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1 Introduction

One of the most important research objectives in mathematics and computer science is
reasoning in and about complex systems. Complex systems arise in a natural way in many
areas such as mathematics, logic, computation, design of digital circuits, communication,
language processing, databases, or artificial intelligence. They can be, for instance:

• complex mathematical theories;

• programs, or more general reactive or hybrid systems;

• large (possibly distributed) databases;

• multi-agent systems;

• or very complex systems (e.g. multi-agent systems or reactive or hybrid systems with
embedded software, whose behavior is controlled by databases, reasoning about knowl-
edge and belief, planning mechanisms, or programs).

Proving properties of such systems is extremely important. In safety-critical systems (for
instance cars, trains, planes, or power-plants) even small mistakes can provoke disasters.
Since the amount of data which has to be handled in verification tasks is usually huge,
computer support is necessary. The dream of the scientists is to prove such correctness
properties automatically. This goal cannot be reached in its full generality - this follows
from undecidability results in first order logic which go back to the work of Gödel, Church
and Turing. However, for concrete application domains (e.g. for proving specific properties
of certain classes of systems) automatic procedures exist. It is therefore very important to
identify situations in which automated verification of complex systems is possible. For this,
it is essential to identify theories which are decidable, preferably with low complexity. Very
often, classical theories do not occur alone in applications:

• In program verification, for instance, one may need to prove properties of lists, arrays,
or sets (with elements of a certain type), or of several such datatypes at the same time.

• In distributed ontologies one usually needs to consider various extensions of a common
kernel with new concepts and constructors.

It is therefore very important to obtain methods for efficiently combining decision proce-
dures. For a long time the state of the art in the research in combination of decision proce-
dures was represented by the Nelson-Oppen combination procedure (which can be applied
to combine decision procedures for certain theories over disjoint signatures). Only in recent
years, significant progress in the area of reasoning in extensions of theories and combinations
of possibly non-disjoint theories has been made; some of these results are presented here.

Aims of the course. The goal of this advanced course is to give a comprehensive, in-
depth perspective on recent advances in the field of reasoning in complex logical theories,
and to present the applications of these results in various areas such as mathematics, formal
verification, knowledge representation (data bases and multi-agent systems).
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2 Motivation: Verification of complex systems

The main obstacle in using computers for solving real-life problems is complexity: On the
one hand, the systems which are analyzed are complex, therefore their formalization is
complex as well. At the same time, the amount of data to be taken into account, even when
analyzing relatively simple systems, is huge. In this section we briefly illustrate the type of
verification problems in mathematics, verification, and databases.

Theories

− numbers 

− polynomials 

− functions over 
  numeric domains

− algebras

− test consistency
Tasks

− answer queries
− limit search

Tasks
− construct proofs
− check proofs

VERIFICATION DATA BASESMATHEMATICS

Tasks

− safety / lifeness

− correctness
− termination

− programs

− reactive/hybrid 
  systems

Theories

  numeric domains
− functions over 
− data types

− numbers 

Theories
− First−order logic 
− Datalog 
− ...

− numbers

− functions

Complex theories

2.1 Mathematics

The verification tasks needed in mathematics are, on the one hand, proving or disproving
theorems about mathematical theories, and also (automatically) checking the correctness of
proofs. Theories important in mathematics include:

• theories of real, rational, integer or natural numbers;

• theories of polynomials with real/rational/integer/natural coefficients;

• theories of functions over numerical domains – for instance monotone, continuous,
derivable functions, or functions with special properties, e.g. satisfying the Lipschitz
conditions – very important in mathematical analysis;

• theories of algebraic structures (groups, rings, fields);

• theories of ordered structures (lattices, Boolean algebras);

• more generally, possibly many-sorted theories of universal algebras;

• logical theories.

To refer to only one of the aspects mentioned above: The task of automatically reasoning in
extensions of numerical domains with function symbols whose properties are expressed by
first order axioms is highly non-trivial: most existing methods are based on heuristics; very
few sound and complete methods or decidability results exist, even for specific fragments
[24, 25, 14, 58]. More details are given in Section 9.1 and 9.2.
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2.2 Verification of reactive and hybrid systems

Typical examples of reactive systems are programs. In more general reactive or hybrid
systems we need to refer to parametric changes which can be described using functions over
numerical domains which satisfy certain properties. Depending on the specific application
domain, the specifications explicitly refer to certain theories and data types:

• numbers (real/rational/integer/natural);

• functions over numerical domains (e.g. for modeling parametric changes);

• theories of data structures such as lists or arrays – especially for program verification,
but also e.g. in the specification of systems with a parametric number of components.

Such theories are usually explicitly mentioned in the specification part. Correspondingly,
a background theory TS – describing the data types used in the specification and their
properties – is associated in a canonical way with every specification. More details about
the specific problems which are interesting in this context are given in Section 9.3.

2.3 Databases

Among the verification tasks important in relationship with databases are consistency testing
and query answering. In addition, when constructing a database it is very important to
check incrementally whether after adding new information the truth of formulae w.r.t. the
information contained in the database changes or not. Since the information stored in
databases is usually huge, it is extremely important to find methods for limiting search
without affecting the accuracy of the answers. The type of theories related to the contents
of a database depends on the type of information stored in databases. Information can be
expressed in:

• (full) first order logic – which has the disadvantage of being undecidable – or even
higher-order logic;

• light-weight fragments of first order logic, such as Datalog (sets of (universally quan-
tified) rules consisting of Horn clauses in a language without function symbols) or
variants thereof;

• specific theories as used for instance in description logics;

• combinations of theories, involving formulae in (fragments) of first order logic, func-
tions with certain properties and numerical theories.

An issue which is becoming increasingly essential in databases and ontologies is modularity:
important aspects are modular design and reasoning. Since the component databases or on-
tologies can be regarded as logical theories, efficient reasoning in combinations of ontologies
is extremely important. It is also very important to identify light-weight description log-
ics and possibilities of efficiently integrating numerical domains in light-weight description
logics. Such aspects are mentioned in Section 9.6

2.4 Multi-agent systems

Another area of applications in which combinations of theories are important is the area of
multi-agent systems. We address here only one aspect, referring to the possibilities of agents
of reasoning about knowledge and belief: In a logical formalization, each agent may have its
own knowledge about environment, its own way of reasoning about knowledge and belief,
and, possibly, also its own knowledge about the knowledge of the other agents.

The way of reasoning about knowledge of an agent A may be represented by a specific
type of modal logic, with modal operators 2A,3A having, for instance, the meaning:
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• 2Aφ: φ is known to A (or A believes that φ)

• 3Aφ: φ is consistent with the knowledge of A (resp. with the beliefs of A).

For proving or disproving statements about the knowledge/belief of a set of agents it is
important to be able to reason in combinations of modal logics. Since reasoning in many
modal logics can be reduced to deciding uniform word problems in corresponding classes of
Boolean algebras with operators, the reasoning problem in the combinations of logics can
be reduced to the problem of modular reasoning in combinations of Boolean algebras with
operators. Such aspects are mentioned in Section 9.7.

We can consider even more complex multi-agent systems whose behavior is controlled by
databases, reasoning about knowledge and belief, planning mechanisms, or programs.

2.5 Formalization, reduction to deduction in logical theories

Many of the verification problems mentioned above can be reformulated as follows:

1. Formalize the problems by explicitly pointing out the theories involved and expressing
the proof tasks in a logical language.

2. Reduce the verification problems to the task of proving satisfiability, validity, or en-
tailment of formulae in a logical theory – canonically associated with the concrete
application.

The main problems which occur in this context are, on the one hand, the size of the for-
mulae obtained this way and, on the other hand, the fact that most real-life problems are
heterogeneous in nature, and when formalizing them, complex theories are often needed:
typically extensions and combinations of “standard” theories.

2.6 Structure of the course

We start by defining theories and models in Section 3. In Section 4, decidability and unde-
cidability results for theory fragments are presented. After presenting some general decid-
ability and undecidability results for logical theories, we introduce several theory fragments
and their associated decision problems, as well as the relationship between them. Methods
for proving decidability are mentioned. In Section 5 we present some practically relevant
examples of tractable theory fragments.

In Section 6 we present the main problems, challenges and ideas for reasoning in complex
theories. The way these ideas can be applied is then explained in detail for combinations
of theories over disjoint signatures (Section 7.1), theories over non-disjoint signatures (Sec-
tion 7.2) as well as certain types of theory extensions (Section 8). We end by providing
various examples from mathematics, verification, databases and multi-agent systems where
efficient decision procedures exist (Section 9).

3 Preliminaries

In this section we define the main notions used in what follows: theories, models, as well as
restrictions, combinations and extensions of theories.

3.1 Formulae, models, theories

For basic definitions in first order logic (formulae, satisfiability, validity, entailment) we refer
to any textbook in logic. We will consider formulae and models over many-sorted signatures
Σ = (S,Ω,Pred), where S is a set of sorts, Ω is a set of function symbols and Pred a set
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of predicate symbols (with given arities). For one-sorted signatures we will omit the set of
sorts and use the notation Σ = (Ω,Pred).

