarly, if o contains
a subformula of the formsQu , with Q any of 9 p 9-p, 8v or 9v, proceed
analogously, subject to the obvious adjustments. Now procgs ; in the same
way, and continue until some formula  is reached having the form8x , with

quanti er-free. Set

R (O T &

Thus, %and , (and hence ) are satis able over the same domains of size at
least C% where CPis the largest quanti er subscript occurring in any of the ;.

Stage 2: By performing various trivial logical manipulations, we way take ©°

to be a conjunction of formulas of the forms
8x8y 8x9=pys(X;y);

where is a quanti er-free L? -formula, s is a binary predicate andD > 0.
Let be the result of replacing any conjuncts8x9-p ys(x;y) of © by the
four corresponding conjuncts

8x9-p 1Y(sAX;y) " x 6 y) 8x8y(s(x;x) ! (s(x;y)$ sAxy)))
8x9-py(s?x;y) A x 6y)  8x8y(: s(x;x) ! (s(xy)$ sXry));

where s and s? are new binary predicates. By an argument similar to that
employed above, ®and are satis able over the same domains containing at
leastD +1 elements. And, modulo some further trivial logical re-arrangement,

we may write
N

= gx8y Yx;y) " 8x9=c, Y(fr(X;y) " X 6 y);
1 h m

where 9(x;y) is a quanti er-free L2 -formula. Thus, and %are satis able
over the same domains containing at leasC + 1 elements, whereC = maxy, Cy,.

Stage 3: It remains only to reform the occurrences of in  qx;y). We
proceed exactly as in Lemma 3, obtaining a quanti er-freeL2-formula  such
that, restricting attention to domains containing at least 2 elements,

8x8y Ax;y) 8 x8y( (x;y)_x )

For such domains, then, %is logically equivalent to the formula  given in (4.1).
Moreover, it is obvious that the above computation can be e ected in time
bounded by a polynomial function of k k. O
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4.2 Classi ed signatures and featured predicates

Lemma 14 allows us to restrict attep\tion C2-formulas of the form

=8x8y( _x y)" 8X9=c, Y(fr(x;y) " x 6 Y);
1 h m

h ;(f1;:::;fm)i is called aclassied signature, and fq;:::;f, are referred to
as its featured predicates

The following de nitions illustrate how classi ed signatu res will be used in
the ensuing argument.

De nition 5.  Let A be a structure interpreting a classi ed signature h ;fi,
and let a2 A. The degreeof a in A is the maximum number of elements ofA
to which a is non-re exively related by any of the featured predicates

deg@;A) = max jfb2 AnfagjA F f[a;bogj;

wheref ranges over the featured predicate$ . If, for some nite C, deg(@;A)
C for all a 2 A, then we sayA is of nite degree, and write deg(A) to denote
the smallest suchC.

De nition 6. Let h ;fi be a classi ed signature, and let be a 2-type over

. We say that is a message-typgover ) if f(x;y) 2 for some featured

predicatef . If is a message-type such that ! is also a message-type, we say

that is invertible. On the other hand, if is a 2-type such that neither nor
1is a message-type, we say that is a silent 2-type.

Thus, a 2-type is an invertible message-type if and only if there are featued
predicatesf and f %such that f (x;y) 2 and fYy;x) 2 . The terminology is
meant to suggest the following imagery. LetA be a structure interpreting the
classi ed signature in question. If tp”[a;b] is a message-type , then we may
imagine that a sends a message (of type) to b. If is invertible, then breplies
by sending a message (of type ') back to a. If tp A[a; b is silent, then neither
element sends a message to the other.

At this point, we are ready for a technical lemma regarding stuctures inter-
preting classi ed signatures; this lemma will be useful in ®veral places in the
ensuing argument.

Lemma 15. Let A be a structure of nite degree interpreting a classi ed sigra-
ture h ;fi with m featured predicates, and letC = deg(A). Suppose that and

Oare 1-types over (not necessarily distinct), both realized in A more than
(mC + 1)? times. Then there exist distinct elementsb; ¥ with tpA[b] = and
tpA[° = O such thattp”[b; 1] is a silent 2-type.
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Proof. Let B be a set of elements having 1-type , with jBj = (mC)?+ mC +1,
and let B® be a set of elements having 1-type © disjoint from B, with jBY =
mC + 1. (Note that, since jBj+ jBY =(mC +1)?+1, and since and °are
realized in A at least (mC +1) 2+1 times, such sets can be found evenif = ©9)
Let

Bo = fb2 B j for someb’2 B° b’ sends a message tbg:

Since degf) = C and jBY = mC +1, we have jBoj mC(mC +1). So let
b2 B nBy. But again, since b can send a message to at mosnC elements of
BY, there existsb’2 B such that b does not send a message td. O

The greatest challenge when analysing the fragmen€? is the varied nature
of the models of its formulas. It is therefore important to be able to con ne
attention to structures exhibiting certain characteristi cs which make them easier
to manipulate. The notions of chromaticity and di erentiation are particularly
valuable in this regard.

De nition 7.  Let A be a structure interpreting a classi ed signature h ;fi.
We say that A is chromatic if distinct elements connected by a chain of 1 or 2
invertible message-types have distinct 1-types. That is,A is chromatic just in
case, for alla; a%a%2 A:

1. ifa6 aland tp”[a; aJ is an invertible message-type, then tf[a] 6 tp A [a];
and

2. if a;a%a%are pairwise distinct and both tp”[a; a and tp”[a% a%] are in-
vertible message-types, then tf [a] 6 tp *[a%.

Chromatic structures are easy to work with because they exhiit the follow-
ing properties:

Remark 3. Let A be a chromatic structure interpreting a classi ed signature
h ;fi, and let °be a 1-type over . Let a be an element ofA. Then there is
at most one elementa®2 A nfag with 1-type °such thata sends an invertible
message taa’. Furthermore, if tpA[a] = © then there is no such elemeng®
(Fig. 4.2.)

Structures of nite degree interpreting a classi ed signature h ;fi can be
rendered chromatic by means of a modest expansion:

Lemma 16. Let h ;fi be a classi ed signature withm featured predicates, and

let A be a structure of nite degree interpreting . Then A can be expanded to a
chromatic structure A° by interpreting dog((mC)? + 1) e new unary predicates,

where C = deg(A).

Proof. Consider the (undirected) graph G on A whose edges are the pairs of
distinct elements connected by a chain of 1 or 2 invertible mssage-types. That
is, G=(A;El[ E?), where
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Figure 4.2: Invertible messages sent by in a chromatic structure A: neither a°
nor a%®can have the same 1-type as’.

El=f(a;a%)ja6 a’and tp”[a;a] is an invertible message-typg
E2=f(a;a% ja6 a’and for somea’2 A, (a;a" and (a%a% are
both in Elg.

Since A has degreeC, the degree ofG (in the normal graph-theoretic sense) is
at most (mC)2. Now use the standard (greedy) algorithm to colour the nodes
of G with (mC)? + 1 colours in such a way that no edge joins two nodes of
the same colour. By interpreting the dog((mC)? + 1) e new unary predicates to
encode these colours, we obtain the desired chromatic expaion of A. O

We turn now to the concept of di erentiation:

De nition 8.  Let A be a structure interpreting a signature , and let K be a
positive integer. We say that A is K -di erentiated if, for every 1-type over ,
the number u of elements inA having 1-type satiseseitheru 1oru>K .

Thus, in a K -di erentiated structure, every 1-type is realized either at most
once or more thanK times. Any structure can be made di erentiated by means
of a modest expansion; moreover, such an expansion presesvehromaticity:

Lemma 17. Let A be a chromatic structure of nite degree interpreting a
classied signature h ;fi, and let K be a positive integer. Then, by inter-
preting dlogK e new unary predicates, A can be expanded to a chromaticK -
di erentiated structure A° with deg(A) = deg(A9.

Proof. For each 1-type realized more than once but no more thanK times,
colour the elements having 1-type using K di erent colours. For each 1-type

O realized either once or more thanK times, colour the elements having 1-
type Cusing a single colour. At mostK colours are required for this process.
By interpreting the dogK e new unary predicates to encode these colours, we
obtain the desired expansionA° This process obviously preserves chromaticity
and degree. O

4.3 Structures interpreting classi ed signatures

be the total number of predicates in . As in Chapter 3, we assume astandard
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h ;fi a classi ed signature
S the number of symbols in
L the number of 1-types over
M the number of invertible message-types over
M the number of message-types over
100 L the 1-types over
1,000 M the invertible message-types over
M +1.:.:; wm | the non-invertible message-types over

Table 4.1: Quick reference guide to symbols.

. Again, the ordering of message-types in this enumerationis essentially ar-
bitrary: for notational convenience, however, we shall insst that the invertible
message-types always precede theon-invertible message-types in this enumera-
tion. Thus, we assume that the message-types over are standrdly enumerated
as

1i:55 M 3 M +15::55 M

where q;:::; m are the invertible message-types, and y +1;:::; m the
non-invertible message-types. The above notation, which Vil be used through-
out this section, is summarized in Table 4.1.

Remark 4. The numberM of message-types over satises M m24 1,

Our rst task is to acquire the means to talk about “local con gurations' in
structures of nite degree interpreting .

De nition 9. Let A be a structure of nite degree interpreting , and let
a be an element ofA. The prole of a in A, denoted pr*[a], is the M -tuple
v =(vq;:::;vy ) of natural numbers where, forallj (1 | M),

v = ffb2 Anfag:tpAla;l = |gj:

The tuple pr*[a] records, for each message-type; (1  j M), how
many elementsa sends a message of type; to. Since A is assumed to be of
nite degree, this number must be nite. For the next de niti on, recall that
(Notation 1), if is a 2-type (with variables x, y), then tp,( ) is the 1-type
consisting of those literals in  not featuring y.

De nition 10. A star-type over is a pair = h; vi, where is a 1-type
over and v = (vy;:::;vm) is an M -tuple of natural numbers satisfying the
condition that, forall j (1 | M),

v; > 0 implies tp,( j) =
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If Ais a structure of nite degree interpreting , and a2 A, then hip” [a]; pr” [a]i
is evidently a star-type, which we call the star-type ofa in A, denoted st*[a].
We say that the star-type is realizedin A if = st”[a] for somea2 A.

It helps to think of st”[a] as a description ofa's “local environment' in A.
Thus, a star-type = h; vi is a description of a possible such local environment.
Importantly, certain features of structures are expresseds features of these local
environments.

De nition 11. Let = h; (vi;:::;vm)i be a star-type over . We call
C-boundedif, forall h (1 h m),

X
fvijl j Mandfh(x;y)2 jg C:

Furthermore, we call chromatic if, for every 1-type ©, the sum

X

c=  fvyjl j M andtp,( )= &

g
satisesc 1, and satisesc=0if 0=

Remark 5. Let A be a structure of nite degree interpreting and C a natural
number. Then deg(A) C if and only if every star-type realized in A is C-
bounded. Furthermore, A is chromatic if and only if every star-type realized in
A is chromatic.

The concept of C-bounded star-types is important, because (having xed
h ;fi) there are only nitely many of them. For the next remark, rec all that
m is the number of featured predicates,L the number of 1-types, andM the
number of message-types.

Notation 2. If = h; (vq;:::;vm)i is a star-type, we denote the numbery;
@ j M)by [

Remark 6. Let be aC-boundeg star-type over . Then, for all j (1

j M), T[] C, and, in fact, Y 1] mC. Further, if C is a
natural number, the number of C-bounded star-types over is bounded above by
L(C+1M.

SinceM can be as high agn2* 1, wheres is the number of symbols in ,
the expressionL (C + 1)M represents a doubly-exponential function ofs, which
as we shall see, is too rapidly-growing for the complexity bonds we hope to
achieve. Obtaining a tighter bound on the the number of di erent star-types
realized in models ofC?-formulas is thus one of the key issues to be addressed in
this chapter; however, for the present, we put this issue to ae side. We mention
one further, obvious property of chromatic star-types.

Remark 7. Let be a chromatic star-type over , and letj and j° be integers
between 1 andM (so that j and jo are invertible message-typgs If b=

jo, then either [[]=0 or [[9=0. In particular, if 1-1: j,then [j]=0.
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Having dealt with characterizations of local con gurations in structures in-
terpreting , we now turn to characterizations of entire str uctures. We begin
with an auxiliary notion.

De nition 12. Let A be a structure interpreting , and let , 9be 1-types
(not necessarily distinct). We say that and °form a quiet pair in A if there
exist distinct a;a’2 A such that tp”[a] = , tpA[a% = © and tp”[a;a is a
silent 2-type.

Informally, and °form a quiet pair just in case some element with 1-type
neither sends a message to, nor receives a message from, sateenent (itself
excepted) with 1-type °

De nition 13.  Let denote the set of silent 2-types over , and let | be the
set of unordered pairs of (not necessarily distinct) integes between 1 andL:

thatis, | = ffi;i%9j1 i i° Lg. Aframe (over isatuple F =(; Q; ),
satisfying:
1. = 1;:::; n)is an N-tuple of pairwise distinct star-types for some
N > 0;
2.Q 1 ;and
3. :Q! is a function such that, for all fi;i% 2 Q with i i0

tp,( (Fi;i%) = i and tp( (Fi;i%)= o
The dimensionof F is N.

Think of a frame F = ( ; Q; ) as a (putative) schematic description of a
structure, where tells us which star-types are realizedQ tells us which pairs
of 1-types are quiet, and selects, for each quiet pair of 1-types, a silent 2-type
joining them. More precisely:

De nition 14.  Let A be a structure interpreting ,andlet F =( ; Q; )bea
frame over . We say that F describesA if the following conditions hold:

1. is alist of all and only those star-types realized inA;

2. if ; and ;o form a quiet pair in A, then fi;i% 2 Q;

3. if jand ;o form a quiet pair in A, then there exist distinct a;a’2 A such
that tp A[a;a = (fi;i%).

Any structure A interpreting is evidently described by some (not neces-

sarily unique) frame.

De nition 15. Let F = (; Q; ) be a frame over . We call F C-bounded
if every star-type in  is C-bounded. Likewise, we callF chromatic if every
star-type in  is chromatic.

The following remark is just a re-statement of Remark 5.
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Remark 8. Let A be a structure of nite degree interpreting , and let F
be a frame describingA. Then deg(A) C if and only if F is C-bounded.
Furthermore, A is chromatic if and only if F is chromatic.

Thus, certain interesting properties of A correspond to properties of the frames
which describe it.