Definition 1 A Σ-structure (or Σ-algebra) is a tuple

M = ({Ms}s∈S , {fM}f∈Ω, {PM}P∈Pred),

where for every s ∈ S, Ms is a non-empty set, for all f ∈ Ω with arity a(f)=s1. . .sn → s,
fM :

∏n

i=1Msi
→Ms and for all P ∈ Pred with arity a(P ) = s1. . .sn, PM ⊆Ms1

× . . .×Msn
.

We will denote the set of all Σ-algebras by Σ-Alg. In what follows we will denote the equality
predicate by ≈. We consider terms and formulae over variables in a (many-sorted) family
X = {Xs | s ∈ S}, where for every s ∈ S, Xs is a set of variables of sort s. The set of all
Σ-terms will be denoted by TΣ(X), and if we want to emphasize the set of function symbols
used for building the terms also by TΩ(X). The set of all Σ-formulae over the variables in
X is denoted by FΣ(X). Truth and satisfiability of a first order formula in a given model
are defined in the standard way.

Definition 2 A model of a set T of formulae is a Σ-structure satisfying all formulae of T .

We will denote by Mod(T ) the set of all models of a set of formulae.

Definition 3 If φ and ψ be formulae over the signature Σ, we say that:

(1) φ is true w.r.t. T (denoted |=T φ) if φ is true in all models of T ;

(2) φ entails ψ w.r.t. T (denoted φ |=T ψ) if ψ is true in all models of T ∧ φ;

(3) φ is satisfiable w.r.t. T if there exists a model of T in which φ is true;

(4) If φ is false in all models of T , we say that φ is unsatisfiable.

Note that φ is unsatisfiable iff φ |=T ⊥, where ⊥ stands for false.

Theories can be described by sets of formulae or by sets of models. We present the syntactic
and semantic views, as well as the link between them.

Definition 4 (Syntactic point of view) A first order theory can be defined by a set F
of (closed) first order Σ-formulae (its axioms).

The class of all models of F is: Mod(F) = {A ∈ Σ-alg | A |= G, for all G in F}.

Definition 5 (Semantic point of view) Given a class M of Σ-algebras, the first order
theory of M is Th(M) = {G ∈ FΣ(X) closed | M |= G}, where X is a countably infinite
set of variables.

Note that Th(Mod(F)), the set of formulae true in all models of F , represents exactly the
set of consequences of F . It is easy to show that F ⊆ Th(Mod(F)) (typically strict) and
M ⊆ Mod(Th(M)) (also typically strict).

Example 1 (Peano arithmetic) The language of Peano arithmetic contains constants 0
and 1 and binary functions + and * (addition resp. multiplication). Peano arithmetic is
axiomatized by the axioms PA:

(A1) ∀x¬(x + 1 ≈ 0) (zero)
(A2) ∀x∀y (x + 1 ≈ y + 1 → x ≈ y) (successor)
(A3) F [0] ∧ (∀x (F [x] → F [x+ 1]) → ∀xF [x]) (induction)
(A4) ∀x (x + 0 ≈ x) (plus zero)
(A5) ∀x, y (x+ (y + 1) ≈ (x + y) + 1) (plus successor)
(A6) ∀x, y (x ∗ 0 ≈ 0) (times 0)
(A7) ∀x, y (x ∗ (y + 1) ≈ x ∗ y + x) (times successor)
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The inequality and strict inequality relations are definable in this signature. For instance
3∗y+5 > 2∗y expressed as ∃z(z 6≈ 0∧3∗y+5 ≈ 2∗y+z). The intended interpretation for this
theory is (N, {0, 1,+, ∗}, {≈,≤}) (but it does not capture true arithmetic by Gödel’s incom-
pleteness theorem). Clearly, (N, {0, 1,+, ∗}, {≈,≤}) ∈ Mod(PA) and PA ⊂ Th(Mod(PA)).

Example 2 (Presburger arithmetic (Presburger 1929)) The language of Presburger
arithmetic contains constants 0 and 1 and a binary function +. The axioms of Presburger
arithmetic are axioms (A1)–(A5) above. The intended interpretation for this theory is
(N, {0, 1,+}, {≈,≤}).

Example 3 ( Linear integer arithmetic) Let Σ = ({0/0, s/1,+/2}, {≤ /2}). Let Z+ =
(Z, 0, s,+,≤) the standard interpretation of integers. {Z+} ⊂ Mod(Th(Z+)).

Example 4 (Uninterpreted function symbols) Let Σ = (Ω,Pred) be an arbitrary sig-
nature. Let M = Σ-Alg be the class of all Σ-structures. The theory of uninterpreted function
symbols is Th(Σ-Alg), the family of all first order formulae which are true in all Σ-algebras.
We will denote the theory of uninterpreted function symbols also by Free(Σ).

Example 5 (Lists) Let Σ = ({car/1, cdr/1, cons/2}, ∅) and Flists be the set of axioms:

∀x, y car(cons(x, y)) ≈ x

∀x, y cdr(cons(x, y)) ≈ y

∀x cons(car(x), cdr(x)) ≈ x

Let Mod(Flists) be the class of all models of F . Then ThLists = Th(Mod(Flists)) is the theory
of lists (axiomatized by Flists), i.e. the set of all logical consequences of the axioms in Flists.

Example 6 (Acyclic Lists) Let Σ = ({car/1, cdr/1, cons/2}, ∅). The theory of acyclic lists
is axiomatized by the set of axioms FAlists:

∀x, y car(cons(x, y)) ≈ x

∀x, y cdr(cons(x, y)) ≈ y

∀x cons(car(x), cdr(x)) ≈ x

∀x t(x) 6≈ x for all terms t containing only the

symbol cons and the variable x

∀x, y, x′, y′ cons(x, y) ≈ cons(x′, y′) → x ≈ x′ ∧ y ≈ y′ (injectivity of constructors)

(Note that injectivity of constructors is a consequence of the first two axioms, but can be
listed also as a separate axiom.) Let Mod(FAlists) be the class of all models of A. Then
ThALists = Th(Mod(FAlists)) is the theory of lists (axiomatized by FAlists), i.e. the set of all
logical consequences of the axioms of acyclic lists.

Example 7 (Arrays) McCarthy’s theory of arrays has three sorts (for arrays (a), index
(i), and elements (e)). The signature consists of the function symbols write of sort a×i×e → a
and read of sort a × i → e. The theory is axiomatized as follows:

read(write(a, i, e), i) ≈ e
read(write(a, i, e), j) ≈ read(a, j) ∨ i ≈ j

a ≈ b ↔ ∀i(read(a, i) ≈ read(b, j))
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3.2 Restriction to a sublanguage

Let Σ = (Ω,Pred) and Σ′ = (Ω′,Pred′). Suppose Σ ⊆ Σ′, i.e. Ω ⊆ Ω′ and Pred ⊆ Pred′.

Definition 6 Let A = (A, {fA}f∈Ω′ , {PA}P∈Pred′) ∈ Σ′-Alg. The restriction of A to Σ
(or the Σ-reduct of A) is the Σ-structure A|Σ = (A, {fA|Σ

}f∈Ω, {PA|Σ
}P∈Pred) obtained by

ignoring all functions and predicates associated with symbols in Σ′\Σ, i.e. such that:

fA|Σ
= fA for f ∈ Ω

PA|Σ
= PA for P ∈ Pred

Example 8 Consider the signatures Σ′ = ({+/2, ∗/2, 1/0}, {≤ /2, even/1, odd/1}) and Σ =
({+/2, 1/0}, {≤ /2}) ⊆ Σ′. If N = (N,+, ∗, 1,≤, even, odd) (a Σ′-algebra) then the Σ-reduct
of N is N|Σ = (N,+, 1,≤).

If M be a class of Σ′-algebras, M|Σ consists of all Σ-reducts of algebras in M:

M|Σ = {A|Σ | A ∈ M}.

3.3 Combinations of theories

We can consider combinations of theories again both from a syntactic and from a semantic
point of view.

Definition 7 (Syntactic view) We regard theories as sets of formulae. Let T1 and T2 be
described by sets of axioms in the signatures Σ1 resp. Σ2 with variables in a set X. The
union of the two theories is the theory in the signature Σ1∪Σ2 = (Ω1,Pred1)∪(Ω2,Pred2) =
(Ω1 ∪ Ω2,Pred1 ∪ Pred2) obtained by taking the union of the sets of axioms for T1 and T2:

T1 + T2 = T1 ∪ T2 ⊆ FΣ1∪Σ2
(X).

Note that Mod(T1 ∪ T2) = {A ∈ (Σ1 ∪ Σ2)-alg | A |= G, for all G in T1 ∪ T2}.

Definition 8 (Semantic view) Let M1,M2 be two classes of algebras. Let M1 + M2 =
{A ∈ (Σ1 ∪ Σ2)-Alg | A|Σi

∈ Mi for i = 1, 2}.

The link between the syntactic and the semantic view is given by Theorem 9.

Theorem 9 Let T1 be a set of Σ1-formulae and T2 a set of Σ2-formulae. Let Mi =
Mod(Ti), i = 1, 2. Then Th(Mod(T1 ∪ T2)) = Th(M1 + M2).