However, while every structure interpreting is described by some frame,
not every frame over describes a structure; and it is important for us to de ne
a class of frames which do. To this end, we associate with a frae F a collection
of numerical parameters, as follows.

Notation 3. LetF =( ; Q; ) be aframe over ,where =( 1;:::; n), for
someN > 0, and recall the notation established in Table 4.1. IfF is clear from
context, for integersi;k intheranges1 i L,1 Kk N write:
(
_ Liftp( k)= i
Ok = S
0 otherwise;
1if, forallj (1 j M), tp,( ;)= i implies ¢[j]=0
Pik = .
0 otherwise;
X
Mk = k[, whereJ = fj jM +1 j M andtp,( ;)= ig;
'B(ZJ
Sk = kil whered =fjj1 j Mandtp,( ;)= o
j23
In addition, for integers i;j intheranges1 i L,1 j M ,write:
Gk = kbl

These parameters have the following intuitive interpretations.

Remark 9. Let A be a structure of nite degree interpreting , and let F be a
frame describing A. Then the symbolsoi , pik. Gk, rik and sy in Notation 3
have the following interpretations with respect toA:

1. ok =1 justin case every element with star-type  has 1-type i;

2. pk =1 justin case no element with star-type ¢ sends a message to any
element having 1-type i;

3. gk counts how many messages @fnvertible) type ; any element having
star-type  sends;

4. ri is the total number of elements having 1-type; to which any element
having star-type « sends a non-invertible message; and

5. si is the total number of elements having 1-type; to which any element
having star-type x sends a message.
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With this notation in hand we can characterize a class of franes whose
members are guaranteed to describenite structures over .

De nition 16. Let F =(; Q; ) be aframe over , where =( 1;:::; N
Let w=(wg;:::;wy) be a tuple of positive mtegers Using Notation 3, for aII
i i L)ali°c i°® L)andallj (@ j M), let
X X X
uj = Oik Wk V) = Gk Wk Xijio = Oik Piox Wi :
1 k N 1 k N 1 k N

Let Z be a positive integer. We say thatw is a nite Z-solution of F if the
following conditions are satised forall i (1 i L), ali®@ i° L), allj
@ j M)andalk (@ k N):

(C1) vj = vjo, wherej®is such that T

(C2) sk uj;

(C3) u loru>2Z;

(C4) if ox =1, then either u; > 1 orrjox  Xjoi;

(C5) if fi;i% 62 Qthen either u; 1 orupo 1;

(C6) if fi;i% 62 Qand oy =1, then rjox  Xjo;.

If a nite Z-solution exists, F is said to be nitely Z-solvable

The conditions C1{C6 in De nition 16 form a system E of linear equations
and inequalities with integer coe cients; and F is nitely Z-solvable if and only
if E has an a solution over the natural numbers. Moreover, iff, Z and E are
encoded in the obvious way (in particular, with integers repesented as binary
strings), we see thatkEkis bounded by a polynomial function ofkFk + blogZc.

Lemma 18. The problem of determining whether a frameF over a classi ed
signature is nitely Z-solvable is in NP, given standard encoding of the inputs
F and Z.

Proof. Immediate from Corollary 3 O

Remark 10. Let A be a structure of nite degree interpreting , and let F =

(; Q; ) be a frame describingA. For all k (1 k N), let wy be the number
of elements ofA having star-type , in A. In that case, the symbolsu;, v; and
Xjio in De nition 16 have the following interpretations with respect to A:

1. u; is the number of elementsa 2 A such thattp”[a] = ;;
2. vj is the number of pairsha;bi 2 A2 such thata& band tp”[a;b = ;;

3. Xjio is the number of elementsa 2 A such thattp”[a] = ; and a does not
send a message to any element having 1-type.
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Recall the notion of di erentiation introduced in De nitio n 8.

Lemma 19. SupposeA is a nite structure interpreting (hence, of nite
degree), letC = deg(A), let K (mC +1)2?, and letF = ( ; Q; ) be a frame
describing A. If A is K -di erentiated, then F has a nite K -solution.

Proof. Let = ( 1;:::; n), and let we = jfa2 A :sth[a] = gj for all k
(I  k N). We show that w = (wz;:::;wy) is a solution of F. In doing

CL:If | L= jo, then the setsftha;bij a6 band tpA[a;l = jg and fha; ki j
a6 band tp“[a; = jog can obviously be put in 1{1 correspondence, namely:
he; bi 7! hb;a. But the cardinalities of these sets arev; and vjo, respectively.

C2: SinceF describesA, any element of A having star-type  sends a message
to exactly si elements having 1-type ;. But u; is the number of elements of
A having 1-type . Since  is realized inA, sk U;.

C3: Immediate given that A is K -di erentiated.

C4:If o =1and u; 1,thenu; =1, so that A contains exactly one element
with 1-type i; moreover, this element has star-type x. Denote this element by
a. Thus, a sends a non-invertible message to exactly;ox elements with 1-type
io. Clearly, none of these elements sends a message backat¢since otherwise
a's message to it would be invertible), so that there exist at kastr;o elements
with 1-type o which do not send a message ta. But since a is the only element
with 1-type i, there exist at leastrijox elements with 1-type ;o which do not
send a message to any element having 1-typg. In other words, rijox  Xioj.

C5: Supposeu; > 1 anduje > 1. Now, the structure A is K -di erentiated; hence
up > (MC +1)2, and ujo > (MC + 1)2. But deg(A) = C, so that Lemma 15
implies that ; and o form a quiet pair in A, and hence, since= describesA,
that fi;i% 2 Q.

C6: SinceF describesA, fi;i % 62 Qmplies that ; and ;o do not form a quiet
pair in A. Now if ox = 1, there exists at least one elementa having 1-type
i and star-type . Moreover, there arex;q elements having 1-type jo which

do not send a message to any element having 1-typg, and hence at leastx;o;

elements having 1-type ;o which do not send a message ta. Therefore,a sends
a message (in fact, a non-invertible message) to all of thes"dements. But since
a has star-type g, a sends a non-invertible message to exactly;o elements
having 1-type jo. Thus, riox  Xjoj. O

We now prove a converse of Lemma 19, for the special case of ommatic
frames.

Lemma 20. Let F be a chromatic, C-bounded frame, and letK 3mC. If
F has a nite K -solution, then there exists a nite structure A such that F
describesA.
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Proof. Let F =(; Q; ), let =( 1;:::; ~n), and let w = (wq;:::;wy) be
a nite K-solution of F. In the sequel, we use the symbol®i , pi, Gk, lik
and sy (with indices in the appropriate ranges), as speci ed in Nofation 3, and
the symbolsu;, v; and xjio (again, with indices in the appropriate ranges), as
speci ed in De nition 16. Hence, the conditions C1{C6 of De nition 16 hold.

Foreveryk (1 k N), let A be a set of cardinality wy, and let A be the
disjoint union of the Ax. Think of Ay as the set of elements which ‘want' to
have star-type . In addition, we deneforall i (1 i L), alli°1 i° L)
andallj (2 j M):

[
U= fAxjl k Nandox =19
[
Xijio= fAkjl k N andoikpiokzlg
Vi= fAcjl k Nandgx =10

Since F is chromatic, ok 1forallj (1 | M )andallk (1 k N).
Thus, for all i, i°and | in the appropriate ranges:

jUij = ui; 1Xiiof = Xiio; Vii= v

Think of U; as the set of elements which "want' to have 1-type ;, Xjio as the
set of elements inU; which do not "'want' to send a message to any element in
Uio, and V; as the set of elements which "want' to send an (invertible) mesage
of type ; to some other element. We remark that Ay U; if and only if
tp( )= i. Moreover,forallj (1 j M ), ifV; 6 ;, there exists a uniquei
(1 i L)suchthatV, Ulnamely, that i suchthattp,( j)= i. We now
convert the domain A into a structure A in four steps.

Step 1 (Interpreting the unary predicates and diagonals of binary predicates):
Foreveryk (1 k N)andeverya?2 Ay, set tp”[a] =tp( «). At the end of
this step, we have, for everyi (1 i L) andeverya?2 U;, tpA[a]= ;.

Step 2 (Fixing the invertible message-types): For everyj (1 | M ), let
i be such that j = jo. By C1,V, and Vjo are equinumerous. Ifj%>j,
pick some 1{1 correspondence betweel and Vjo; and for every a 2 V;, set
tpAla;a = i, where alis the element of Vjo corresponding toa 2 V,. This
completes Step 2. We must show that these assignments are maagful, do
not clash with Step 1, and do not clash with each other. Suppos then that
the assignment tf*[a;a% = ; is made, and that ; * = jo. Thus, a 2 V,
and a°2 Vjo. To show that the assignment is meaningful, we must prove th&
a 6 a’ For contradiction, supposea = a% and let k be such thata 2 Ag.
But then [j]> 0 and ¢[j9 > 0, which is impossible by Remark 7. To show
that the assignment does not clash with Step 1, suppose; b= jo, and let i,
i%be such thatVj Ui and Vjo  Ujo. As observed above, | = tp ;( j) and
io=tp 1( jo) =tp »( ), which conforms to the assignments in Step 1. To show
that these assignments do not clash with each other, it su ces to prove that,
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Case 2:uy; =1 Case 5:uj;ujo>K  3mC
Figure 4.3: Dealing with non-invertible messages betweet); and Ujo.
ifa2Vi\ Vh, a2 Vio\ Vo ;'= joand ' = po thenj = h. Suppose

then that the antecedent of this conditional holds; let k and k° be such that
a2 Ag anda®2 Ago. Then o[j9> 0 and o[h9 > 0. Since (o is a star-type,
tp1( j0) = tp 1( o), whence tp,( ) =tp 5( n). But «[j]> Oand «[n] > O,
and since  is a chromatic star-type, j = h. Note that, if ! = i, then
V; = ; by Remark 7. Thus, at the end of Step 2, for every element 2 A and
everyj (1 j M ), a sends a (unique) message of type; to some other
elementifandonlyifa2 V,. Thatis: forall k (1 k N), all a2 Ay, and all
j (@ j M), there are exactly ¢[j] elementsa®2 A such that a 6 a°and
tpAla;al = i We make one further observation before proceeding. Suppes
that tp A[a; &’ is assigned in this step and thata 2 U;; we claim that a® 62X
for any i% To see this, suppose 2 V, U and a2 Ao Vjo, with i 1= jo.
Then tp( j) =tp ,( jo) = ;. Butthen ko[ 9 > 0, whencepio = 0, whence
a’62X 0. This observation will be useful in Step 3.

Step 3 (Fixing the non-invertible message-types): Leti and i° be such that
1 i i% L. We x all the non-invertible messages sent, in either diredion,
betweenU; and Ujo. By C3, either u; 1 oru; > K ; similarly, either ujo 1
or ujo > K . We consider ve cases.

Case 1: u; = 0. In this case, there are no elements otJ); and hence no 2-type
assignments to be made between elements tf and elements ofU;o. Note that,
by C2,six =0forall k(1 k N), whence ([j]=0forall k(1 k N)
and for all j (1 | M) such that tp,( j) = . (Intuitively, no element
of Aland in particular of  Ujo|'wants' to send a message to an element with

1-type | anyway.)

Case 2: u; = 1. The situation is illustrated in the left-hand diagram of Fig. 4.3.
Let a be the sole element olJ;, and let k be such thata 2 Ax. We deal rst with
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the assignment of non-invertible messages sent frordje to U; = fag. Consider
anya®2 Ao Ujo. By C2, sko  1; hence there is at most one value df in the
rangel j M suchthattp,( ;)= iand go[j]> 0. Suppose then that such
aj exists. Again, sincesxo 1, ko[j]=1. If ] M , then this message has
already been dealt with in Step 2; sowe may assumé +1 | M. Itfollows
from C4 that i 6 i% Hencea 6 a° so that we may set tp*[a%a] = . Since
tp1( j) = o andtp,( ;) = i, this assignment does not clash with Step 1.
Observe also that, just as in Step 2, if this assignment is maé, we have, by
de nition, pio =0, so that a® 62X;s. By carrying out the same procedure for
all a2 U;0, we complete the assignment of non-invertible messages sdérom U;o
to U;. It remains to deal with the non-invertible messages sent fom U; = fagto
Uioe. Remembering thata 2 Ay, C4 ensures the existence of a subs@® X
such that jRj = rjoc. Foreachj (M +1 j M), iftp,( ;)= o, select «[j]
fresh elementsa® of R, and make the assignment tf' [a; a"] = i (There are
enough such elements by the de nition ofrio.) These assignments clearly do
not clash with those made in Step 1. Moreover, we have obserdehat tp * [a; aJ
has previously been assigned (either in this step or in Step)2only if a°62X 0.
Thus, these assignments do not clash with those made earlidn this step or
those made in Step 2.

Case 3: ujo=0and u; >K . Symmetrical to Case 1.
Case 4: ujo =1 and u; >K . Symmetrical to Case 2.

Case 5: u; >K andujo>K . SinceK 3mC, partition U; into three setsU;o,
Ui1, U2, each containing at leastmC elements; and similarly for Ujo. Suppose
a2 U. Then for someh (0 h< 3),a2 Uy. Let k be such thata 2 A,
and let h°= h+1 (mod 3). Forall j (M +1 j M), select ][j] fresh
elements a® of Uiono such that tp”[a;a] was not assigned in Step 2, and set
tpA[a;al= ;. By Since  is C-bounded, by Remark 6, , ; \ «li] mC;
and sincejUionoj  mC, we never run out of fresh elements to select. In this way,
we deal with all messages sent fron; to Ujo; the messages sent frontjo to U;
are dealt with symmetrically. It is obvious that these assigyments do not clash
with Step 1 or Step 2; and the fact that h®= h + 1 (mod 3), ensures that they
do not clash with each other (even ifi = i9, as is evident from the right-hand
diagram of Fig. 4.3.

Performing these assignments for all pairs;i °suchthat1 i i° L completes
Step 3. At the end of Step 3, then, forallk (1 k N), all a2 Ay, and all
j (L j M), there are exactly [j] elementsa®2 A such that a 6 a°and
tpha;al= .