Proof : For every Σ1 ∪ Σ2-algebra A, A ∈ Mod(T1 ∪ T2) iff A |= G for all G in T1 ∪ T2. This
happens iff A|Σi

|= G for all G in Ti, i = 1, 2, i.e. iff A|Σi
∈ Mi, i = 1, 2, hence, by definition,

iff A ∈ M1 + M2. 2

Example 9 The combination of Presburger arithmetic with the theory Free(Σ) of free func-
tion symbols in Σ = (Ω,Pred) has as models algebras

(A, 0, 1,+, {fA}f∈Ω,≤, {PA}P∈Pred),

where (A, 0, 1,+,≤) is a model of Presburger arithmetic. The combination of Presburger
arithmetic with the theory ThLists of lists has as models algebras

(A, 0, 1,+, carA, cdrA, consA,≤),

where (A, 0, 1,+,≤) is a model of Presburger arithmetic and (A, carA, cdrA, consA) ∈ Mod(ThLists).
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Example 10 The combination of the theory of reals with the theory of a monotone function
f is the theory Th(R) ∪ Mon(f), where

Mon(f) : ∀x, y(x ≤ y → f(x) ≤ f(y)).

Its models are algebras of the form (A,+, ∗, fA,≤), where (A,+, ∗,≤) ∈ Mod(Th(R)), and
(A, fA,≤) |= Mon(f), i.e. fA : A→ A monotone.

Note that in this case the signatures of the two theories share the ≤ predicate symbol.

We can also consider the combination of the theory of real numbers with the theory of a
monotone function over a poset (these two theories share the common subtheory of posets).

3.4 Theory extensions

Combinations of theories cannot properly capture all types of theories of interest. For
instance, as explained in Example 10, the theory of real numbers with a monotone function
can be seen as the combination of two theories whose signatures share the predicate symbol
≤. Consider now the theory of a λ-Lipschitz function over R at a given point c. The
Lipschitz axiom:

Lλ
f (c) ∀x |f(x) − f(c)| ≤ λ ∗ |x− c|

contains {−, ∗,≤} i.e. (almost) the whole signature of the theory of real numbers. Thus, if
we would like to represent this theory as a combination of two theories the shared signature
would be (almost) the same as the signature of the real numbers. In such situations it is
more convenient to talk about theory extensions.

Let T0 be a theory with signature Σ0 = (S,Ω0,Pred). We consider extensions T1 of T0

with signature Σ = (S,Ω,Pred), where the set of function symbols is Σ = Σ0 ∪ Σ1 (i.e. the
signature is extended by new function symbols). We assume that T1 is obtained from T0 by
adding a set K of (universally quantified) clauses in the signature Σ. Thus, Mod(T1) consists
of all Σ-structures which are models of K and whose reduct to Σ0 is a model of T0.

Example 11 The combination of the theory of Presburger arithmetic with the theory Free(Σ)
of free functions in a set Σ can also be seen as an extension:

• the base theory is Presburger arithmetic;

• the new function symbols are those in Σ; they are not constrained by any axioms.

Example 12 The combination of the theory of the reals with the theory of a monotone
function f can be also seen as a theory extension:

• the base theory T0 is the theory of real numbers.

• Its signature is extended with the function symbol f , subject to the axiom Mon(f).

Similarly, we can think of the theory of a Lipschitz function f over the reals as the extension
of the theory of reals with a function subject to the Lipschitz condition (which can be expressed
as a set of clauses).

4 Decidable theories and theory fragments

Let Σ = (Ω,Pred) be a signature and T be a Σ-theory (e.g. the class of all models of a class
M of Σ-algebras, or the class of all first order consequences of a set F of formulae).
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Figure 1: Common restrictions on L
Pred = ∅ {φ ∈ L | T |= φ}

L={∀xA(x) | A atomic} word problem
L={∀x(A1∧ . . .∧An→B) | Ai, B atomic} uniform word problem Th∀Horn

L={∀xC(x) | C(x) clause} clausal validity problem Th∀,cl

L={∀xφ(x) | φ(x) unquantified} universal validity problem Th∀

L={∃xA1∧ . . .∧An | Ai atomic} unification problem Th∃
L={∀x∃xA1∧ . . .∧An | Ai atomic} unification with constants Th∀∃

Definition 10 The theory T = Th(M) is decidable iff there is an algorithm which, for
every closed first order formula φ, can decide (after a finite number of steps) whether φ is in
T or not. Equivalently, T = Th(M) is decidable iff there is an algorithm which, for every
closed first order formula φ, can decide (in finite time) whether M |= φ or not. If no such
algorithm exists, the theory is said to be undecidable.

Some examples of undecidable theories are given below:

Example 13 (Peano arithmetic) Peano arithmetic is undecidable. The related theory of
integers (with multiplication): Th((Z, {0, 1,+, ∗}, {≤,≈})) is undecidable as well.

Example 14 (Uninterpreted function symbols) The theory Free(Σ) of all Σ-algebras
for a given signature Σ is also undecidable: Word problems can be encoded this way; there
exist presentations with undecidable word problems.

Although, as seen above, some theories are undecidable, decision procedures exist if we
restrict to certain classes of formulae (for instance only to universally quantified formula,
only to existentially quantified formulae, to formulae with alternations of quantifiers of a
certain type, or to formulae with a certain syntactic form). Let T be a first order theory in
signature Σ and let L be a class of (closed) Σ-formulae. Common restrictions on L can be:

• L={∀xA(x) | A atomic} the class of all universal atomic formulae;

• L={∀x(A1∧ . . .∧An→B) | Ai, B atomic} the class of universal Horn clauses;

• L={∀xC(x) | C(x) clause} the class of all universally quantified clauses;

• L={∀xφ(x) | φ(x) quantifier-free} the class of all universal formulae;

• L={∃xA1∧ . . .∧An | Ai atomic} the class of all atomic existential formulae;

• L={∀x∃xA1∧ . . .∧An | Ai atomic} the class of all ∀∃ atomic formulae.

4.1 Problems and relationships between them

Problems of interest are:

The T -validity problem for formulae in L: Given φ ∈ L, does T |= φ?
The T -satisfiability problem for formulae in L: Given φ ∈ L, does φ |=T ⊥?

It is easy to see that T |= φ iff T ∪ ¬φ unsatisfiable.

Theorem 11 The T -validity problem for formulae in L can be reduced to the T -satisfiability
problem for formulae in ¬L = {¬φ | φ ∈ L} and vice-versa.

Example 15 Let Free(Σ) = Th(Σ-Alg). The following are equivalent:
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Figure 2: Common restrictions on L/¬L

L ¬L

{∀xA(x) | A atomic} {∃x¬A(x) | A atomic}
{∀x(A1∧ . . .∧An→B) | Ai, B atomic} {∃x(A1∧ . . .∧An∧¬B) | Ai, B atomic}
{∀x

∨

Li | Li literals} {∃x
∧

L′
i | L

′
i literals}

{∀xφ(x) | φ(x) unquantified} {∃xφ′(x) | φ′(x) unquantified}

• Free(Σ) |= ∀x∀y((x ≈ f(y) ∧ y ≈ h(z)) → g(x) ≈ f(h(z)));

• Free(Σ) ∧ ∃x∃y(x ≈ f(y) ∧ y ≈ h(z) ∧ g(x) 6≈ f(h(z))) unsatisfiable;

• Free(Σ) ∧ c ≈ f(d) ∧ d ≈ h(e) ∧ g(c) 6≈ f(h(e)) unsatisfiable
(where c, d, e are new Skolem constants).

Definition 12 A first order Σ-theory T is Σ0-convex (Σ0 ⊆ Σ) iff whenever T |=
∧n

i=1Ai →
∨m

j=1 Bj, where A1, . . . , An are Σ-atoms, and B1, . . . , Bm are Σ0-atoms there exists k ∈

{1, . . . ,m} such that T |=
∧n

i=1 Ai → Bk.

Example 16 Theories axiomatized by sets of Horn clauses are convex. (Any theory T such
that Mod(T ) closed under products is convex.)

Example 17 Let LI(Q) be the theory of rational numbers with linear arithmetic. LI(Q) is
convex w.r.t. equality atoms: if LI(Q) |=

∧

i Ai →
∨

j ti≈t
′
i then LI(Q) |=

∧n
i=1Ai → tk≈t′k

for some k. LI(Q) is not convex w.r.t. inequality atoms: LI(Q) |= x ≤ y ∨ y ≤ x but
LI(Q) 6|= x ≤ y and LI(Q) 6|= y ≤ x.

Theorem 13 The following reductions hold:

(1) If T -validity for Th∀,cl is decidable then T -validity for Th∀ is decidable.

(2) For any convex theory T , if T -validity for Th∀,Horn is decidable then T -validity for
Th∀,cl is decidable.

(3) If T -satisfiability for conjunctions of (quantifier-free) literals is decidable, then Th∀,cl

is decidable.

4.2 SAT checking modulo a theory

In most cases, decision procedures can efficiently handle simple problems, such as, for in-
stance the problem of checking the satisfiability of (quantifier-free) conjunctions of literals.
Before considering more complex satisfiability problems, we recall the methods for proving
satisfiability of propositional formulae. The problem can be formulated as follows:

Input a propositional formula φ
Output YES if there is a Boolean assignment satisfying φ

NO is there is no Boolean assignment satisfying φ

The problem is known to be NP-complete. By applying linear time structural transforma-
tions we transform any propositional formula in clause form. We can therefore assume that
φ is a conjunction of clauses.

Modern SAT solvers are based on highly optimized versions of the classical DPLL pro-
cedure (Davis-Putnam 1960 + Davis-Logemann-Loveland 1962). The DPLL procedure:

• performs deterministic choices first (unit resolution, backward subsumption, pure lit-
eral assignment);
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• when this is not possible anymore: choose an atom for case distinction (semantic
splitting);

• makes use of appropriate heuristics such as: selection criteria for splitting atoms, non-
chronological back-tracking, conflict-driven learning.

State of the art SAT solvers such as for instance MINISAT (http://minisat.se/) or Chaff
(http://www.princeton.edu/∼chaff/) currently handle problems with ca. 10K variables.
Efficiency of SAT solvers increased their application domains (planning, bounded model
checking, security, description logics). However, many applications require solving satisfia-
bility problems for quantifier-free formulae modulo a first order theory T . Systems imple-
menting methods for solving such specialized problems (Yices, Z3, BarcelogicTools, CVC
Lite, Math-SAT) are called S(atisfiability) M(odulo) T(heory) solvers. The structure of an
SMT solver is roughly as follows:

• we assume w.l.o.g. that the formula is a set of clauses (a set of disjunctions of literals)
in the language of the theory T ;

• a Boolean assignment for the literals in the formula is found, and is then checked for
T -satisfiability (lazy approach);

• the assignment may be partial and checked before splitting (early pruning);

• usual heuristics like non-chronological backtracking and learning are employed.

DPLL(T ) (cf. e.g. [27]) is an example of a formally structured extension of DPLL which is
able to cope with the aspects above.

4.3 Methods for proving decidability

Among the methods for proving decidability of theories or fragments thereof we mention
the following:

(1) Finite/Bounded model property. Prove that every satisfiable formula has a model of
bounded cardinality.

(2) Show that special calculi provide decision procedures. Resolution, rewriting, superposi-
tion, tableau or sequent calculi can be used as decision procedures for certain fragments
of first order logic.

(3) Use quantifier elimination to reduce the problem of testing validity/satisfiability of
formulae with alternations of quantifiers to the problem of testing validity/satisfiability
of formulae without quantifiers.

(4) Reduction to problems known to be decidable. For instance:

(a) encoding to problems in automata theory (used for instance to prove decidability
of Presburger arithmetic: validity/satisfiability of formulae is encoded to prob-
lems related to emptiness of languages in automata theory).

(b) encoding into decidable fragments of FOL (this is a method which has been widely
used in the study of non-classical logics).

We mention how the methods above allow us to prove decidability of the following theories.

Example 18 (Linear rational arithmetic, (LI(Q)) Linear rational arithmetic is decid-
able: this can be shown by giving a decision procedure for the quantifier-free fragment and
then a method for eliminating quantifiers. Several methods can be used for this. The most
common ones are the Fourier-Motzkin method ([23], cf. also [41]) and the test point method
[69].
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Example 19 (Presburger arithmetic) Presburger arithmetic is decidable [48]. A pos-
sibility of proving decidability of Presburger arithmetic uses an encoding of the problem of
checking whether a quantifier-free formula is satisfiable to the problem of checking whether
the language accepted by an automaton associated with the formula is empty.

Example 20 (The theory of real numbers) The theory of real numbers

Th(R, {+/2, ∗/2}, {≤ /2,≈})

is decidable in 2EXPTIME [62]. For proving this, Tarski uses quantifier elimination.

Examples of theories with a decidable T -validity problem for the universal theory (or, equiv-
alently with a decidable satisfiability problem for ground clauses):

Example 21 The following theories have a decidable universal theory:

• The theory Free(Σ) of uninterpreted function symbols in a set Σ. There exist standard
decision procedures for this such as congruence closure.

• Linear rational or integer arithmetic.

• Theories axiomatizing common datatypes (lists, arrays) in Examples 5,6,7. Several
methods can be used: for instance extensions of congruence closure for (acyclic) lists,
instantiation-based methods, or superposition [2].

• Algebraic counterparts of modal logics (theories axiomatizing varieties of Boolean alge-
bras with operators). Such decidability results can be obtained for instance by proving
the bounded model property, or by using tableaux or resolution as decision procedures.

T -satisfiability vs. constraint solving. The field of constraint solving also deals with
satisfiability problems. But one must be careful: In constraint solving one is interested if a
formula is satisfiable in a given, fixed model of T , whereas in T -satisfiability one is interested
if a formula is satisfiable at all – in some model of T .

5 Tractability

Since in mathematics, databases, and verification the problems to be solved consist of a large
number of formulae, a large amount of effort has been dedicated to the study of tractable
theories, i.e. theories in which satisfiability or entailment of (ground) Horn clauses can be
checked in polynomial time. To address this problem, essentially very similar ideas occurred
in various areas: proof theory and automated deduction, databases, mathematics (especially
algebra) and verification.

Databases: The inference rules of a deductive database are usually of a special form (known
as datalog program): typically a set of universal Horn clauses which do not contain
function symbols. Any datalog program defines an inference relation for which entail-
ment of ground clauses is decidable in polynomial time [66, 67].

Proof theory: Possibilities of restricting the search space in inference systems without loss
of completeness were studied by McAllester and Givan in [32, 42, 33]. They introduced
so-called “local inference systems”, which can be modeled by sets of rules (or sets of
Horn clauses N) with the property that for any ground Horn clause G, it is guaranteed
that if G can be proved using N then G can already be proved by using only those
instances N [G] of N containing only ground terms occurring in G or in N . They
proved that the notion of locality captures ptime, i.e. that any problem solvable in
ptime can be encoded as the entailment problem w.r.t. a local inference system.
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Mathematics: Similar ideas also occurred in algebra. To prove that the uniform word
problem for lattices is decidable in polynomial time, Skolem [50] used the following
idea: replace the lattice operations ∨ and ∧ by ternary relations r∨ and r∧, required
to be functional, but not necessarily total. The lattice axioms were translated to a
relational form, by flattening them and then replacing every atom of the form x∨y ≈ z
with r∨(x, y, z) (similarly for ∧-terms). Additional axioms were added, stating that
equality is an equivalence and that the relations are compatible with equality and
functional. This new presentation, consisting only of Horn, function-free clauses1, can
be used for deciding in polynomial time the uniform word problem for lattices. The
correctness and completeness of the method relies on the fact that every partially-
ordered set (where ∨ and ∧ are partially defined) embeds into a lattice. A similar idea
was used by Evans in the study of classes of algebras with a ptime decidable word
problem [20]. The idea was extended by Burris [13] to quasi-varieties of algebras. He
proved that if a quasi-variety axiomatized by a set K of Horn clauses has the property
that every finite partial algebra which is a partial model of the axioms in K can be
extended to a total algebra model of K then the uniform word problem for K is decidable
in polynomial time. In [26], Ganzinger established a link between the proof theoretic
notion of locality and embeddability of partial into total algebras. In [28, 52] the notion
of locality for Horn clauses is extended to the notion of local extension of a base theory.

Verification: Apparently independently, similar phenomena were studied in the verifica-
tion literature, mainly motivated by the necessity of devising methods for efficient
reasoning in theories of data structures. In [45], McPeak and Necula investigate local
reasoning in pointer data structures, with the goal of efficiently proving invariants in
programs dealing with pointers. Locality considerations also occur in the study of a
theory of arrays by Bradley, Manna and Sipma [11]. Since the theories from verifi-
cation mentioned above are in fact combinations of theories, they will be discussed
separately in what follows.

Because of the importance of the concept of locality in databases, logic, mathematics and
verification, in what follows we give a short introduction to Datalog and we present a sum-
mary of results in the area of local theories.

5.1 Datalog

Datalog is a rule-based database query language that syntactically is a subset of Prolog. In
contrast to Prolog, it does not allow complex terms as arguments of predicates (e.g. P (1, 2)
is admissible but not P (f(1), 2)) and it imposes certain restrictions on the use of negation
and recursion.

Definition 14 A Datalog rule is an expression of the form B1 ∧ · · · ∧ Bn → H, where
H (the head of the rule) is an atomic formula R(u1, . . . , un), and B1 ∧ · · · ∧ Bn (the body
of the rule) is a conjunction of literals of the form S(v1, . . . , vm) or ¬S(v1, . . . , vm), where
(u1, . . . , un), (v1, . . . , vm) are tuples of variables or constants. A Datalog rule is positive if
it does not contain negative literals.

A Datalog program is a finite collection of rules such that none of its head predicates
occurs negated in the body of any rule. The predicates that appear only in the bodies of the
rules are called input predicates.

In what follows we identify a relational database with a finite relational structure.