Step 4 (Fixing the silent 2-types): Finally, we use the componentsQ and of
F =(; Q; ) to deal with all the remaining 2-types in A. Let a;a° be distinct
elements of A such that tp”[a;a has not yet been assigned. Let;i%k;k°
be such thata 2 Ay, Uj and a®2 A U, and assume, without loss of
generality, that i i% We claim that fi;i% 2 Q. For suppose otherwise.
By C5, we have eitheru; = 1 or ujo = 1. Assume the former. If pxo = 0,
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then there is somej® (1 j° M) such that o[j9 > 0 and tp,( jo) = |,
whence|bearing in mind that a is the unique element of Ui|tp “[a;a% will
certainly have been assigned in Step 2 (if jo is an invertible message-type)
or in Step 3 Case 2 (if ;o is a non-invertible message-type), contradicting the
fact that tp A[a;a% is unassigned. Thus,pxo = 1, and hence ojocopiko = 1.
That is: a2 Xijo. But jXioj = Xjoi. And by C6, Xjo;  rijo. Yetin Step 3
(Case 2),rio elements ofX ;o were chosen to receive messages from Hence
a’ must be among these elements, again contradicting the facthat tp”[a; a‘
is unassigned. The case whergjo 1 proceeds symmetrically. Thus, we have
established that, if tp”[a; a% has not yet been assigned, theffi;i % 2 Q, so that
we can make the assignmenttf[a;a% = (fi;i%). Since tp,;( (fi;i%))= i and
tp,( (fi;i%)) = o, there is no clash with Step 1. Evidently, we can proceed in
this way until all remaining 2-types have been assigned. Mogover, since each
(fi;i%) is silent, this step does not spoil the work of Steps 2{3: we til have
that, forall k (1 k N),alla2 Ax,andallj (1 j M), there are exactly
k[i] elementsa®2 A such that a6 a’and tp”[a;ad = ;.

This completes the construction ofA. It is easy to see thatF describesA. O

We need to generalize the above results to allow us to deal witin nite
structures. In fact, there is little further work to do.

Notation 4. Let N denote the setN[f@ og. We extend the ordering> and the
arithmetic operations + and from N to N in the obvious way. Speci cally, we
dene@>nforalln2 N;wedene@+@=@ @= @and0@ = @ 0=0;
wedenen+ @=@+n=@foralln2 N;andwedenen @=@ n= @
for all n 2 N such that n > 0. Under this extension,> remains a total order,
and +, remain associative and commutative.

A system of linear equalities and inequalities de ning an irteger program-
ming problem can of course be re-interpreted so that solutins are sought not
over N but over N . (We always assume that the coe cients occurring in such
problems are inN.) As an example, the single inequalityx;  x; + 1 has no
solutions overN, but it does have a solution overN , namely, X1 = @.

Lemma 21. Let E be a nite set of linear inequalities of the form
@+ axit+t FanXn bt bixp+ o+ Xy

in variables x1;:::;Xn. Here, all coe cients are assumed to be inN. If E has
a solution over N , then E has a solution overN such that all nite values are
bounded by some xed exponential function okEk

Proof. Suppose thatE has a solution overN . Re-order the variables if necessary

(0 k n)and @ an (n k)-tuple of @s. Say that an inequality in E does
not involve the variable x; if the corresponding coe cients a and by are both
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N, whence, by Theorem 4, it has a solutionw® with values bounded by some
xed exponential function of kE% (and hence ofkEK). But it is easy to see that
wo@ is a solution of E. O

Lemmas 15, 16 and 17 apply to both nite and in nite structure s. De ni-
tion 16 requires modi cation, however.

Denition 17. Let F = (; Q; ) and Z be as in De nition 16. Let w =

solution of F if w satis es the conditions of De nition 16, but with the arithm etic
interpreted over N as speci ed in Notation 4.

We then note that the reasoning of Lemmas 19 and 20 works unptademat-
ically for countably in nite models.

Lemma 22. SupposeA is a structure of nite degree interpreting , let C =
deg(A), let K (mC +1)2 and letF =( ; Q; ) be a frame describingA. If
A is K -di erentiated, then F has aK -solution.

Lemma 23. Let F be a chromatic, C-bounded frame, and letk 3mC. If F
has aK -solution, then there exists a structureA of nite degree interpreting
such that F describesA.

The proofs are exactly the same as in the nite case. Note thathe variables
uj, vj and x;o as well as thew, may now take the value @; by contrast,
the coe cients Oy, Pik, Gk, Nk and si remain nite. Remark 10 generalizes
unproblematically to countably in nite structures, so tha t the quantities uj, v,
and x;i o (implicitly) mentioned in De nition 16 continue to have the ir familiar
interpretations. The proofs of Lemmas 22 and 23 then proceeéxactly as for
Lemmas 19 and 20.

Finally, we note that Lemma 18 also generalizes to the in nite case.

Lemma 24. The problem of determining whether a frameF over a classi ed
signature is Z-solvable is in NP, given standard encoding of the input$ and
Z.

Proof. Immediate from Lemma 21. O

Lemmas 19 and 20 put us in a position to characterize exactlytiose frames
F which describe nite, chromatic, (mC + 1) 2-di erentiated structures over .
Likewise, Lemmas 22 and 23 put us in a position to characteriz exactly those
frames F which describe nite-degree (but not necessarily nite), chromatic,
(mC + 1) 2-di erentiated structures over . The signi cance of these charac-
terizations lies in the facts that: (i) the number of C-bounded frames over
is nite; and (ii) if a frame does describe a structure, then that frame alone
contains enough information to determine the truth of a suitable Scott-form C?
formula in that structure, as we shall presently see.

For the next dq,nition, recall that a 1-type  is simply a nite collection of
formulas, so that denotes the conjunction of those formulas; similarly for
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De nition 18.  Let be any formula over the signature having the form
N

=8x8y( _x y)" 8X9=c,y(fr(x;y) " x 6 Y);

1 h m

where is a quanti er-free L2-formula, m is a positive integer, and theCy, are

positive integers. LetF =( ; Q; ) be a frame over , where =( 1;:::; n).
We write F j= if the following conditions are satis ed:
1. forvall k (1 k N) and all j (1 j M), if [j] > O then
Foogt )™ (X

2. forallfi;iogZQ,j:V fi;i%) ! xy)™ (y;x)

3. foralk (1 k N)andallh(1 h m), the sum of all the [j]
(1 j M)suchthat fr(x;y)2 ; equalsCy.

Lemma 25. Let A be a structure of nite degree interpreting , and let be
a formula of the form given in De nition 18. If F is a frame describing A,
and F j= ,then AE . Conversely, if AE , then there exists a frameF
describing A, such that F j=

Proof. The rst statement of the lemma is almost immediate. For the second
statement, supposeA £ . Let be a list of exactly the star-types realized in
A, and let Q be the set ofexactly those setsfi;i % such that ; and ;o form a
quiet pair in A. For all fi;i% 2 Q with i i pick a, a® with tpA[a] = ; and
tpA[a% = o such that tp”[a;a is a silent 2-type; and set (fi;i %) =tp *[a;a].
Then F = h; Q; i describesA. (Note that Q contains only those pairsfi;i%
which it must contain in order for F to describeA.) It is then easy to see that
Fi= . O

We now have all the essential ingredients for proving that Fn-Sat-C> and
Sat-C? are decidable. By Lemma 14 we can restrict attention to formuas
in Scott normal form. Consider the case of Fin-Sat€?. By the discussion of
Section 4.2 we can restrict attention to nding a nite, chro matic (mC + 1) -
di erentiated model of . And by Lemmas 19 and 20, we can reduce the task
of determining the existence of such a model to that of nding a chromatic,
C-bounded, nitely ( mC + 1) ?-solvable frameF such that F j= . But we may
enumerate all C-bounded framesF , and check for nite (mC + 1) 2-solvability
by Lemma 18. The case of Sat? proceeds analogously.

The above argument even provides us with an upper complexitypound: if
the size of the input formula is n, then we may work with a classi ed signature
whose size is bounded by a polynomial function ofi. Moreover, we may con ne
attention to C-bounded frames, whereC is bounded by an exponential function
of n. The size of any C-bounded frameF over is therefore bounded by a
doubly exponential function of n. Such a frame may therefore be guessed and
checked for ( nite) ( mC+1) 2-solvability in non-deterministic doubly exponential
time. Thus, Fin-Sat-C?> and Sat-C> are both in 2-NEXPTIME. In the next
section, we see how to reduce this upper bound to NEXPTIME.
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4.4 Approximating structures

Thus, \structure" means \structure interpreting ", \1-ty  pe" means \1-type
over , and so on. We also continue to employ the symbolss, L, M , M,

1;:::; L and 1;:::; m as summarized in Table 4.1. The rst step is to
manufacture some tools for manipulating structures.

Notation 5. Let A be a structure, a 1-type, and a set of 1-types. When
A is clear from context, denote by A the setfa 2 Ajtp”[a] = g, and denote
by A the setfa?2 Ajtp”[a] 2 g. In addition, denote by ¢ the set of all and
only those 1-types not contained in .

Remark 11. For any structure A and any set of 1-types , A < = AnA .

We need to elaborate the notion ofpro les, introduced in De nition 9. Re-
call, in this regard, that 1;:::; u are the message-types (invertible and non-
invertible).

De nition 19.  Let A be a structure of nite degree, let a be an element ofA,
and let be any set of 1-types. The - prole of ain A, denoted pr*[a], is the
M -tuple v = (vq;:::; v ) of natural numbers where, forallj (1 j M),

v = jffb2 A :b6 aandtpla;b= g

From De nition 9, we see that pr”[a] is the tuple pr®[a] in the case where
is the set of all 1-types.

Remark 12. For any set of 1-types , the tuple pr” [a] is obtained from the tuple
prA[a] by simply zeroing itsj th coordinate whenevertp,( ;) is not a member of
. Hence, if © , then prA.[a] always determinespr”[a].

De nition 20.  Let A be a structure of nite degree, let a be an element ofA,
and let be any set of 1-types. The - count of a in A, denoted ct*[a], is the
m-tuple u = (uy;:::;um) of natural numbers where, forallh (1 h m),

u, = jfb2 A :b6 aandA F fy[a;bg;:

If is the set of all 1-types, we call ct A[a] simply the count of ain A, and denote
it ctA[a].

The tuple ct”[a] records, for each counting predicatef, (1 h m), the
number of elements with 1-type in to which a is non-re exively related by
fn. In particular, ct A[a] records, for each counting predicatef, (1 h m),
the number of elements to whicha is non-re exively related by f},. Notice that
prA[a] is an M -tuple, while ct”[a] is an m-tuple.
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Remark 13. For any set of 1-types , prA[a] determinesct”[a]. Speci cally, if
prifal = (vi;:::;vm) and cth[a] = (ug;:::;um) we have, forallh (1 h m)
X

Up = fvijl j M andfh(xy)2 jo

Of course, ct'[a] does not in general determine pt[a], because it contains
strictly less information. Think of the tuple ct A[a] as providing a “statistical
summary' of the tuple prA[a].

De nition 21.  Let A and A®be chromatic structures of nite degree over some
common domainA, let be a set of 1-types, and let B be a subset ofA. We

call A%a ( ;B)-approximation to A if every 2-type realized in A%is also realized
in A, and, for all a2 A:

1. tp”°[a] = tp A[al;
2. prAc[a) = pr A, [al;
3. a2 AnB implies prA’[a] = pr A[a];

4. a2 B implies ct*’[a] = ctA[a].

Very roughly, a ( ;B)-approximation to A is a surgically modi ed version
of A in which only the -pro les of elements of B have been interfered with. In
particular: all elements of A retain their old 1-types and their old °-pro les;
all elements of A nB retain their old pro les; and all elements of B retain their
old -counts. In addition, chromaticity is preserved, and n o new 2-types (or
1-types) are introduced. We remark that, in Condition 4 of De nition 21, the
restriction that a 2 B is in fact logically redundant, since if a 628, Condition 3
certainly entails ct”’[a] = ct A [a].

Remark 14. Let A, A% and A% be chromatic structures of nite degree over

some common domainA, let , ©be sets of 1-types and leB, B be subsets
of A. Then A is a ( ;B)-approximation to itself. Furthermore, if ACis a
( ;B)-approximation to A, Oand B B then A%is also a( %B9-

approximation to A. Finally, if A%is a ( ;B)-approximation to A, and A%is a
( ;B)-approximation to A then A%is a ( ;B)-approximation to A.

A crucial fact about ( ; B)-approximations is that they maintain satisfaction
of certain Scott-form formulas.

Lemma 26. Let A be a chromatic structure of nite degree over some domain
A, let be a set of 1-types, leB be a subset ofA, and let A°be a( ;B)-
approximation to A. Let be a quanti er-free L?-formula and Cy;:::;Cy, be

positive integers. Consider the formula
N

=8x8y( _x y)" 8X9=c,y(fr(x;y) " x 6 y):

1 h m

If AE ,then AF
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Proof. By Remark 14, we may assume without loss of generality that is the
set of all 1-types andB = A. Since every 2-type realized inA° is also realized
in A,\A°F 8x8y( _x y). And since ct" [a] = ct”[a] for every a 2 A,
AP L 8X9=c, Y(FR(XY) N X 6 Y). O

Our strategy now is to show that, given a structure A of nite degree, a set
of 1-types and a subset B of A, we can nd a ( ;B)-approximation to A in
which “few' star-types are realized.

For the next de nition, recall that 1;:::; u are the invertible message-
types. Thus, for any structure A of nite degree, and any 1-type , the rst M
coordinates of anyf g-prole prfA g[a] tell us, for each invertible message-type

i @] M ), how many elements inA the elementa sends a message
of type ; to. Notice that, if A is chromatic, then, by Remark 3, the rst M
coordinates of plﬁ g[a] are either all zero, or else are all zero except for a single
occurrence of unity.

De nition 22.  Let A be a chromatic structure of nite degree over domainA,
let be a set of 1-types, let be a 1-type, and letB be a subset ofA. We say
that B is a - groupif every element ofB has the same 1-type and every element
of B has the same -count. We say that B is a -patchif B isaf g-group and,
for all a;b2 B, the tuples prﬁ g[a] and prﬁ g[b] agree in each of their rst M
coordinates.

We now demonstrate that, if B is a -patch in a structure satisfying certain
conditions, then there exists a f g; B)-approximation to that structure in which
every element ofB has the samef g-pro les.

Lemma 27. Let A be a chromatic, (mC + 1) 2-di erentiated structure, of degree
at most C, over a domain A; let be a 1-type; and letB A be a -patch in
A. Then there exists a structureA° such thatA®is a (f g; B)-approximation to
A in which the elements ofB all have the samef g-pro le.

Proof. Since a -patch is by de nition a f g-group, there is some 1-type
suchthat B A . If jBj 1, then A?= A satis es the conditions of the
lemma. Hence, we may assume thgBj > 1. Similarly, if no element of B sends
a message to any element oA , then pr? g[b] is the “zero-vector' (i.e. the tuple
with all entries 0) for all b2 B, and A°= A again satis es the conditions of
the Lemma. Hence, we may assume that some element & sends a message
to some element ofA , and, in particular, that A is non-empty. Now suppose
for the moment that A is a singletonfag. Thus, 6 |, sothatB and A
are disjoint (Fig. 4.4). We claim that no element of B can send an invertible
message ta. For, if any does, then all do (remember thatB is a -patch, so the
pro les of all elements agree in their rst M coordinates), in which casea sends
invertible messages to more than one element having type , contradicting the
chromaticity of A. Thus, we may x some elementhy 2 B which sends a non-
invertible message toa. SinceB is af g-group, it follows that every element
of B sends a messageland hence a non-invertible message|toa (though the
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Figure 4.4: A -patch B with JA j=1and jBj > 1.

messages sent by di erent elements oB need not all have the same type). In
particular, a does not send a message to any element &. Now de ne the
structure A°to be exactly like A except that, for every b2 B, we set

tpA’[b: d = tp A [y; a: (4.2)

Cleg;\rly, Alis chromatoic and realizes no 2-types not realized irA.O Clearly also,
tp” [a] = tp A[a]; pric[a] = prA.[a], and a 2 A nB implies pr* [a] = pr*[a],
since no messages sent by any elements & n B have been interfered with.
Finally, tgy the construction in (4.2), and bearing in mind th at A = fag, we
have ct* [a] = ct{ [b]. Butsince B isaf g-group, ctf j[b] =ct{  [a], whence
ct?og[a] =ctf g[a]. Thus, we have shown thatA%is a (f g; B)-approximation to
A. Again, by the construction (4.2), every element ofB has the samef g-pro le
in AC

Thus, we may assume henceforth thatB and A both contain more than

one element. SinceA is (mC +1) 2-di erentiated, A and A B both contain
more than (mC + 1) 2 elements. By Lemma 15, then, let be a silent 2-type
such that, for somea 2 A and somea®2 A , tpA[a;al = . We will use

below as a " ller' 2-type, for specifying 2-types when we do ot want to disturb
the pro les of elements in a structure we are manipulating.

Fora2 B, let
A.=fa’2 A ja6 aland tp”[a;a] is a non-invertible message-typg;

and for a 62B, let A, = ;. Notice, incidentally, that a2 A, implies a 62A ,o.
Chooseb 2 B for which jApj is smallest, and x b. Enumerate A, ashby;bp;:::.
For any a2 B not equal to b, let A, be a subset ofA, having the same number
of elements asAp, and enumerateA, asa;;ap;::: . The situation is depicted
schematically in Fig. 4.5.
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Figure 4.5: A -patch B with jA j and jBj both greater than 1. There is no
assumption that B and A are disjoint.

We now de ne the structure A° by assigning 2-types as follows. For ala 2 B
such that a 6 b, set .
tp” [a;&] = tp A[b; b]; (4.3)

wherei ranges over the enumeration o8, and set
tp el = (4.4)

where a% is any element of A, nA,.. (Remember: is our " ller 2-type.) In
addition, for all distinct a, a° such that a®62A, and a 62A 5, set

tp”"[a; 8% = tp A[a; a; (4.5)

Sincea®2 A, implies a 62A 40, none of these assignments overwrites any other.
And sinceB A |, the 1-type assignments implicit in (4.3){(4.5) never clash:
indeed, we have tg’[a] = tp A[a] for all a2 A. Furthermore, the transformation
from A to A°does not a ect invertible message-types. That is: for distict a, a°,
tpA[a; a9 is an invertible message-type if and only if tpfo[a; aJ is an invertible
message-type; and moreover, if th[a;a’ is an invertible message-type, then
tp”°fa; &% = tp A [a; &

We now verify that A%is a (f g;B)-approximation to A. From the remarks of
the previous paragraph and the fact that A is chromatic, we have that A° is
also chromatic. In addition, it is immediate from (4.3){(4. 5) that every 2-type
realized in A is also realized inA. Now let a be any element ofB. Since
B is a -patch, the tuples prfA g[a] and pr{* g[b] by de nition agree in their
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rst M coordinates (corresponding to the invertible message-typs). Hence,
since we have just shown that the transformation fromA to A° does not a ect
invertible message-types, the tuples q?og[a] and prf g[b] also agree in their
rst M coordinates. Furthermore, the assignments (4.3){(4.5) garantee that
prong[a] and pr{* g[b] also agree in the remaining coordinatesM +1;:::;M

(corresponding to the non-invertible message-types). Hete,

prd’ [l =pr [ forall a2 B: (4.6)

It is now a simple matter to check the numbered conditions in De nition 21.
Let a be an arbitrary element of A.

1. We have already established that tg[a] = tp A[a].

2. Let abe any element ofA; 4 with a6 a% Then certainly a°62A, A

so that tpA°[a;a% can be dierent from tpOA[a; aJ only if a 2 Ag. But
if a2 Aq, then neither tp”[a; a9 nor tp” [a;a can be a message-type.
Hence, pr' j.[a] = pr{* [a].

3. Supposea 2 A nB, and let a° be any element of A with a 6 a’ The
argument now proceeds much as for the previous condition: ctinly,
a®62A, = ;, so tpA°[a; a can be di erent from tp A[a; a9 only if a2 As.
Butif a2 Ao, then neither tp”[a; a9 nor tpAO[a; aJ can be a message-type.
Hence p°[a] = pr A[al.

4. Supposea 2 B. Equation (4.6) yields ctﬁog[a] =ctp 4[bl. And since B is
af g-group, ctft j[b] =ctf  [a]. It follows that ct ]{*Og[a] =ctp  [al.

Finally, it is immediate from Equation (4.6) that all elements of B have the
samef g-prolein AC O

We now demonstrate that, if B is a -group in a ( mC + 1) 2-di erentiated,
chromatic structure A with deg(A) = C, then, by taking a ( ; B)-approximation
to that model, we can bound the number of -pro les realized by the elements
of B. This demonstration will occupy Lemmas 28{30. Our strategyis rst to
partition into roughly equal sets  %and % We then recursively bound the
number of % and “pro les realized by elements ofB, and nally align these

% and %pro les so as to bound the number of -pro les that result.

Lemma 28. Let A be a chromatic structure of nite degree over domainA, let

be a set of 1-types, leB A be a -group, and let! be a permutation ofB.
Then there exists a structureA° such that A%is a ( ;B)-approximation to A,
and for all b2 B, prA”[! (b)] = pr A[b.

Proof. First, extend ! to the whole of A by setting ! (a) = afor a2 AnB.
Next, for all b2 A, de ne:

l(@if b2 A

a otherwise;

'y (@) =
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Thus, !, is a permutation of A (which may be the identity). Since (! , ) * and

(! Y)p are the same permutation, we may unambiguously write! 1 Clearly,

I xes B setwise andA nB pointwise; so, therefore, does , . Moreover, since
B is a -group, every element of B by de nition has the same 1-type, and

this 1-type is either a member of or it is not. Hence, either B A or

B A cl: AnA . Thus,! xes both A and A . setwise, and so therefore
does! , ~.

De ne the structure A° over domain A by setting, for all distinct a;a%2 A:
tpA T a = tp AT ot (@); !, H(&0): (4.7)

To show that A%is well-de ned, we must show rst that the elements ! aol (a)

and! 1(@% in each instance of (4.7) are distinct, and second, that thel-type

assignments implicit in the di erent instances of (4.7) do not clash. Suppose,
then that a 6 a% we prove that! &' (a) 6 ! , *(a%. Since the permutations! , *

and ! aol x B setwise andA nB pointwise, we may assume thata;a’ 2 B.

We have already noted that eitherB. A orB AnA . IfB A ,then
lo@=" Yayand! (@) =" (a9 if, on the other hand, B AnA ,
then ! ;' (@) = aand! (@) = a° Either way, ! ,,' (a) 6 ! ,*(a9. Next, we
prove that the 1-type assignments in (4.7) never clash. Sing all elements ofB

have the same 1-type, and sincé is the identity outside B, we have, for alla; &,
tpA[! Lot (8)] = tp A[a]; thus, tpA[! ' (a)] does not depend ona®. Hence, the
1-type assignments implicit in (4.7) cannot clash, andACis indeed well-de ned.
In fact, this argument establishes that tpAO[a] =tpAla] forall a2 A.

We rst check the numbered conditions of De nition 21 in turn . Let a be an
arbitrary element of A.

1. We have just established that tp?’[a] = tp A[a].

2. Forallb2 A ¢, ! (@) = a in particular, if a2 A <, then!_(a) = a
Therefore, ! , 1is always a permutation of A < nfag, and moreover, for
all b2 A cnfag, tp”’[a;l] = tpA[a;! ,*(D)]. Thus, the list of 2-types
tpAO[a; bl obtained asb ranges overA ¢ nfagis (in some order) the list
of 2-types tp” [a; ] obtained ask’ ranges overA . nfag. It follows that
pric[a] = pr A.[a].

3. Supposea 2 AnB. Then, for all b 2 A, !bl(a) = a; in particular,
I .*(a) = a. Therefore,! ,* is a permutation of A nfag, and moreover,
for all b2 A nfag, tpA’[a;h] = tp A[a;! , *(D)]. Thus, the list of 2-types
tpAO[a; bl obtained as b ranges overA n fag is (in some order) the list
of 2-types tp”[a; f] obtained as kP ranges overA n fag. It follows that
prA’lal = pr A [a].

4. Forallb2 A ,! Ya) =" %(a); in particular,if a2 A ,then!  (a)=
I 1(a). Therefore, ! ;' is a bijection from the set A nfag to the
set A nfl l(a)g, and moreover, for allb 2 A nfag, tpA’[a;h =
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tpA[l 1(a);! ,X(D)]. Thus, the list of 2-types tp”’[a; 1 obtained as b
ranges overA nfagis (in some order) the list of 2-types tp*[! (a); ]
obtained ask’ ranges overA nf! 1(a)g. It follows that

prA’lal = prAl L(a): (4.8)

Certainly, then, we have ct*’[a] = ctA[! 1(a)]. But since B is a -group
in A, a2 B implies ct*[! (a)] = ct A[a], whence ct’[a] = ctA[a].

We have thus established that, for alla 2 A, prA’[a] = prA[l %(a)] and
prac[a) = prA.[a]. SinceA is chromatic, it follows easily that A°is chromatic.
Moreover, all 2-types realized inA° are realized inA. Hence,A%is a ( ;B)-
approximation to A. Finally, it follows from Equation (4.8) that, for all b2 B,
prA’! ()] = pr A[Hl. O

SupposeA, and B are as in Lemma 28. That lemma then assures us that,
as long as we are content to work with ( ; B)-approximations, we can permute
the -proles of the elements in B at willl The following lemma exploits this
facility.

Lemma 29. Let A be a chromatic structure of nite degree over domainA; let

0 9pe disjoint, non-empty sets of 1-types; and let = °[ 9 Suppose
the non-empty setB A isa ®group. Let the number of dierent %pro les
realized in A by the elements ofB be J% and let the number of dierent
pro les realized in A by the elements of8 be J% Then there exists a( ;B)-
approximation A°to A in which at most J°+ J% 1 dierent -proles are
realized by the elements oB.

Let the various %pro les realized by at least one element of8 be v;:::;v

generality that the %proles of the by;:::;b fall into consecutive blocks as
depicted in the middle column in Fig. 4.6. More precisely, wehave integers
0=11<lz< <l =1 suchthat forallj (1 j 39 pragh]= v?
for i in the range [I; +1;1j+1]. SinceB is a %group, by Lemma 28, we can
obtain a structure A%such that A%is a ( % B)-approximation to A in which the
elements ofB have pro les likewise arranged in consecutive blocks. Since
Alis a ( 99B)-approximation to A and the sets °%and are disjoint, the

“pro les of the elements of B will be una ected by the transformation from
A to A% a typical alignment of %proles and “proles in ACis shown in
Fig. 4.6. By inspection, at mostJ%+ J% 1 -proles are realized in A° by the
elements ofB.

The same argument applies in the case wher® is in nite, with only minor

modi cations. Of course, the number of dierent % and ®Qpro les realized
by the elements of B can still only be nite, but some of the resulting blocks
of B may contain in nitely many entries. The matching up of these blocks so
that at most J°+ J% 1 -pro les result is routine. O
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Element “prolein A %prolein AD
of B (and also in A9
by
v v{0
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v3
Vgooo
b Vgo

Figure 4.6: Arrangement of %proles and “prolesin B.

Recall that m is the number of featured predicates andM the number of
invertible message-types.

Lemma 30. Fix an (mC + 1) 2-di erentiated, chromatic structure A, of nite
degree. LetC =deg(A), letl 0, let be a non-empty set of 1-types such that
jj 2,andletB A bea -group. Then there is a structure A° such that A°
is a ( ;B)-approximation to A and the number of dierent -pro les realized
in A° by the elements oB is at most2(M +1)(C+1)™.

Proof. By induction on |. To aid readability, let K, stand for 22(M +1)(C +
1)'™ . If 1 =0, is a singleton, so write = f g. DecomposeB into maximal

M coordinates of any tuple plﬁ g[a] are either all zero, or else are all zero except
for a single occurrence of unity. ThereforeH M +1. Now let Ag = A, and
forall h (1 h H), apply Lemma 27 to obtain a structure Ay such that Ay
isa (f g;Bn)-approximation to A, 1 in which the elements ofBy, all have the
samef g-prole. By Remark 14, Ay is a (f g;B)-approximation to A. And
because theBy, are pairwise disjoint, 1 h<h© H implies prin°[a] = pr An [a]
for all a2 By. Hence, the total number off g-pro les realized by elements of
BinAy isatmostH M +1= Ko. Thus, setting A°= Ay establishes the
casel = 0.