1The encoding Skolem uses is an encoding to Datalog. A similar encoding is used by Burris in [13].
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Definition 15 A Datalog query is a pair (Prog, R) consisting of a Datalog program and
a designated head predicate. With every finite relational structure A, the query (Prog, R)
associates the result (Prog, R)A, the interpretation of R as computed by Prog from the input
A.

Example 22 A Datalog program consisting of clauses which describes the rules which define
the ancestor relationship,

parent(X,Y ) → ancestor(X,Y )
ancestor(X,Z) ∧ ancestor(Z, Y ) → ancestor(X,Y )

A database describes a set of facts (unit ground clauses which are supposed to hold):

parent(bill,mary)
parent(mary, john).

The query ancestor(bill, X) asks for all ancestors of bill and would return mary and john
when posed to a Datalog system containing the facts and rules described above.

Datalog programs always express queries that are computable in time bound by a polynomial
in the size of the underlying database. Moreover, Datalog can capture queries that are
complete for polynomial time computations (e.g. the path systems query [16]).

The exact expressive power of Datalog is completely understood in certain cases: if
only databases with a successor relation and first and last element are considered, then a
query is expressible by a Datalog program if and only if it is computable in polynomial
time [68, 38, 47]. (Without this assumption, some ptime problems cannot be expressed in
Datalog [15], see also [40].)

5.2 Local theories

Local theories (or inference systems) were first introduced and studied by McAllester and
Givan in [32, 42, 33].

Definition 16 (Local theories) A local theory is a set of Horn clauses K such that, for
any ground Horn clause C, K |= C only if already K[C] |= C (where K[C] is the set of
instances of K in which all terms are subterms of ground terms in either K or C).

The size of K[G] is polynomial in the size of G for a fixed K. Since satisfiability of sets of
ground Horn clauses can be checked in linear time [19], it follows that for local theories,
validity of ground Horn clauses can be checked in polynomial time. Givan and McAllester
proved that every problem which is decidable in ptime can be encoded as an entailment
problem of ground clauses w.r.t. a local theory [33]. An example of a local theory (cf. [33])
is the set of axioms of a monotone function w.r.t. a transitive relation ≤:

K = {x≤ y ∧ y≤ z → x≤ z, x ≤ y → f(x) ≤ f(y)}.

Another example provided in [33] is a local axiom set for reasoning about a lattice (similar
to that proposed by Skolem in [50]). In [9, 8], Ganzinger and Basin defined the more general
notion of order locality and showed how to recognize (order-)local theories and how to use
these results for automated complexity analysis. Given a term ordering ≻, we say that a set
K of clauses entails a clause C bounded by ≻ (notation: K |=� C), if and only if there is a
proof of K |= C from those ground instances of clauses in K in which (under �) each term
is smaller than or equal to some term in C.

Definition 17 (Order locality, [9, 8]) A set of clauses K is local with respect to ≻ if
whenever K |= C for a ground clause C, then K |=� C.
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Theorem 18 ([9, 8]) Let ≻ be a (possibly partial) term ordering and K be a set of clauses.
Assume that K is saturated with respect to ≻-ordered resolution, and let C be a ground
clause. Then K |= C for a ground clause C if and only if K |=� C, i.e. K is local with
respect to ≻.

The converse of this theorem is not true in general. Ganzinger and Basin established con-
ditions under which the converse holds – they use a hyperresolution calculus and identify
conditions when for Horn clauses order locality is equivalent to so-called peak saturation
(Theorems 4.4–4.7 in [8]). These results are obtained for first order logic without equal-
ity. In [26], Ganzinger established a link between proof theoretic and semantic concepts for
polynomial time decidability of uniform word problems which had already been studied in
algebra [50, 20, 13]. He defined two notions of locality for equational Horn theories, and
established relationships between these notions of locality and corresponding semantic con-
ditions, referring to embeddability of partial algebras into total algebras. Theorem 18 also
can be used for recognizing equational Horn theories:

Theorem 19 ([26]) Let K be a set of Horn clauses. Then K is a local theory in logic with
equality if and only if K ∪ EQ is a local theory in logic without equality, where EQ denotes
the set of equality axioms consisting of reflexivity, symmetry, transitivity, and of congruence
axioms for each function symbol in the signature.

Theorems 19 and 18 were used in [26] for proving the locality of the following presentation
Int of the set of integers with successor and predecessor by saturation:

(1) p(x) ≈ y → s(y) ≈ x (3) p(x) ≈ p(y) → y ≈ x
(2) s(x) ≈ y → p(y) ≈ x (4) s(x) ≈ s(y) → y ≈ x

The presentation Int′ of integers with successor and predecessor consisting of the axioms (1)
and (2) alone (without the injectivity conditions (3) and (4)) is not local but it is stably local:

in order to disprove a ground set G of clauses only those ground instances Int′[G] of Int′ are
needed where variables are mapped to subterms occurring in G. (Note that Int′ ∪EQ is not
saturated under ordered resolution; when saturating it the injectivity axioms are generated.)

6 Efficient reasoning in complex theories

As mentioned before, in most applications theories do not appear alone and combinations
or extensions of theories need to be considered. A major challenge is to identify situations
where reasoning in complex theories can be done efficiently and accurately. Efficiency can
be achieved for instance by:

(1) reducing the search space (preferably without losing completeness);

(2) modular reasoning, i.e., delegating some proof tasks which refer to a specific theory to
provers specialized in handling formulae of that theory.

Accuracy means that we are interested in situations when sound and complete methods
exist.

6.1 Modularity

An important aspect in reasoning in complex theories is modularity. Given two theories T1

and T2, possibly sharing a common subtheory T0, it is very important to know if we can use
provers for the theories T1 and T2 as “blackboxes” in order to prove theorems in T1 ∪ T2,
and if so which amount of communication between the provers for the component theories is
necessary in order to guarantee completeness (at least for certain proof tasks). The situation
is described in Figure 3.
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Figure 3: Modular reasoning in combinations of theories

Example:

T1 T0 T2
T0: Σ0-theory. lists(R) ∪ arrays(R)

Ti: Σi-theory; T0 ⊆ Ti Σ0 ⊆ Σi.

Question: Can we use provers for T1, T2 as blackboxes to prove theorems in T1 ∪ T2?

Example 23 For instance, if we want to prove theorems involving statements about lists of
real numbers and arrays of real numbers: is it sufficient to use as black boxes a prover for
lists over the reals and one for arrays over the reals? Which information about real numbers
needs to be propagated between the two provers in order to guarantee completeness?

6.2 Hierarchical reasoning in theory extensions

When reasoning in extensions of a theory T0 with additional functions subject to certain
axioms it is important to know: Can we use a prover for T0 for proving theorems in T1?

Figure 4: Hierarchical reasoning in theory extensions

Example:
T1 T1: Σ1-theory; T0 ⊆ T1 Σ0 ⊂ Σ1 f : R → R

monotone

T0 T0: Σ0-theory. R

Question: Can we use a prover for T0 as a blackbox to prove theorems in T1?

Example 24 Assume that we need to prove some properties about monotone functions over
real numbers. Can we reduce the proof task to a proof task w.r.t. the real numbers which can
be solved by specialized prover for real numbers?

We start by presenting the type of complex theories we have in mind (combinations of
theories and theory extensions) and the main problems when reasoning in extensions and
combinations of theories. In Section 7 we talk about theory combinations. In Section 8 we
talk about theory extensions.
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7 Combinations of theories

We consider possibility of efficient reasoning in combinations of theories. One important
property of theories is consistency:

Definition 20 A theory is consistent if it has at least one model.

The following natural question arises: Is the union of two consistent theories always con-
sistent? The answer is in general no, even when the two theories have disjoint signatures
(everywhere in what follows we assume that equality is built-in and that theories with dis-
joint signatures share the equality predicate).

Example 25 ([63]) Let Σ1 = (Ω1, ∅), Σ2 = ({c/0, d/0}, ∅), such that c, d 6∈ Ω1. Let T1

be axiomatized by {∃x, y, z(x 6≈ y ∧ x 6≈ z ∧ y 6≈ z)}, and let T2 be axiomatized by
{∀x(x ≈ c ∨ x ≈ d)}. It is easy to see that

(1) A ∈ Mod(T1) iff |A| ≥ 3 and

(2) B ∈ Mod(T2) iff |A| ≤ 2.

The second natural question is whether decidability (of a specific fragment) is preserved
when combining theories.

Figure 5: The decidability problem for complex theories

Given: For i = 1, 2

• Ti a first order theory in signature Σi

• Li a class of (closed) Σi-formulae

Assumption: the Ti-validity problem for Li is decidable

Let T1

⊕

T2 be a combination of T1 and T2

Let L1

⊕

L2 be a combination of L1 and L2

Question: Is the T1

⊕

T2-validity problem for L1

⊕

L2 decidable?

The answer depends on the way the combination of the two theories is defined, and on the
way the combination of the fragments L1 and L2 is defined.

In what follows we consider combinations of theories as defined in Section 3.3. In general,
decidability is not preserved under such combinations. Restrictions are needed for an affir-
mative answer. Example 26 shows that even if two theories have decidable word problems
2 (i.e. validity of universally quantified unit positive clauses is decidable in the component
theories) this problem may be undecidable in the combination.