Now supposel > 0. We may assume is not a singleton, since otherwise,
we can employ the argument of the casd = 0; so let be partitioned into
non-empty sets % and %each of cardinality at most 2 1. Also, partition
B into maximal %groupsB4, ..., By (say). SinceB is a -group, the Bj,
..., By will also be %groups. Moreover, since deg§) = C, the -count of
any element in A is one of at most (C +1)™ di erent tuples; and since B is a
-group, all elements of B must have the same 1-type, whencéd (C+1)™M.
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Again, let Ag = A, and consider the setB;. By inductive hypothesis, let
A9 be a ( %Bj)-approximation to A, in which at most K, ; %proles are
realized by the elements ofB;. Again, by inductive hypothesis, let A?°be a
( %0Bj)-approximation to AY in which at most K| ; “pro les are realized
by the elements ofB;. Thus, in the structure A% B; is a %group realizing
at most K| ; dierent ®proles, and also a group realizing at mostK, 1
dierent proles. By Lemma 29, let A; be a ( ;Bj)-approximation to A%
in which the elements of B; realize at most X, ; 1< 2K, ; dierent -

proles. By Remark 14, A; is a ( ;Bj)-approximation to Ap. Treating the
sets By, ..., By in the same way, we obtain structuresAy (1 h H)
such that, for each h in this range, Ay is a ( ;Bp)-approximation to Ap 1 in
which at most 2K, ; dierent -proles are realized by the elements of By,.
By Remark 14, Ay is a ( ;B)-approximation to A. And because theBy are
pairwise disjoint, 1 h<h® H implies that pr”n°[a] = pr A~ [a] for all a 2 By,.
Hence, the total number of -pro les realized by elements of B in Ay is at
most 2HK | 1  2(C+1)™K, ; = K,. Thus, setting A°= Ay completes the
induction. O

4.5 Complexity of C?

Finally, we may bring all of the above results together.

Theorem 7. The problems Sat€’ and Fin-Sat-C?> are both NEXPTIME-
complete.

Proof. The NEXPTIME-hardness of Fin-Sat-C?> and of Sat-C? follows from

Lemma 5 and the fact that, by Lemma 4, L? has the nite model property.

Hence we need only show that Sat? and Fin-Sat-C> are in NEXPTIME.
Letthe C>-formula  be given. By Lemma 14, we may produce, in polynomial

time, a Scott-form formula
N

=8x8y( _x y)~ 8x9=c, y(fr(X;y)» X 6 y); (4.9)
1 h m

such that is satis able over any domain of size at leastC + 1 if and only if
is, whereC = max; n m Ch. Since certainly has no model of sizeC or
less, then, is ( nitely) satis able if and only if either (i) has a model of size
C or less, or (i) is (nitely) satis able. Moreover, since C is bounded by a
singly exponential function of k k, Case (i) can obviously be checked by a non-
deterministic Turing machine running in time bounded by a singly exponential
function of k k. Therefore, we need only deal with Case (ii). Note that in the
formula (4.9), is a quantier-free L? formula, 1 m k k, the Cy;:::;Cn
are all positive and bounded by a singly exponential functim of k k, and the

Let be the signature of  together with d additional unary predicates,
where
d = dog(mC +1)?e+ dog((mC)? + 1) €



56 CHAPTER 4. THE TWO-VARIABLE FRAGMENT WITH COUNTING

and let be treated as a classi ed signature, by taking the featured predicates
to be fq;:::;fm. Thus, satises the conditions set out at the beginning

of Sections 4.3 and 4.4, so we may employ all the results degd there. Let
n = max(k k;j j). Thus, n is bounded by a polynomial function ofk k. We
shall establish the following claim.

Claim. The formula is ( nitely) satis able if and only if there exists a chro-
matic, C-bounded, ( nitely) 3 mC-soluble frame F, with dimension at most

20°+6n such that F j=

Assuming the truth of this claim, we may establish the satis ability of
using the following nondeterministic procedure.

1. Guess a chromatic,C-bounded, frame F, with dimension N for some
N 2n +6n_

2. Check that F j=  (De nition 18).
3. Determine whetherF has a ( nite) 3 mC-solution (De nitions 16 and 17).

The number of symbols needed to encod& (under any sensible encoding) is
bounded by a singly exponential function ofn. So, therefore, is the time required
to check that F is chromatic and that F j= . That the existence of a ( nite)
3mC-solution of F can be checked in nondeterministic time bounded by an
exponential function of n follows from Lemma 24 (or Lemma 18).

It remains only to establish the above claim. Suppose rst that has a
(nite) model A of nite degree interpreting . Since contains d unary pred-
icates not occurring in , Lemmas 16 and 17 guarantee that, by re-interpreting
these predicates if necessary, we may také to be chromatic and (mC + 1) 2-
di erentiated. Letting be the set of all 1-types over , and B be any of
the setsA (with a 1-type), Lemma 30 yields a structure A° such that A°
is a ( ;B)-approximation to A realizing at most 2'(M + 1)(C + 1)"™ dif-
ferent proles. Repeating this process for all 1-types redked in A, we ob-
tain a structure A such that A is a ( ;A)-approximation to A realizing at
most 22"(M +1)(C+1)"™ dierent star-types. Simple calculation shows that
(C+1) 2»and (M +1) 2%, so that the number of star-types realized in
A is bounded by 2°*61. By Lemma 26, A E . By Lemma 25, letF be a
frame describingA such that F j= . Thus, the dimension ofF (=the number
of star-types realized inA ) is at most on+6n By Remark 8, F is C-bounded
and chromatic. By Lemma 22 (Lemma 19),F is ( nitely) ( mC + 1) ?-soluble
and hence ( nitely) 3mC-soluble.

Conversely, suppose there exists £-bounded, chromatic, ( nitely) 3 mC-
soluble frameF over , such that F j= . Then by Lemma 23 (Lemma 20),
there exists some ( nite) structure A such that F describesA, and by Lemma 25,
A E . This establishes the above claim, and hence the theorem. O

The proof of Theorem 7 actually yields a little more information. Recall the
sequencef ,g of nitely satis able C?-formulas presented in Example 4. We
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showed there that, whilek ,k grows as a polynomial function ofn, the size of
the smallest satisfying models grows as a doubly exponentidunction of n. We
can now see that this is, essentially, as bad as it gets:

Corollary 4. Let be a formula of C2. If is nitely satis able, then it is
satis able in a structure of size bounded by a doubly expongal function of k k.

Proof. The structure built in Lemma 20 from F and its solution w has domain
of cardinality w; + + Wy . O

Notice that the complexity result of Theorem 7 is better than one might
nasvely expect on the basis of the small model property of Coollary 4. Thus,
while C? is expressive enough to force very large models, it is not exgssive
enough simultaneously to say a great deal about them: in paitular, no C?-
formula can prevent the kind of structure manipulation discussed in Section 4.4.

4.6 Bibliographic notes

The decidability of Sat-C? and Fin-Sat-C?> was proved, though with no complex-
ity bounds, in a very terse paper, by Gradel, Otto and Rosen [L3] (who are also
responsible for Example 4). A complexity bound of (in e ect) 2-NEXPTIME for
Sat-C? was reported by Pacholski, Szwast and Tendera [25, 26]. Thiwas nally
reduced to NEXPTIME (and extended to Fin-Sat- C?) by Pratt-Hartmann [30].
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Chapter 5

Modal and Guarded Logics
with Counting

5.1 Modal logic

Fix a countably in nite set . The language of modal logic is de ned to be the
smallest set of expressiondyl , satisfying the following conditions:

1. M ;

2.if and areinM, thensoare: , » , , and $ ;

3.if isin M, then soare3 and2

We refer to expressions in this set asvl -formulas (or simply formulas, if clear
from context).

Let be the relational signature with unary predicates and single bi-
nary predicate r, and let A be a -structure with domain W. We de ne the
satisfaction relation for M -formulas inductively as follows:

1. AF, pifand only if w2 p?;

2. AFy: ifandonlyif A&y, ,andsimilarly for~, ,! ,$;

3. A Ew 3 if and only if there exists v 2 W such that hw;vi 2 r* and
AFv

4. AFy 2 ifand onlyif, for all v2 W such that hw;vi2 r®, A E,

The notion of satisfaction extends to sets oM -formulas as expected: A F
if A, forall 2 .

The study of modal logic was original motivated by philosoptical investiga-
tions into the concepts of necessity and possibility. In ths connection, we are
invited to think of the elements of W asworlds, the elements of as proposition

59
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re exive frames 8xr (x; x)

serial frames 8x9yr(x;y)

symmetric frames 8x8y(r(x;y) ! r(y;x))

transitive frames  8x8y8z(r(x;y) * r(y;z) ! r(x;z))
Euclidean frames  8x8y8z(r(x;y) * r(x;z) ! r(y;z)).

Table 5.1: Frame classes considered in these notes.

letters, and the relation r® W W as a relation of accessibility on possible
worlds. If AEy , we say that istrue at the world w. Thus, 3 may be read:
\ is true at some world accessible from the current world" (or:\Possibly, ).
Likewise,2 may be read: \ is true at all worlds accessible from the current
world" (or: \Necessarily, "). The Boolean connectives are of course under-
stood as in propositional logic. In these notes, we shall notoncern ourselves
with the philosophical value of this formal reconstruction.

By a frame, we mean anf r g-structure|in other words, a non-empty (possi-
bly in nite) digraph. If A is a -structure, then its frg-reduct is a frameF: we
say that A is a structure over F. Further, we call the mappingV : ! P(W)
given by p 7! p” the valuation of A (on W). We write A = (W;R;V) to indi-
cate that A is a -structure over the frame ( W; R) with valuation V. Obviously,
this determines A completely. Henceforth, when discussing modal logic (and
its variants), the term \structure", with no signature qual i cation, will always
mean \ -structure”. Let be anM -formula. We say that is satis able over
a frame F if there exists a structure A over F and a world w of A such that
A Fw . Further, is satis able over a class of frame< if it is satis able over
some frame inK. We denote by M g -Sat the problem of determining whether
a given M -formula is satis able over K.

Any rst-order sentence  over the signature frg de nes a class of frames
fF:FF g The most common frame classes are those listed, together thi
their respective de ning rst-order sentences, Table 5.1. We denote the class of
re exive frames by R, and, similarly, the classes of serial symmetric, transitive
and Euclidean frames by Ser, Sym, Tr and Eucl, respectivelyNote that, in the
presence of symmetry, transitivity is equivalent to the Euclidean property. A
structure over a re exive frame will simply be called a re exive structure, and
similarly for the other frame properties. The rst question we ask is: what is the
complexity of the satis ability problem for M over any frame-class characterized
by a conjunction of (zero or more of) these properties?

The following notation will be useful. Let F be a subset (possibly empty) of
the set of frame classe$R ; Ser, Sym; Tr; Euclg. Then \F simply d?notes the
class of frames having all the properties listed in. For instance, fR ;Trg
denotes the class of re exive, transitive frames, fSer, Tr;Euclg denotes-the
class of serial, transitive, Euclidean frames, and so on. Aa limiting case, ;
denotes the class of all frames.

The following two theorems are well-known, and may be provedising tech-
niques found in any modern text on modal logic (e.g. [3], Ch. B
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Theorem 8. Let F f R ;Ser,Sym; Tr;Euclg, with %ucl 2F or fSym;Trg
F . Then the satis ability problem for modal logic over F is NP Time-complete.

Theorem S If F f R ;SerTrg, then the satis ability problem for modal
logic over F is P Spacecomplete. Alsp, if F f R ;SerSymg, then the
satis ability problem for modal logic over F is P Spacecomplete.

5.2 Graded modal logic

The language ofgraded modal logicis de ned to be the smallest set of expres-
sions, GM, satisfying the following conditions:

1. GM ;

2. if and areinGM, thensoare: , * , ] and $ ;

3. if isin GM, thensoare3 ¢ and3 ¢ , for any bit-string C.

We refer to expressions in this set a&sM -formulas (or simply formulas, if clear
from context).
We de ne the satisfaction relation for GM -formulas inductively as follows:

1. AFy pifand only if w2 p?;
2. AFw: ifandonlyif A&, ,and similarly for~, ,! | $;

3. AFw 3 ¢ ifand only if there exist at least C worlds v 2 W such that
hw;vi2 r® andA E, ;

4. AFw 3 ¢ if and only if there exist at most C worlds v 2 W such that
hw;vi2 r® and A F,

The notion of satisfaction extends to sets ofGM -formulas as expected. Again,
for a given structure A = (W; R; V), we think of the elements of as proposition
letters to which V assigns truth-values relative to the worlds inW. Thus, graded
modal logic is the formal language obtained by decorating tle 3 -operator of
ordinary modal logic with subscripts expressing cardinalfy constraints. Specif-
ically, for C 0, the formula 3 ¢ may be glossed: \ is true at no more
than C accessible worlds," and the formula3 ¢ may be glossed: \ is true
at no fewer than C accessible worlds.”" From a philosophical point of view, one
could be forgiven for thinking this sort of modal accountang/ poorly motivated.
However, if we considerM to be, in e ect, a fragment of rst-order logic, the
languageGM s, in the context of the present enquiry, a very natural geneal-
ization. Furthermore, the results we obtain are non-trivial and not at all what
one might nasvely expect.

We denote by GM g -Sat the problem of determining whether a givenGM -
formula is satis able over K. In this section, we ask the following. LetF be a
subset (possibly empty) of the set of frame classeR ; Ser, Sym; Tr; Euclg. We
ask: what is the complexity of GM ¢ -Sat?

The results are encapsulated in the following three theorers.
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Theorem 10. LetF f R ;Ser, Sym;Tr;Euclg, with Eucl 2 R or fSym;Trg
F . Then the satis ability problem for graded modal logic over F is NP Time-
complete.

Theorem 11. Let F 4 R ;SerSymg. Then the satis ability problem for
graded modal logic over F is P Spacecomplete.

Theorem 12. Let F f R ;Ser Trg, with Tr 2 F. Then the satis ability
problem for graded modal logic over F is NExpTime -complete. It remains
NExpTime -hard, even when all numerical subscripts in modal operatar are at
most 1.

Thus, adding counting to the operators of modal logic produes a somewhat
more complicated complexity-theoretic landscape. The profs of these theorems
are omitted from these notes.

5.3 The guarded fragment

The relational semantics for the languageM means that we can regard it as a
fragment of rst-order logic in which quanti cation is rest ricted to the patterns
8v(r(u;v) ! (v)) and 9v(r(u;v) A (v)). This idea can be generalized.

We again x some purely relational signature , but this time with predicates
of any arity, and we again denote byL the language of rst-order logic over .
The guarded fragmentof rst-order logic, G, is de ned to be the smallest set of
L -formulas satisfying the following conditions:

1. every atomic formula is in G;
2. Gis closed under Boolean connectives;

3. if 2 G with Vars( ) = X;y, and p is a predicate of the same arity as
X;y, then 8x(p(x;y) ! )2 G and Xx(p(x;y) ) 2G;

4. if 2G,and has at most one free variable, therBx 2 Gand9x 2 G.

For k > 1, we denote byG¢ the subset of G involving at most the variables
X1;:::Xk. Thus, G = G\LKX, for all k > 0. LK not involving the equality
predicate. We call G the k-variable guarded fragment Thus, M is a proper
subset of the 2-variable guarded fragmentG?.

We have three important theorems concerningG:

Theorem 13. The problem G-Sat is 2-ExpTime -complete.
Theorem 14. For every k > 0, the problem G¢-Sat is ExpTime -complete.
Theorem 15. The guarded fragment has the nite model property.

It follows from Theorem 15 that the problems G-Sat and G-Fin-Sat coincide,
as doG*-Sat and G¢-Fin-Sat, for all k > 0.
The proofs of Theorems 13{15 are omitted from these notes.
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5.4 The guarded fragment with counting

In this section, we consider the e ect of adding counting quanti ers to the
guarded fragment.

In the sequel, we restrict consideration to a purely relational signature of 0-
ary, unary and binary predicates. If r is any binary predicate (including ), we
call an atomic formula having either of the formsr(x;y) or r(y; X) a guard-atom.
The two-variable guarded fragment with counting quanti er s, GC, can then be
de ned as the smallest set of formulas satisfying the folloving conditions:

1. G@ contains all atomic formulas and is closed under Boolean cobina-
tions;

2. if is a formula of G& with at most one free variable, andu is a variable
(i.e. either x or y), then the formulas 8u and 9u are in G&;

3. if is aformula of G&, a guard-atom,u a variable, and Q any of the
quantiers 9,9 ¢, 9 ¢, 9=¢c (for C > 0), then the formulas 8u( ! ),
Qu( » )and Qu arein GC.

According to the above syntax, the non-counting quanti ers 9 and 8 may
apply without restriction to formulas with at most one free v ariable; however,
they may apply to formulas with two free variables only in the presence of a
guard-atom. By contrast, the counting quantiers 9 ¢, 9 ¢, 9=¢ may only
ever apply in the presence of a guard atom (which by de nition has two free
variables). Note in particular that the formula 9-1 xp(x) is not in G&. In fact,
the next lemma shows that no formula of GG can force a predicatep to be
uniquely instantiated in its models.

Lemma 31. Let be a formula of G& with signature  (so that has no
individual constants), A a structure interpreting , and | a nonempty set. For
i 21, let Aj be a copy ofA, with the domains A; pairwise disjoint. df s
satis ed in A, then it is safis ed in the structure A%with domain A°= "~ ,, A
and interpretations A’ = " A for every 2

Proof. If :fx;yg! A is any variable assignment, andi 2 |, let ; be the
variable assignment which mapsx and y to the corresponding elements inA;

Al A routine structural induction on  shows that A if and only if, for
some (=forall)i21,A%= , . O

It follows immediately that, if a formula of GG has a nite model, then it has
arbitrarily large nite models, and indeed in nite models.

Lemma 32. Let be aGC-formula. We can compute, in time bounded by a

polynomial function of k k, a formula
N

=8x A 8x8y(en(xy)! (h_x yH~

A (5.1)
8X9=c, y(fi(x;y) " x 6 y)

1 i m
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such that: (i) is a quanti er-free formula not involving  with x as its only
variable; (ii) | and m are positive integers; (iii ) forall h (1  h I), ey is a
binary predicate other than , and  is a quanti er-free formula not involving

with x and y as its only variables;(iv) forall i (1 i m), C; is a positive
integer, and f; is a binary predicate other than ; (v) is satis able if and
only if  is satis able; (vi) is nitely satis able if and only if is nitely
satis able.

Proof. We proceed exactly as for Lemma 14. Note that, if is nitely satis able,
then it has models over arbitrarily large nite domains. Therefore, we may
without loss of generality assume that the size of any model fo of interest is
greater than any quanti er subscript mentioned in

The only di culty is to show that the conjuncts of the form 8u8v generated
in Stage 1 of the procedure described there can be made guartieTo see that
this is so, consider the treatment of a subformula (u) = 9 pv of (. Since o
is guarded, must be of the form ~ , where is an atomic formulag(u;v) or
g(v;u). Again, we dene 1:= go[p(u)= (u)], where pis a new unary predicate,
and

1:= 8u9=pvri(u;v) *8u9=pg vra(u;v)?
8ugv(p(u) ! (! ra(uv))”
8udv(: p(u) ! (rz2(u;v) b ));

arguing, just as in Lemma 14 that o and 1" 1 are satis able over su ciently
large domains. Now consider in more detail ;. Its latter two conjuncts are, as
they stand, not guarded. However, noting that is ( * ), we see that these
conjuncts are in fact logically equivalent to the guarded famula

gugv( ! ((p(u)™ )1 ra(u;v)) "8uBv(: ra(usv) b (p(u) ! (7 )):

The other cases are dealt with similarly, and we obtain the dsired formula
O

To show that the ( nite) satis ability problem for G is in ExpTime , it
therefore su ces to consider only formulas of the form (5.1). Furthermore,
we may assume without loss of generality that no O-ary prediates (proposition
letters) occur in , since we can consider each of the (at most<2¥) truth-value
assignments to the 0-ary predicates of in turn, replacing each 0-ary predicate
with > or ? according to its truth-value in the considered assignment.

Accordingly, x  to be some formula of the form (5.1) over a signature of
unary and binary predicates. SetC =maxi: i m Cj, and let be the signature
of together with log((mC)? + 1) (rounded up) new unary predicates. Thus,
j jis bounded by a polynomial (actually, linear) function of k k. Since is the
only signature we shall be concerned with in the sequel, we gerally suppress
reference to it. Thus, “predicate’ henceforth means “predate in [fg
“structure' henceforth means “structure interpreting ', and so on. We keep the
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meanings of the symbols

the ensuing argument; we refer to them as thecounting predicates There is no
restriction on these predicates' occurring in other parts ¢

Again, we can regard the signature as a classi ed signature. ..

Let the 1-types (over ) be enumerated in some order as the segence

= 0y-iiy PO

Evidently, P is a power of 2, sop = log P is an integer. (Actually, p=j j.)
Now let s be any bit string (0O j sj p), and denote the string of length O by .
We inductively de ne the sub-sequence ¢ of by setting to be the whole
of ,and setting o and ¢; to be the left and right halves of s, respectively.
Formally:

- 0 sy P 1y

andif <= j;:iii; k 1, with jsj<p,
sO - IEREER] k*'TJ 1
s1 — Ktigaiiy ko1-

Thus, if jsj = p, then s is a one-element sequence;, wherej is the integer
(0 j <P ) encoded by the bit-string s in the usual way. To avoid clumsy
circumlocutions, we occasionally equivocate between bistrings and the integers
they encode, thus, for instance, writing s instead of ; in this case. But we
will only ever write ¢ if jsj = p. In addition, we occasionally for convenience
treat sequences as if they were sets, writing, for instance, 2 .

We now use the sequencess to de ne sets of invertible message-types in-
dexed by bit-strings as follows. Let be the set of all invertible message-types.
If is any 1l-type, ands is any bit-string such that jsj p, let

s =fF 2 jtp,( )= andtpy( )2 s

Thus, the .5 are sets of invertible message-types identi ed purely by tkeir

terminal 1-types. Except in very special cases, these setsilvcontain more than

one member, even wherjsj = p. However, for chromatic structures, we have
the following important fact.

Lemma 33. Let A be a chromatic structure,a2 A, =tp”[a], and s a bit-
string with jsj = p. Then there can be at most one elemenb 2 A nfag such
that tpAla; 2 5.

Proof. Any two such elements would be connected by a chain of two inwible
message-types, and would both have 1-types. O
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Finally, we use bit strings to index sequences of 2-types thzare not invertible
message-types. Again, x any 1-type , and consider the set of non-invertible
message-types such that tp,( ) = . Let these be enumerated in some way
as a sequence

Furthermore, consider the set of silent 2-types such that tp;( ) = . Let
these be enumerated in some way as a sequence

Thus, the sequence

is an enumeration of precisely those 2-types such that tp,( ) = and 1
is not a message-type. Evidently,R and Q are independent of the choice of ;
moreover, Q is a power of 2, sog = log Q is an integer. (We remark that R is
not a power of 2.) Lett be any bit string (0 j tj ). We inductively de ne
the sub-sequencéM ., of M by setting M . to be the whole ofM , and setting
M . o and M . ;1 to be the left and right halves of M . , respectively. Formally:

M; = (01 tts Q1
andif My = ;i o« 1, with jtj <q,

Mio = g TN

My = S ¢

Thus, if jtj = g, then M  is a one-element sequence j , wherej is the integer
(0 j < Q) encoded by the bit-string t in the usual way. Again we may for
convenience write ; instead of ; in this case, but here too we only ever
write . if jtj = g

5.5 Spectra and tallies

The approach taken here involves identifying various con gurational properties
of elements in nite structures. These we now proceed to de re. We continue
to use the symbols introduced in Section 5.4 with their advetised meanings.

guanti er subscripts.

Let A be a nite structure, a 2 A, and = tp *[a], and supposeA F
Evidently, forall i (1 i m), there are exactly C; elementsb2 A nfag such
that A F fi[a;h:

Ci=jfb2 Anfag: A fF fi[a;h gj:
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Now, for any bit-string s (0 j sj p), de ne the s-spectrumof ain A, denoted
spf[a], to be the m-element vector whoseith component (1 i m) is the
number of elementsb2 A nfag such that A F fi[a;b and tpA[a; ] 2 s :

sp@[a] = ifb2 Anfag: A F fi[a;) and tpArla;b 2 s gj:

Similarly, for any bit-string t (0 j tj ), de ne the t-tally of a in A, de-
noted tlf[a], to be the m-element vector whoseth component is the number of
elementsb2 A nfag such that A F fi[a; 1 and tpA[a;l 2 M  :

tItA[a] ;= ifb2 Anfag: AF fi[a;b and tpAla;b 2 M gj:
Henceforth, by vector, we shall always mean mm-dimensional vector over N",

and the m-dimensional zero vector (Q:::;0) by 0. If u and v are vectors, we
write u v if every component ofu is less than or equal to the corresponding
component ofv; we write u < v ifu v andu 6 v. Similarly for and >.
Recalling further that C = maxi1 i m Cj, the number of vectorsu such that
u C is evidently bounded by (C+1)™, and hence by an exponential function
of k k. Moreover, the s-spectrum andt-tally of ais always a vector C. Lastly,
given any 2-type , we write C for the vector whoseith component is given
by:

c = 1 iffi(x;y)z , (5.2)

0 otherwise.

To better understand this apparatus, let A, a, be as above, and consider
rst the case where s and t are the empty string . Since . is the set of
invertible message-types such that tp,( ) = , sp*[a] is simply the vector
whose ith component records the number of elementsh to which a sends a
message ofnvertible type containing the atom f;(x;y). Likewise, ti*[a] is the
vector whoseith component records the number of elementd to which a sends
a message ohon-invertible type containing the atom fi(x;y). If 0 < jsj p,
then spi[a] is obtained in the same way as sp[a], except that we discount all
messages whose type is not a member of.s . Likewise, if 0 < jtj g, then
tl {* [a] is obtained in the same way as t} [a], except that we discount all messages
whose type is not a member oM .

Lemma 34. SupposeA is a model of . Let a2 A, =tp”[a], ands, t be
bit-strings such thatjsj <p and jtj <qg. Then

spila]+tlAla] = C (5.3)
sptolal + spsyfal = spflal (5.4)
tplal +t fyfa] = [l (5.5)

Proof. Immediate. O
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Thus, while .5 is the union of the sets .o and .1, spi[a] is the vector
sum of the spectra sf,[a] and s [a]; similarly for tallies.

As the strings s and t get longer, the sets .5 and the sequencedM . get
smaller, and so the vectors sf[a] and tI{*[a] become, as it were, more selective in
the information they record. It is therefore instructive to consider what happens
to s-spectra andt-tallies when s and t have maximal length. The latter case is
the easier to understand, and so we consider it rst. Ifjtj = g, then M .. by
construction contains just one 2-type, = ., which is either a non-invertible
message-type, or else a silent 2-type. If is a non-invertible message-type, then,
since A £ , there can be only nitely many elements b 2 A nfag such that
tpA[a;b = . Let this number be n. Evidently:

tIf[a] = nC : (5.6)

On the other hand, if is a silent 2-type, then tlf*'[a]= C = 0.

Turning now to s-spectra with jsj = p, recall that s in general has more
than one element. However, Lemma 33 tells us that, in ahromatic model, no
element may send more than one message whose type is ins . This enables
us to establish the following simple result, which will be u®ful in the sequel:

Lemma 35. Suppose thatA is a chromatic model of . Let a2 A, be a
1-type, and s be a bit-string with jsj = p. If tpA[a] = and spf[a] > 0, then
there exists 2 s with spf[a] = C such thata sends a message of type
to someb2 A nfag. Conversely, if there exists 2 .5 such thata sends a
message of type to someb2 A nfag, thentp”[a]= andspi[a]=C .

Proof. Suppose tf'[a]= and sif'[a] > 0. Then there existsb2 A nfag such
that tp A[a;b 2 s . By Lemma 33, this bis unique, so, letting = tp A[a; ],
we have sf[a] = C as required. Conversely, suppos@ sends a message of
type 2 s to some elementb2 A nfag. Certainly, then, tp”[a] = , and
again, by Lemma 33, thisb is the only element in A nfag to which a sends a
message having any type in . ; it follows that sp4[a] = C as required. [

5.6 Transformation into a constraint satisfaction
problem

In the sequel, we take to vary over the set of 1-types, to vary over the set of
invertible message-typess to vary over the set of bit-strings of length at most
p, t to vary over the set of bit-strings of length at most g, and u, v and w to
vary over the set of vectors C. (Similarly for their primed counterparts ©,
0 8% % u® v®and wl) We refer to these sets as thestandard rangesof the
respective letters; they are summarized in Table 5.2. Occagsnally, additional
restrictions will be imposed on these ranges.
Now let V be the set whose elements are the following (distinct) symbig,
where the indices , , s, t, u, v, w vary over their standard ranges:

X 3 Yis us Z+t ou,
¥ 5. v.w Wheneverjsj < p; 2. v.w Wheneverjtj <q:
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Symbol Standard range
;0 all 1-types
, 0 all invertible message-types
s, s0 all bit-strings of length at most p
t, t0 all bit-strings of length at most g
u, v, w, u®v% w?| all vectors C

Table 5.2: Standard ranges of symbols used as indices

The symbols y*s. v.w and 2.. ., are not de ned when jsj = p and jtj = q.
The cardinality of V is evidently bounded by an exponential function ofk k.
We impose some arbitrary order onV, and refer to its elements asvariables
If U is a non-emgpty set of variables, enumerated, in the imposed rder, as
]‘:ul; :11;ukg, let U denote the termug + + ug; if U is the empty set, let

U denote the (constant) term 0. In the sequel, we take aconstraint to be
an equation or inequality involving arithmetical terms over V, or a conditional
statement formed from two such inequalities. Asolution of a set of constraints
over some numerical domairD is simply an assignment :V ! D under which
all the constraints in question evaluate (in the obvious way) to true. Using this
apparatus, we proceed to construct, given the formula in (5.1), a set E of
constraints. We prove below that E has a solution overN if and only if s
nitely satis able.