Example 26 Let A be the theory of one associative binary operation, and let G consist
of a finite set of ground equations over a binary operation such that G is the presentation
for a semigroup with an undecidable word problem. (Finitely-presented semigroups with
undecidable word problem exist by a result by Matijasevic.) It can be checked that the word
problem is decidable for A and for G, but it is undecidable for A ∪ G.

2The word problem for a theory T is the problem of deciding whether T |= ∀x(s ≈ t).
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Simpler instances of the combination problem are needed for guaranteeing that the decid-
ability is transfered under composition:

• combinations of theories over disjoint signatures,

• combinations of theories sharing constructors,

• combinations of theories satisfying certain model theoretic compatibility conditions
with the shared theory.

In this section we will study situations in which the decidability of the problem of test-
ing satisfiability of ground formulae in the component theories implies the decidability of
the problem of testing satisfiability of ground formulae w.r.t. the combination of theories.
Important in this context will also the the possibility of finding modular decision procedures.
Methods for checking satisfiability of conjunctions of ground literals in combinations of
theories which have disjoint signatures or only share constants are well studied. However,
also in this case there cannot be a general, effective, method for reasoning in combinations
of theories always leading to a complete algorithm.

Theorem 21 ([10]) There exist theories T1, T2 with disjoint signatures with decidable ground
satisfiability problem such that ground satisfiability in T1 ∪ T2 is undecidable.

Complete methods can only be obtained under additional assumptions on the component
theories. The Nelson-Oppen combination procedure [46] for instance, can be applied for
combining decision procedures of stably infinite theories over disjoint signatures. Resolution-
based methods have also been used in this context [2, 1].

7.1 Combinations of theories with disjoint signatures

We present a standard method for reasoning in combinations of theories with disjoint sig-
natures, the Nelson-Oppen method [46]. We then mention some extensions without going
into detail.

7.1.1 The Nelson-Oppen combination procedure.

The Nelson-Oppen combination procedure is a method for testing satisfiability of conjunc-
tions of ground literals w.r.t. a combination of theories over a non-disjoint signature.
Let T1 and T2 be two theories with signatures Σ1,Σ2. Assume that Σ1 and Σ2 share only
constants and the equality predicate. The problem we consider is the following: Let φ be a
ground formula over the signature (Σ1 ∪ Σ2)

c = (Σ1 ∪ Σ2 ∪ C) (the extension of the union
Σ1∪Σ2 with a countably infinite set C of constants). We want to test whether φ is satisfiable
w.r.t. T1 ∪ T2.

In order to test the satisfiability of φ we first purify it, i.e. we find formulae φ1, φ2 s.t. φi is
a pure Σi-formula and φ1 ∧ φ2 is equivalent with φ.

Step 1: Purification. We purify the formula φ as follows:

(1) Purify all terms by replacing, in a bottom-up manner, the “alien” subterms in φ
(i.e. terms starting with a function symbol in Σi occurring as arguments of a function
symbol in Σj , j 6= i) with new constants (from a countably infinite set C of constants).
The transformations are schematically represented as follows:

(¬)P (. . . , g(..., f(t1, . . . , tn), ...), . . . ) 7→ (¬)P (. . . , g(..., u, ...), . . . ) ∧ u≈t

where t ≈ f(t1, . . . , tn), f ∈ Σ1, g ∈ Σ2 (or vice versa).
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(1) Purify mixed equalities and inequalities by adding additional constants and performing
the following transformations (where f ∈ Σ1 and g ∈ Σ2 or vice versa):

f(s1, . . . , sn) ≈ g(t1, . . . , tm) 7→ u≈f(s1, . . . , sn) ∧ u≈g(t1, . . . , tm)
f(s1, . . . , sn) 6≈ g(t1, . . . , tm) 7→ u≈f(s1, . . . , sn) ∧ v≈g(t1, . . . , tm) ∧ u 6≈ v

(3) Purify mixed literals by renaming alien terms:

(¬)P (. . . , si, . . . ) 7→ (¬)P (. . . , u, . . . ) ∧ u≈si

if P is a predicate symbol in Σ1 and si is a Σc
2-term (or vice versa).

The purification procedure terminates in linear time in the size of the formula and returns
a purified conjunction φ1 ∧ φ2 (of size linear in the size of φ) with the following properties:

(i) φi is a ground Σi-formula for i = 1, 2;

(ii) φ1 ∧ φ2 and φ are satisfiable in exactly the same models of T1 ∪ T2 (we regard the
constants as existentially quantified variables).

We can now use a decision procedure for Ti for testing whether φi |=Ti
⊥ for i = 1, 2. If φi

is unsatisfiable in Ti for i = 1 or i = 2 then we know that φ must be unsatisfiable. If φ1

and φ2 are satisfiable we do not have the guarantee that φ is satisfiable: in a second step we
need to exchange some information about the shared constants (or alternatively existentially
quantified variables3) between the provers.

Step 2: Propagation. We deduce and propagate all possible (disjunctions of) equalities
between constants entailed by the components. There are two possibilities for doing this:
backtracking/case split or (non-deterministic) guessing.

1. Propagation: backtracking version This is done as follows:

(1) Propagate equalities between different shared constants. If φ1 entails an equality
between shared constants not entailed by φ2 then add the equality as a new
conjunct to φ2 (and vice versa).

(2) Case split necessary? If either φ1 or φ2 entails a disjunction u1≈v1 ∨ · · · ∨ uk≈vk

without entailing any of the equalities alone, then we apply the procedure recur-
sively to φ1 ∧ φ2 ∧ ui≈vi, 1 ≤ i ≤ k.

If any of these formulae is satisfiable then return “satisfiable”, else return “un-
satisfiable”.

2. Propagation: guessing version. Let C0 be the (finite) set of constants common to φ1

and φ2. Guess a possible partition P on C, and let R be the associated equivalence
relation. Let ar(C0, R) be:

{c ≈ d | c, d ∈ C0, R(c, d)} ∪ {c 6≈ d | c, d ∈ C0, not R(c, d)}.

Use decision procedures for testing decidability of ground conjunctions of literals in T1

resp. T2 to check whether φ1 ∧ ar(C0, R) |=T1
⊥ or φ2 ∧ ar(C0, R) |=T2

⊥.

If one of the formulae is unsatisfiable, then return: “φ is unsatisfiable”. If both
formulae are satisfiable then return “φ is satisfiable”.

3We emphasize the formulation in which one mentions shared variables due to historical reasons
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Remark. The advantage of the first option (backtracking) is that the procedure can be
made deterministic if the theories Ti are convex. It can be in fact seen that if Ti are convex
and if satisfiability of conjunctions of ground literals in Ti can be checked in ptime then
satisfiability of conjunctions of ground literals in T1 ∪ T2 can be checked in ptime.
The advantage of the second option (guessing) is that whenever constraints are represented
as boolean combinations of atoms one may combine heuristics of SMT solvers for the specific
theories in order to efficiently produce the right arrangement.

Termination, Soundness and Completeness. Termination is obvious, since the number
of shared constants is finite. We prove soundness and completeness for the second variant of
the propagation step (the guessing version). Let C0 be the (finite) set of constants common
to φ1 and φ2. For every partition P on C0, let R be the associated equivalence relation, and
ar(C0, R) be:

{c ≈ d | c, d ∈ C0, R(c, d)} ∪ {c 6≈ d | c, d ∈ C0, not R(c, d)}.

We first prove soundness.

Theorem 22 If for any partition of C0, φi ∧ ar(C0, R) |=Ti
⊥ for some i ∈ {1, 2} then φ is

unsatisfiable.

Proof : Assume that φ is satisfiable. There there exists a satisfying assignment v for φ1 ∧φ2.
Let R be relation on the set C of shared constants defined by R(c, d) iff v(c) = v(d). Then
φ1 ∧ ar(C0, R) and φ2 ∧ ar(C0, R) are both satisfiable w.r.t. the theories T1 w.r.t. T2. 2

In order to prove completeness we need to show that if there exists a partition of C0 such
that for i = 1, 2, φi ∧ar(C0, R) is satisfiable w.r.t. Ti then φ satisfiable. However in general
this is not true as the following example shows:

Example 27 ([63]) Let T1 be the theory axiomatized by:

f(g(x), g(y)) ≈ x

f(g(x), h(y)) ≈ y

and T2 be the free theory of a unary function k. Let φ = g(c) ≈ h(c) ∧ k(c) 6≈ c. φ is in
purified form. It is easy to see that g(c) ≈ h(c) is satisfiable in T1 and k(c) 6≈ c is satisfiable
in T2. There are no entailed non-trivial equations between the shared constants. However,
φ is unsatisfiable in T1 ∪ T2: if A ∈ Mod(T1 ∪ T2) is a model of φ then A |= g(c) ≈ h(c),
hence for all a ∈ A, a = fA(gA(a), gA(cA)) = fA(gA(a), hA(cA)) = cA. Then A has only
one element, so it cannot satisfy k(c) 6≈ c.

The problem in Example 27 is that the formula φ1 has only models of bounded cardinality.
In order to avoid to this type of problems – which lead to loss of completeness – we consider
in what follows theories in which every formula which has a model has also an infinite model.

Definition 23 A theory T is stably infinite iff for every quantifier-free formula φ, φ is
satisfiable in T iff φ is satisfiable in an infinite model of T .

Under the additional hypothesis that T1 and T2 are stably infinite we can prove that the
Nelson-Oppen combination method is complete.

Theorem 24 Assume that T1 and T2 are stably infinite. With the notations used previously,
assume that there exists a partition of C0 such that for i = 1, 2, φi ∧ar(C0, R) is satisfiable
w.r.t. Ti. Then φ satisfiable.
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Proof : Assume that for i = 1, 2, φi ∧ ar(C0, R) is satisfiable w.r.t. Ti. By stable infinity,
φi∧ar(C0, R) have both an infinite (hence a countably infinite) model. Let Ai be a countably
infinite model of φi ∧ ar(C0, R). For every i, let {vi(c) | c ∈ C0} ⊆ Ai be the interpretation
of the shared constants in C0. Let i : A1 → A2 be a bijection with the property that
i(v1(c)) = v2(c) for every c ∈ C0. We transfer the Σ1-structure, as well as the constants
occurring in φ1, from A1 to A2 via the bijection i as follows: if f ∈ Σ1, and a1, . . . , an ∈ A2,
we define

fA2
(a1, . . . , an) := i(fA1

(i−1(a1), . . . , i
−1(an))).

Let A be the (Σ1∪Σ2)-algebra obtained this way. It is not difficult to check that A |=T1∪T2
φ.
2

Example 28 We can use the Nelson-Oppen method for checking the satisfiability of con-
junctions of ground literals in the combination of any stably infinite theory T1 with signature
Σ1 (with decidable ground satisfiability) with the theory of free (or uninterpreted) functions
symbols Free(Σ2) (cf. definition in Example 4), where Σ1 ∩ Σ2 = ∅. In Section 8.1 we
will show (using an alternative approach) that the condition that T1 needs to be stably infi-
nite can be safely dropped without influencing the decidability of ground satisfiability in the
combination T1 ∪ Free(Σ2).

Example 29 We illustrate the Nelson-Oppen procedure on the example given in the original
paper of Nelson and Oppen [46]. Consider the following theories with mutually disjoint
signatures:

(1) LI(Q) linear rational arithmetic;

(2) The theory Tlists of lists in Example 5;

(3) Free(Σ) the theory of uninterpreted function symbols in Σ.

We want to check whether

LI(Q) ∪ Tlists ∪ Free(Σ) |= ∀x, y(x≤y ∧ y≤x+car(cons(0, x)) ∧ P (h(x)−h(y)) → P (0))

or, equivalently, whether the following conjunction (the negation of the formula above):

φ : c ≤ d ∧ d ≤ c+ car(cons(0, c)) ∧ P (h(c) − h(d)) ∧ ¬P (0)

is satisfiable w.r.t. the conbination LI(Q) ∪ Tlists ∪ Free(Σ). We proceed in two steps:

Step 1: Purification. We replace alien terms with new constants and introduce the new
definitions. The purified formula can be represented as follows:

LI(Q) Tlists Free(Σ)
c ≤ d c1 ≈ car(cons(c5, c)) P (c2)
d ≤ c+ c1 ¬P (c5)
c2 ≈ c3 − c4 c3 ≈ h(c)
c5 ≈ 0 c4 ≈ h(d)
φ1 φ2 φ3

Step 2: Propagation. Since φ1, φ2, φ3 are satisfiable in the corresponding theories, we
need to propagate information about shared constants between theories. Since all the theories
involved are convex, it is sufficient if we propagate atomic equality atoms between the shared
constants. Since φ2 |= c1 ≈ c5, we add c1 ≈ c5 also to the set of formulae corresponding to
LI(Q). As a consequence, the new set of the formulae corresponding to LI(Q) now entails
c ≈ d. We propagate this equality to the Free(Σ). The set of formulae corresponding to
Free(Σ) entails c3 ≈ c4, equality which is propagated to the LI(Q) part. In LI(Q) we thus
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deduce that c2 ≈ c5, which is propagated to Free(Σ) and there leads to a contradiction. The
procedure ends with the following configuration:

LI(Q) Tlists Free(Σ)
c ≤ d c1 ≈ car(cons(c5, c)) P (c2)
d ≤ c+ c1 ¬P (c5)
c2 ≈ c3 − c4 c3 ≈ h(c)
c5 ≈ 0 c4 ≈ h(d)

c1 ≈ c5 c1 ≈ c5 c ≈ d
c ≈ d c3 ≈ c4
c3 ≈ c4
c2 ≈ c5 ⊥

Hence, φ is unsatisfiable.

7.1.2 Extensions of the Nelson-Oppen procedure.

Recently, attempts have been made to extend the Nelson-Oppen combination procedure to
more general theories. Extensions have been achieved either by relaxing the requirement
that the theories to be combined are stably-infinite [65] or by relaxing the requirement that
the theories to be combined have disjoint signatures (cf. e.g. [7, 64] and [29]). In what follows
we will discuss a generalization of the Nelson-Oppen combination method to theories with
non-disjoint signatures, in which the restrictions on the component theories are of a model
theoretic nature given by Ghilardi in [29].

7.2 Combinations of theories with non-disjoint signatures

Let T1 and T2 be theories with signatures Σ1,Σ2. The common subsignature Σ0 = Σ1 ∩ Σ2

is not assumed to be empty. The goal is to apply the Nelson-Oppen combination schema
for reasoning in the combination T1 ∪ T2:

Step 1: Purification can be done as in the disjoint case.

Step 2: Propagation We need to ensure that only a finite number of formulae
over the shared signature needs to be propagated.

Soundness: is obvious.

Completeness: We need to impose additional conditions on the theories such
that completeness is guaranteed.

The most simple way of avoiding non-termination in Step 2 is to assume that:

Assumption I: the theories T1 and T2 contain a Σ0-theory T0 which is locally finite, i.e.
has the property that for any finite set X of variables only finitely many Σ0-terms
with variables in X (up to T0-equivalence) exist.

Assumption II: Representative terms for each equivalence class are computable.

Step 2 (Propagation) can still be implemented by guessing (guess a maximal set of repre-
sentative literals over Σ0 over the shared constants) or by backtracking (make case-split on
disjunctions of Σ0-literals over the shared constants which are not entailed by the purified
formulae).

We need to identify sufficient conditions for completeness. In the completeness proof of
the Nelson-Oppen procedure (Theorem 24) the main idea is: given Ti-models Ai of φi –
construct a T1 ∪ T2-model A of φ1 ∧ φ2. Stable infinity guarantees that this is possible.
Ghilardi [29] noticed that the condition that Ti is stably infinite (used in the Nelson-Oppen
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Figure 6: Amalgamations of models for non-disjoint signatures

M1 A1 ≃ A2 M2

procedure) means that every model of Ti embeds into an infinite model, and that the theory
of an infinite model is the model completion T ∗

0 of the theory T0 of pure theory of equality
(for definitions cf. Appendix A). Thus, every model of Ti embeds into a model of Ti ∪ T ∗

0 .
He adapted this definition to the non-disjoint case, and proved that the completeness proof
of the disjoint case works (with small modifications) also in the non-disjoint case.

Definition 25 Let T0 ⊆ T be theories in the signatures Σ0 ⊆ Σ. Assume that T0 is universal
and has a model completion T ∗

0 . We say that T is T0-compatible if every model of T embeds
into a model of T ∪ T ∗

0 .

We make the additional assumptions:

Assumption III: T0 is universal and has a model completion T ∗
0 .

Assumption IV: Every model of Ti embeds into a model of Ti ∪ T ∗
0 , for i = 1, 2.

Theorem 26 ([29]) Under Assumptions I, II, III, IV on the theories T1 and T2, the Nelson-
Oppen procedure transfers decidability of ground satisfiability from T1, T2 to T1 ∪ T2.

Proof : Assumptions I and II ensure that Step 2 (propagation) terminates. It is easy to
see that all steps of the algorithm are satisfiability preserving. Thus, if at the end of
the algorithm the prover for one of the component theories returns “unsatisfiable” on the
corresponding clauses the initial formula was unsatisfiable.