To motivate this construction, suppose, for the moment, that A is a nite
model of . We may then de ne the assignment :V ! N, which we may think
of as the “intended' assignment relative toA, as follows. If is a 1-type, write
A to denote the set of elements oA having 1-type in A:

A =fa2Ajtphlal= g

Now, for any in its standard range, let (x ) be the number of elements of
A sending any message of type to some other element. For any , s, t, u

in their standard ranges, let (y . o) be the number of elements ofA having

s-spectrum u, and let (z. ,) be the number of elements of ofA having t-

tally u. Finally, for any , s, t, v, w in their standard ranges, with jsj <p and

jti <4q, let (¥ v.w) be the number of elements ofA having sO-spectrumv

and sl1-spectrumw, and let (2. v.w) be the number of elements ofA having

tO-tally v and t1-tally w. This assignment is summarized in Table 5.3.

We construct E in three stages. First, letE; be the following set of constraints
involving the variables V, where , u, v, w again vary over their standard

M69
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Variable | Value in N under

X ffa2 A : there existsb2 A nfag such that tp”[a;b = gj
Vs u ifa2 A :spf[a] = ugj

Zy oy ffa2 A :tlf[a] = ugj

s vw | ffa2 A :spflal = v and sy [a] = wgj, wheneverjsj < p
2 v | ffa2 A :tify[a] = v and tIf[a] = wgj, wheneverijtj < g

Table 5.3: The assignment :V ! N, assuming that A is a nite model of

ranges, ands, t vary over bit-strings such that jsj < p and jtj < q:

Ziu T Yoo (5.7)
Yisu = 9 vowoj vO+ wo= ug (5.8)
Zy oy = X f2. vowoj vP+ wl= ug (5.9)
Yisov = § f9s vwojv+w® Cg (5.10)
Yis 1w = s f9s vow jvo+w  Cg (5.11)
Zioy = X f24¢ vwojv+w® Cg (5.12)
Z41w = X f2. vow jvP+w Cg (5.13)
1 X fy o.yoj %al-type,u® Cg: (5.14)

Lemma 36. SupposeA is a nite model of , and let the variables inV take
the values speci ed, relative toA, in Table 5.3. Then the constraints in E; are
all satis ed.

Proof. The constraints (5.7){(5.9) follow easily from the respecive equations
in Lemma 34. The constraints (5.10){(5.13) are immediate. h the (single)
constraint (5.14), the sum on the right-hand side evaluateso the cardinality of
A, since everya 2 A has a unique 1-type and a unique -spectrum. But A is
nonempty by de nition. O

To de ne the next set of constraints, we require some additimal terminology.
Let be any 2—type.VSince is a nite set of formulas with free variables x
and y, we may write to denote their conjunction. Referring again to the
formula (5.1), we say that is forbidden, if the formula

00N )

N

en(xy) ! alsy) M (en(y;x) ! nlysx) 7 (5.15)
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is unsatis able. Thus, if A anda, bare distinct elements ofA, then tp”[a; b
cannot be forbidden. Since (5.15) is purely Boolean, we canvalently identify
the forbidden 2-types in time bounded by an exponential fun¢ion of k k.

Now let E, consist of the following constraints, where , vary over their
standard ranges,s, t vary over bit-strings such that jsj = p, jtj = g, and u varies
over vectors such thatO< u  C:

Ysu = fx oj °2 .5 andC o= ug (5.16)

X( 1y = X (517)

= 0 whenever tp;( ) =tp »( ) (5.18)

=0 whenever is forbidden (5.19)

Zyy = 0 whenever . is forbidden. (5.20)

Zeuw = 0 wheneverE is not a scalar multiple of (5.21)
C ,for = 4

Lemma 37. SupposeA is a nite, chromatic model of , and let the variables
in V take the values speci ed, relative toA, in Table 5.3. Then the constraints
in E are all satis ed.

Proof. To see that the constraints (5.16) hold, x , s, u (with jsj = p and
u > 0), and write

Asy=fa2Ajtprla]l= andsd[al= ug:
In addition, for any invertible message-type , write
A =fa2 Aj there existsb2 A nfag such that tpA[a; = g

From Table 5.3, we havejA . yj = (Y. u) and jA j = (X ). Moreover, by
Lemma 33, the setsA o, for °ranging over the elements of ., are pairwise
disjoint. But Lemma 35 just states that

As u= fA of 02 s and C o= ug;

whence the relevant instance of the constraints (5.16) folws. To see that the
constraints (5.17) hold, observe that, sinceA is chromatic, (x ) is actually
the total number of messages of (invertible) type sent by elements ofA, and
similarly for 1. But then (x ) and (X¢ 1)) are obviously equal. The
constraints (5.18) are immediate given that A is chromatic. The constraints
(5.19) and (5.20) are immediate given thatA | . Lastly, Equation (5.6) states
that, for jtj = g, no element with 1-type can have at-tally which is not a scalar
multiple of C , where is the sole element inM i . The constraints (5.21) then
follow. O

Let Es consist of the following constraints, where varies over all 1-types,
t varies over bit-strings such that jtj = g, and u varies over vectors such that
O<u C:
X

Zyu>0 ) fy o.y0j %=tp,( +)andu® Cg> 0 (5.22)

M71
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Lemma 38. SupposeA is a nite model of , and let the variables inV take
the values speci ed, relative toA, in Table 5.3. Then the constraints in E; are
all satis ed.

Proof. Fix ,t, u (with jtj = gand u > 0), so that . is the sole element
of M. If (z+ y) > 0, some element hag-tally u; and sinceu > 0,

must be a non-invertible message-type (i.e. not a silent 2ytpe), and moreover
at least one message of that type must be sent iA. Therefore, A contains at
least one element whose 1gype is t . ). But the number of elements in A
whose 1-type istp( +)is f (Y o.u0)j °=tp,( )andu® Cg. O

Let E= E [E2[E 3. Measuring the sizekEk of E in the usual way, it is
evident that kEkis bounded above by an exponential function ok k. From the
preceding lemmas:

Lemma 39. Let and E be as above. If is nitely satis able, then E has a
solution over N.

Proof. Suppose is nitely satis able. By Lemma 16, let A be a nite, chro-
matic model of . Assign to the variables in V the values given in Table 5.3.
Then apply Lemmas 36{38. O

When is nitely satis able, we may think of the variables V as correspond-
ing to con gurational properties of elements in its nite, ¢ hromatic models. If
the values of these variables are taken to record how often #se con gurational
properties are realized in some such model, as prescribed Table 5.3, then the
constraints E will be satis ed.

5.7 Main result

We proceed to establish a converse of Lemma 39: given a solati of E over
N, there exists a nite model A of such that that solution records how often
certain con gurational properties are realized in A, as speci ed in Table 5.3.

To reduce notational clutter, we use the variable namesx , Y u, Zt u,
s vows 2t vew to stand for the corresponding natural numbers in some soltibn
of E (and similarly for terms involving these variables). Fix some 1-type , and
let A be a set with exactly

X
fy.. uoj u® Cg

elements (possibly zero). Think ofA as a set of elements which “"want' to have
1-type in some yet-to-be-built nite model A of

Our rst step will be to de ne, for any s, t in their standard ranges, vector-
valued functionsf.¢ andg.. onA . For a2 A , think of f.5 (a) as the s-
spectrum which a wants to have in A (when A is eventually built); and think of
g (a) as the the t-tally which a wants to have in A. Formally, the de nitions of
these functions simply depend on our solution oE; informally, however, it helps
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to keep in mind Table 5.3 when understanding the constructia. In particular,
if we want y . , to represent the number of elements having 1-type and s-
spectrumu in A, we will need to ensure that exactly this number of elements
a2 A satisfy f.s (a) = u; and similarly for t-tallies. That is, we will need to
ensure that, forallu C,

it $H(u)j
ig . (u)]

Furthermore, if jsj < p and jtj <q, then, recalling Lemma 34, we will also need
to ensure that, for alla2 A ,

Yis;u (5.23)
z tou . (5.24)

f. (@+g; (@ = C (5.25)
fso(@+fsi(d) = fis(a) (5.26)
gro(@+gir1(@d = gx(): (5.27)

The following rather technical lemma simply guarantees thd these requirements
can be satis ed.

Lemma 40. SupposexX , Vs u, Z:t us ¥ viwy 2 vow (With indices having
the appropriate range$ are natural numbers satisfying thg, constraintsE given
above. Fix any 1-type , and let A be a set of cardinality fy.. ,oju® Cag.
Then there exists a system of functions orA

fs A If uju Cg g: :A If uju Cag;

where the indicess and t vary over their standard ranges, satisfying the following
conditions: (i) Equations (5.23) and (5.24) hold for all vectorsu  C; (ii) if
jsj <p and jtj < g, then Equations (5.25X (5.27) hold for all a2 A .

Proof. Decompose the setA into pairwise disjoint (possibly empty) sets A,
such that jA,j = y.. u, where the indexu varies over all vectors C. This is
possible by the cardinality of A . Forallu C,andalla2 A, set

f. (@=u g; @=C u

This assignment evidently satis es (5.23) fors = ; and by the constraints (5.7),
it also satis es (5.24) fort = . Moreover, it is immediate that, for all a2 A ,
Equation (5.25) holds as required.

We now construct the functions f.s , where 0< jsj  p, by induction on s.
Assume that, for somes (0 j sj <p), f.s has been de ned and satis es (5.23).
For every vector u C, decomposef ;Sl(u) into pairwise disjoint (possibly
empty) sets Ay., such that jAy.wj = ¥.s. v.w, Where the indicesv, w vary
over all vectors satisfyingv + w = u. This is possible by the constraints (5.8)
together with the assumption that f . satis es (5.23). Having thus decomposed
the setsf ;Sl(u) (for all u C), we see that, for anya 2 A , there is precisely
one (ordered) pair of vectorsv, w such that a2 A, ., ; hence we may set

fso(@=v f.s1(a)= w:
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This de nes the functions f.s o and f .5 1. It is immediate that, for all a2 A ,
Equation (5.26) holds as required.

To see thatf .s g andf .5 1 both satisfy Equation (5.23), note that f < o(a) = v
if and only if, for some vector w® such that v + w® C, a2 A,.,o. Similarly,
f.s 1(a) = w if and only if, for some vectorv®such that vP+ w C, a2 Ayoy.
That is,

f.sfov) fAywojv+w® Cg

f ;Sll(W)

fAVO;W JV0+ W Cg,

with the collections of sets on the respective right-hand siles being pairwise
disjoint. By the constraints (5.10){(5.11), together with the fact that jAy.wj =
¥.s. vow forall v;w, we have:

if sTo(V)]

jf;sll(W)j = Yistws

Yis ov

which establishes (5.23) for the functionsf s o and f.s 1. This completes the
induction. The construction of the functions g.. proceeds completely analo-
gously, using the constraints (5.9), (5.12) and (5.13). O

Lemma 41. Let the functions f.s and g. be constructed as in Lemma40.
Then, for all a2 A , we have

X
ffso(@:js§=pg+ fgo(@:jty=0qg= C:

Proof. We prove the stronger result that, foralla2 A ,j (0 | p) and k
O k o,

X X
ffso@:isT=jg+ fguo(@:jti=kg = C; (5.28)

using a double induction onj and k. If j = k = 0, then the left-hand side
of (5.28) is simplyf. (a)+ g. (a), which is equal to C by (5.25). Suppose now
that the result holds for the pair j, k, with j<p . Then
X . . X .
y ffso(@:jsi=(j +1)g+ fg;(o(a):Jt‘ﬁ = kg
= « ffsoo(@)+ fisa(a) 5)](5(1 =jg+ fgro(@):jty=kg
= ffso@:jsf=jg+ fgioa@:jtY=kg by (5.26)
= C by inductive hypothesis.

This establishes the result for the pairj + 1;k. An analogous argument us-
ing (5.27) applies whenk < m, completing the induction. O
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Before we come to the promised converse of Lemma 39, we remaok the
(exponentially many) choices made during the constructionof the various func-
tions f.s and g . in the proof of Lemma 40|speci cally, in the decomposition
of certain sets into collections of subsets. A given solutio of E ensures that a
system of functionsf.s and g exists, subject to the given conditions; but it
by no means determines them.

Lemma 42. Let E be as above andt a positive integer. If E has a solution over
N, then it has a solution overN in which all positive values are at leask.

Proof. SupposeE has a solution :V ! N. Nowdene °:V ! N by
%v) = k (v). By inspection, Cis a solution of E. O

Model-theoretically, Lemma 42 is simply a re ection of Lemma 31.

Lemma 43. Let and E be as above. IfE has a solution overN, then is
nitely satis able.

Proof. By Lemma 42, we may assume tha€ has a solution in which all positive
values are greater than or equal to 831C. Again, we use the variable namex
Yesius Z:t us ¥s vows 2t vow 10 stand for the corresponding values in this
solution. Our task is to construct a model A of

For each 1-type ,let A be aget of cardinality fy.. ,ju Cg, with the
A pairwise disjoint; and let A= fA | a l-typeg. Think of A as the set of
elements of A which “want' to have 1-type . By the constraint (5.14), A 6 ;.
For every 1-type , let the functions f.s andg.. on A be constructed as in
Lemma 40; we are interested only in thosé . andg .« wherejsj = p, andjtj = g.
Think of f s (a) as the s-spectrum which a wants to have, and ofg . (a) as thet-
tally which a wants to have. Finally, consider any setf ;Sl(u), whereO<u C
andjsj = p. Using the constraints (5.16) and Equation (5.23), we can deompose
f <'(u) into pairwise disjoint (possibly empty) sets A with jA j= x , where
varies over the set of invertible message-types suchthat 2 s andC = u.
It follows that, if a2 A ,with 2 ¢ ,thenC = f (a). Think of A as the
set of elements ofA which want to send a single message of (invertible) type

Before proceeding, we pause to consider the construction §t described in
respect of any of the setsA . Fixing, for the moment, some bit-string s with
isj = p, we see thatA is decomposed into the pairwise disjoint setg ;Sl(u) (as
u varies over vectors C), and that each of the setsf ;Sl(u), whereO<u C,
is further decomposed into the pairwise disjoint subset®A (as varies over the
elements of s such that C = u). Note that the set f;sl(O) is not subject
to this further stage of decomposition. This process is pedrmed for every bit
string s with jsj = p, so that dierent values of s lead to independent|and
possibly overlapping|decompositions, as illustrated in F ig. 5.1. Likewise, for
every bit-string t with jtj = g, A is decomposed into the pairwise disjoint sets
g ;tl(u) (as u varies over vectors C). Again, decompositions corresponding to
di erent values of t should be thought of as independent of each other.
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A

A

if;slo(uo)

fobuy | [ i el I

- A o, where °2 50
and C o= u°

A ,where 2
andC =u

i
't 1(0)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, \J

fs'(0)

Figure 5.1: The decompositions ofA for the strings s and s°.

We now proceed to construct, for everya 2 A, a ‘'mosaic piece'; these pieces
will be assembled into the desired structureA. Formally, a mosaic piece is a nite
multiset of message-types (the reader is asked to excuse thmixed metaphor);
informally, we may think of a mosaic piece as a nite collecton of ‘messages'
sent by a, each of which is labelled with some (invertible or non-invetible)
message-type (Fig. 5.2). Recall from Section 5.4 that, if is any 1-type, then

.0;:'1; R 1 is an enumeration of the non-invertible message-types such
thattp,( )= . Fix a2 A, and let be the unique 1-type such thata2 A .
The messages in the mosaic piece corresponding toshall be as follows. (i)
For every bit-string s such that jsj = p, if f.s (a) > 0, let 5 be the invertible
message-type 2 . such thata 2 A (henceC = f.s(a)), and let the
mosaic piece corresponding ta contain a single message labelled,s. Note
that, if f.s (a) > 0, then 4, exists and is unique by the construction of the
sets A . (i) For every bit string t such that jtj = g, if = . is a non-
invertible message-type andC > 0, let ny¢ be the unique natural numbern
such that g1 (&) = nC , and let the mosaic piece corresponding t@ contain
Ny distinct messages labelled .. . Note that, if g (a) = 0, then ngy = 0;
on the other hand, if g 1 (&) > 0, then n, exists by the constraints (5.21) and
Equation (5.24). The resulting mosaic piece is depicted in k. 5.2, where, for
readability, we have replaced any bit-strings by the integes they conventionally
denote.

Foralla2 Aandalli (1 i m)letCys (1 i m)be the number of
messages in the mosaic piece fa (as just constructed) having any label for
which fi(x;y) 2 , and furthermore let C, be the vector (C4.1;:::;Cam). By
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Na; 0

Figure 5.2: The mosaic piece correspondingta2 A . Foreachj (0 j<P),

a may or may not send a message labelled,; (hence the dotted lines); if it

does, then 55 2 ; . Foreachk (0 k<R), asendsngx messages labelled
« ; but the numbers na can be zero.

inspection of Fig. 5.2,
X ) X _
Ca= ffso(@:jsi=pg+ fguo(@):jtd=qg

and so, by Lemma 41,
Ca=C: (5.29)

If the mosaic piece corresponding toa contains a message labelled with some
message-type , we will say that a sends a message of type Equation (5.29) is
evidently a necessary condition for mosaic pieces that areging to be assembled
into a model A of . We build A in four steps as follows.

Step 1 (Fixing the 1-types): For all 1-types and alla2 A , set tp”[a] =
Since the A are pairwise disjoint, no clashes arise.

Step 2 (Fixing the invertible message-types): Let be any invertible message-
type. By construction, exactly jA j = x elements of A send some message
labelled with , and each of those elements sends exactly one such message.
Hence, the number of messages labelled with (over all a2 A) is x ; likewise,

the number of messages labelled with * is x :. By the constraints (5.17),
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we may put the -labelled messages and the -labelled messages in 1{1 cor-
respondence. Ifa 2 A sends a -labelled message, leb 2 A send the corre-
sponding !-labelled message, and set th[a;d = . For this assignment to
make sense, we need to check that and b are distinct. But, by construction,
we must havex > 0, whence, by the constraints (5.18), tp( ) 6 tp ,( ), S0
that Ay, () and Ay, ( ) are disjoint sets containinga and b, respectively. Thus,
the assignment tp*[a;bf = makes sense, and does not clash with the 1-type
assignments in Step 1. We can think of the elemenb as “receiving' the message
sent by a (and vice versa). Moreover, by construction, for every 1-tpe © a
sends at most one message labelled with an invertible messatype °such that
tp,( 9 = O Therefore, there is no chance that these assignments clashith
each other. Note, incidentally, that this method of avoiding clashes means that
A will turn out to be chromatic.

Step 3 (Fixing the non-invertible message-types): As a preliminay, for every 1-
type , we decomposé into three pairwise disjoint (possibly empty) setsA . o,
A . andA . ; satisfying the condition that, if JA j  3mC,thenjA;; j mC for
allj (O j 2). Nowlet be any non-invertible message-type, let =tp ;( ),
andlet =tp,( ). (Notethat and may be identical.) Lett be the bit-string
of length g such that = ., and suppose some elemerd sendsny; > 0
messages labelled . It follows that a 2 A , and also that there is a vector
u > 0 such that g (a) = u, and hence such thatg ;tl(u) is non-gmpty. By
Equation (5.24), z .  is positive, whence, by the constraints (5.22), fy.. yo]j
u® Cgis also positive, and therefore, by our choice of so|_+,1tion, igater than or
equal to 3mC. But recall that, since is a 1-type,jA j= fy.. ,oju® Cg,
so that each of the setsA . o, A. 1 and A . , contains at leastmC elements. Since
a2A ,letj (0 j 2)besuchthata2 A ,letk=j+1 (mod 3), and
selectn,; elementsb from A .x which have not yet been chosen to receive any
other messages (invertible or non-invertible) sent bya. Since the total number
of messages sent by is certainly at most mC, we never run out of choices. For
each of these elementd, set tp”[a; = . Since =tp,( )and =tp,( ),
these assignments cannot clash with those made in Step 1, argy construction,
they cannot clash with assignments corresponding to other rassages sent bg.
We need only check that they cannot clash with assignments aoesponding to
messages sent bp. Speci cally, we must ensure that, if tp”[a; ] = is assigned
as just described, it is not possible fora to be chosen to receive a %labelled
message sent by, where ©is some non-invertible message-type. But any *-
labelled message sent byp 2 A . , with tp ,( 9 = , could only be sent to an
element in A j o, wherej 0= k+1 (mod 3); and by assumption, A j andA;j o
are disjoint, (Fig. 5.3). Observe that this conclusion follows even if =

Step 4 (Fixing the remaining 2-types): Recall that a guard-atom is any atom
p(x;y) or p(y; x), where p is a binary predicate. If tp”[a; b has not been de ned,
set it to be the 2-type

[ [y=x][f: j Is a guard-atom not involving g ;
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AJ aﬁxx
_________ X x XMy
X ¢ Ay
A;j 0 Q
A A

Figure 5.3: Fixing the non-invertible message-types.

where =tp”[a], =tp”A[bl, and [y=x] is the result of replacingx by y in
. Note that neither this 2-type nor its inverse is a messageytpe. Note also

that, since the integersCs;:::;Cy and m are by assumption all positive,a and
b certainly seng some mesgages, so that the constraints (5.18nd (5.20) ensure
that both 7 and * are satis able.

This completes the de nition of A; it remains to show that A = . Referring
to (5.1), we consider rst the conjuncts:
N
8x 8x8y(en(x;y) ! (nh_x Y)):
1 h |

We see from the constraints (5.19) and (5.20) that no 2-type asignment in
Steps 2 and 3 violates these conjuncts. And it is obvious thaho assignment in
Step 4 does so. (This is where we use the guardedness gfof course.) Finally,
we consider the conjuncts
N
8x9-c, y(fi(x;y) " x 6 y):

1 i m

To see that these conjuncts are all satis ed, it su ces to note Equation (5.29)
and the fact that none of the 2-types assigned in Step 4 is a msage-type. [

The constraints E all have the forms

X1+ +X, = X
X1+ + Xp 1
x = 0 (5.30)
x>0 ) xp+ +Xn > 0
wheren > 0, X;X1;:::;Xn are variables. We now investigate the problem of

determining whether E has a solution. The following lemma essentially repeats
Lutz, Sattler and Tendera [22], Proposition 11. (Those autlors in turn credit
Calvanese [5].) We give a proof for convenience. Amteger programming prob-
lem is a system of linear equalities and inequalities interpre¢d overZ. A linear
programming problemis a system of linear equalities and inequalities interpre¢d
over Q.
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Lemma 44. Let andE be as above. An algorithm exists to determine whether
E has a solution overN in time bounded by a polynomial function ofkEk, and
hence by an exponential function ok k.

Proof. Evidently, E can be regarded as a very large disjunction of integer pro-
gramming problems, each one of which has size bounded l§Ek By a well-
known theorem (Borosh and Treybig [4]), there is a monotonicfunction h, com-
putable in polynomial time, such that, if an integer programming problem of
sizen has a solution, then it has a solution in which every value is lounded by
h(n) > 0. Hence,E has a solution overN if and only if it has a solution over N
in which every value is bounded byH = h(kEK).

Now consider the integer programming problemE, de ned by replacing
every constraint of the formx > 0) x;+ + X, > 0in E by the corresponding
inequalities

Hy X
X1+ + Xn y;

wherey is a new variable. Every solution of B4y over N is clearly a solution
of E. Conversely, suppose :V ! N is a solution of E in which all values are
bounded byH . Let y be any of the new variables o, , introduced to eliminate
the constraint x > 0) x; + + X, > 0; and extend to give a value toy as
follows:

0 if (x)=0

1 otherwise.

(y)=

It is routine to check that extending in this way for all the new variablesy in
B, yields a solution of By. HenceE can be transformed, in time bounded by
a polynomial function of KEKk, into a constraint set By, in which all constraints
are of the forms

X1 + + X, = X x = 0
Xy + + Xp 1 HX 1 X2
X1 + + Xn X;

such that E has a solution (overN) if and only if E4 has. It is obvious that,
if By has a solution over the non-negative rationals, then it has asolution over
N as well. (Simply multiply by the product of all the denominat ors.) Hence,
we can equivalently regardEy as a linear programming problem. But linear
programming is in PTIME, by Khachiyan's theorem [17]. O

Theorem 16. The nite satis ability problem for GC is in ExpTime .
Proof. Lemmas 32, 39, 43 and 44. O

5.8 The satis ability problem

In the previous section, we considered only thenite satis ability problem for
GCE. However, the technique employed easily yields a correspding result on
the satis ability problem for GC.
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Notation 6. Let N denote the setN[f@ og. We extend the ordering> and the
arithmetic operations + and from N to N in the obvious way. Speci cally, we
dene@>n foralln2 N;wedene@+@=@ @= @and0O@ = @ 0=0;
wedenen+ @=@+n=@foralln2 N;andwedenen @=@ n= @
for all n 2 N such that n > 0. Under this extension,> remains a total order,
and +, remain associative and commutative.

Using the arithmetic in Notation 6, consider again the constaints E given
in (5.7){(5.14), (5.16){(5.21) and (5.22), but now with the variables ranging
over the whole ofN .

Lemma 45. Let andE be as above. Then is satis able if and only if E has
a solution overN .

Proof. If is satis able, then it has a model A which is nite or countably
in nite. Now assign to the variables in V values inN as directed by Table 5.3.
The reasoning of Lemmas 36{39 then goes through, with the obieus changes
of formulation, exactly as in the nite case. For the converse, proceed exactly
as for Lemmas 40{43. O

Lemma 46. The set of constraints E has a solution overN if and only if it
has a solution overf O; @g.

Proof. SupposeE has a soluton :V ! N . Nowdene °:V !f O,@gby
Av) = @ (v). By inspection, Cis a solution of E. O

Model-theoretically, Lemma 46 is simply a re ection of Lemma 31.

Since the domainf 0; @g has only 2-elements, variables interpreted over it
are essentially Boolean. Ifx 2 V, let us write X for the corresponding statement
x = 0, so that the constraints E are viewed as formulas of propositional logic.
For example, a constraint of the form

X1 + + Xp = X
becomes the set of propositional logic formulas
fX1nr A Xp! Xg[f X! Xijl i ng;

a constraint of the form
X1 + + X, 1

becomes the propositional logic formula
XN N X7
and a constraint of the form
x>0 ) X1+ +Xp, >0
becomes the propositional logic formula
XN M Xy X

A quick check reveals that all of the resulting formulas are Hbrn-clauses.
This immediately yields:
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Theorem 17. The satis ability problem for GC is in ExpTime .

5.9 Bibliographic notes

The languageM of modal logic can be found in Lewis and Langford [21], and
originally formed the basis of a collection of axiomaticaly characterized log-
ics; the alternative, semantic, characterization of thesdogics in terms of frame
classes|which forms the basis of the approach adopted in these notes|is due
to Kripke [18]. The complexity-theoretic analysis of theselogics was carried out
relatively early. Theorem 8 may be regarded as folklore; Therem 9 is due to
Ladner [20].

The special case of Theorem 11 wheie = ; is due to Tobies [35]; the remain-
ing cases can be easily proved using the same technique. Thiems 10 and 12
use rather di erent methods, and are due to Kazakov and Pratt-Hartmann [16].

The guarded fragment G was originally introduced by Andeka et al. [1],
as a means of generalizing modal logic (under the relationademantics), and,
at the same time, exhibiting its connection to earlier work in algebraic logic.
Theorems 13, 14 and 15 are due to Gradel [11]. Theorem 16 is duto Pratt-
Hartmann [31]. Theorem 17 was rst proved|using a very di er enttechnique|
in Kazakov [15]. Kazakov's strategy is to show that satis ability in GG can be
reduced in polynomial time to satis ability in the 3-variab le guarded fragment;
the result then follows from Theorem 14. We note in this regad that Kazakov's
reduction is not conservative, and therefore yields no probof Theorem 16.
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