The idea of the completeness proof is presented below. Assume that the Nelson-Oppen
style procedure ends without returning unsatisfiable. It is shown that in this case in the
propagation step exhaustive information between the theories has been exchanged (in the
original paper [29] this infomation exchange is modeled using so-called residue chains) - a
saturation set (consisting of Σ0-formulae) is obtained in the process. This guarantees that
we can find models M1 ∈ Mod(T1),M2 ∈ Mod(T2) of the pure formulae Γ1,Γ2 obtained at
the end of the propagation phase which share a common substructure A. By Assumption
IV, the models Mi embed into models M∗

i of Ti ∪ T ∗
0 for i = 1, 2; we can still assume that

M∗
1 and M∗

2 share A as a common substructure.
By Assumption III, T0 is universal. Since truth of universal formulae is preserved in

substructures, A ∈ Mod(T0). Moreover, since T0 has model completion, T ∗
0 ∪ ∆(A) is a

complete theory (the diagram ∆(A) of A is defined in Appendix A). This allows us to use
Robinsons Joint Consistency theorem to infer that ∆e(M∗

1) ∪∆e(M∗
2) is consistent and its
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model is a model of (T1 ∪ Γ1) ∪ (T2 ∪ Γ2), and thus is a model of T1 ∪ T2 and of φ. (For the
definition of the elementary diagram of a structure A, ∆e(A) see Appendix A). 2

Example 30 Let T1 = LI(Q) be linear arithmetic, T2 be the theory of total orders with a
strictly monotone function f , i.e. a function satisfying

∀x, y (x < y → f(x) < f(y)).

Let T0 be the theory of total orders. This theory has no function symbols and it is therefore
effectively locally finite. Thus, Assumptions I and II hold. Both in T1 and in T2 the ground
satisfiability problem is decidable. Since the model completion T ∗

0 of the theory of total orders
is the theory of dense total orders without endpoints, obviously T ∗

0 ⊆ T1 = LI(Q). It can
be shown that every model of the theory of total orders with a strictly monotone function
f embeds into a model of the theory of dense total orders without endpoints with a strictly
monotone function f . This shows that the Nelson-Oppen style procedure presented above
yields a decision procedure for the ground satisfiability problem w.r.t. T1 ∪ T2.

Note that the argument above cannot be used for the combination of Presburger arithmetic
with the theory of total orders with a strictly monotone function f . A different, orthogonal,
method which provides decidability results for many theories of monotone functions over
numerical and non-numeric domains is presented in Section 9.1.1 (cf. also Section 8.1).

Example 31 Let Ti = Th(BAO(Σi)) be the theories of Boolean algebras with operators in
Σi, i = 1, 2 such that Σ1 ∩ Σ2 = ∅. Let T0 be the theory of Boolean algebras. This theory is
effectively locally finite, hence satisfies assumptions I and II. Both in T1 and in T2 the ground
satisfiability problem is decidable. T0 also satisfies Assumption III. The model completion T ∗

0

of the theory of Boolean algebras is the theory of atomless Boolean algebras. It can be shown
that every Boolean algebra with operators in Σi embeds into an atomless Boolean algebra
with operators in Σi, so Assumption IV is fulfilled. This shows that the Nelson-Oppen style
procedure presented above yields a decision procedure for the ground satisfiability problem
w.r.t. T1 ∪ T2.

7.3 Further comments

Note that the extension mentioned above is still quite restrictive, as the conditions imposed
on the base theory and on the component theories are very strong, and of a model theoretic
nature. For instance, decidability transfer in combinations of theories studied in [29], is
guaranteed only under strong conditions assumptions on the shared theory (only locally
finite or noetherian shared theories (hence only a small class of numerical domains) can be
handled when applying these results to verification in [31]. In contrast, the notion of local
extensions we studied [52] imposes no restrictions on using numerical domains as a base
theory. Additional results concerning reasoning in combinations of theories will be given in
Section 8.5.

8 Theory extensions

We can consider the extension of a given theory with new function or predicate symbols
subject to certain axioms.

In this section we present a class of extensions of a “base” theory (which we will call local)
in which hierarchic reasoning is possible (i.e. proof tasks in the extension can be hierarchically
reduced to proof tasks w.r.t. the base theory). Many theories important for computer science
or mathematics fall into this class (typical examples are theories of data structures, theories
of free or monotone functions, but also functions occurring in mathematical analysis). In
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fact, it is often necessary to consider complex extensions, in which various types of functions
or data structures need to be taken into account at the same time. We show how such local
theory extensions can be identified and under which conditions locality is preserved when
combining theories, and we investigate possibilities of efficient modular reasoning in such
theory combinations.

In the study of local theory extensions we will refer to total models of a theory and to
partial models of a theory. The necessary definitions are given in Appendix B.

8.1 Local theory extensions

The notion of local theories introduced and studied by Givan and McAllester [32, 42, 33]
can be extended in a natural way to extensions of a base theory with a set of additional
function symbols constrained by a set K of clauses.

Let K be a set of clauses in the signature Σ = (S,Ω,Pred), where Ω = Ω0 ∪ Ω1. In
what follows, when we refer to sets G of ground clauses we assume that they are in the
signature Σc = (S,Ω ∪Ωc,Pred), where Ωc is a set of new constants. If T is a set of ground
Ω0∪Ω1∪Ωc-terms, we denote by K[T ] the set of all instances of K in which all terms starting
with a Ω1-function symbol are ground terms in the set T . We denote by K[T ] the set of all
instances of K in which all variables occurring below a Ω1-function symbol are instantiated
with ground terms in the set TΩ0

(T ) of Ω0-terms generated by T .

If G is a set of ground clauses and T = st(K, G) is the set of ground subterms occurring in
either K or G then we write K[G] := K[T ], and K[G] := K[T ].

We will focus on the following type of locality of a theory extension T0 ⊆ T1, where T1 =
T0 ∪ K with K a set of (universally quantified) clauses:

(Loc) For every set G of ground clauses T1 ∪G |=⊥ iff T0 ∪ K[G] ∪G has
no weak partial model in which all terms in st(K, G) are defined.

(SLoc) For every set G of ground clauses T1 ∪G |=⊥ iff T0 ∪ K[G] ∪G has
no partial model in which all terms in st(K, G) are defined.

Weaker notions (Locf), resp. (SLocf) can be defined if we require that the respective condi-
tions only hold for finite sets G of ground clauses. An intermediate notion of locality (Locfd)
can be defined if we require that the respective conditions only hold for sets G of ground
clauses containing only a finite set of terms starting with a function symbol in Ω1.

An extension T0 ⊆ T1 is local (stably local) if it satisfies condition (Locf) (resp. (SLocf)). A
local (stably local) theory [26] is a local extension of the empty theory. In (stably) local
theory extensions hierarchical reasoning is possible.

In [37] we study a natural generalization of the notion of locality. Let Ψ be a function
associating with a set K of axioms and a set T0 of ground terms a set Ψ(K, T0) of ground
terms such that (i) all ground subterms in K and T0 are in Ψ(K, T0); (ii) for all sets of ground
terms T0 and T ′

0 if T0 ⊆ T ′
0 then Ψ(K, T0) ⊆ Ψ(K, T ′

0); (iii) Ψ defines a closure operation,
i.e. for all sets of ground terms T0, Ψ(K,Ψ(K, T0)) ⊆ Ψ(K, T0). Let K[Ψ(K, G)] be the set of
instances of K in which the extension terms are in Ψ(K, st(G)), which here will be denoted
by Ψ(K, G). We say that an extension T0 ⊆ T0 ∪ K satisfies a locality condition w.r.t. Ψ if
it satisfies condition (LocΨ):

(LocΨ) for every set G of ground clauses, T1 ∪G |=⊥ iff T0 ∪K[Ψ(K, G)] ∪G has
no weak partial model in which all terms in Ψ(K, G) are defined.



8 THEORY EXTENSIONS 28

8.2 Hierarchical reasoning in local theory extensions

Consider a local theory extension T0 ⊆ T0∪K. The locality conditions defined above require
that, for every set G of ground clauses, T1 ∪G is satisfiable if and only if T0 ∪K∗[G]∪G has
a (Evans, weak, finite) partial model with additional properties, where, depending on the
notion of locality, K∗[G] is K[G] or K[G]. All clauses in K∗[G]∪G have the property that the
function symbols in Ω1 have as arguments only ground terms. Therefore, K∗ [G]∪G can be
flattened and purified (i.e. the function symbols in Ω1 are separated from the other symbols)
by introducing, in a bottom-up manner, new constants ct for subterms t = f(g1, . . . , gn) with
f ∈ Ω1, gi ground Ω0∪Ωc-terms (where Ωc is a set of constants which contains the constants
introduced by flattening, resp. purification), together with corresponding definitions ct ≈ t.
The set of clauses thus obtained has the form K0 ∪G0 ∪D, where D is a set of ground unit
clauses of the form f(g1, . . . , gn)≈c, where f ∈ Ω1, c is a constant, g1, . . . , gn are ground
terms without function symbols in Ω1, and K0 and G0 are clauses without function symbols
in Ω1. Flattening and purification preserve both satisfiability and unsatisfiability w.r.t. total
algebras, and also w.r.t. partial algebras in which all ground subterms which are flattened
are defined [52]. For the sake of simplicity in what follows we will always flatten and then
purify K ∗ [G] ∪ G. Thus we ensure that D consists of ground unit clauses of the form
f(c1, . . . , cn)≈c, where f ∈ Ω1, and c1, . . . , cn, c are constants.

Lemma 27 ([52]) Let K be a set of clauses and G a set of ground clauses, and let K0∪G0∪
D be obtained from K ∗ [G] ∪ G by flattening and purification, as explained above. Assume
that T0 ⊆ T0 ∪ K is a local theory extension. Then the following are equivalent:

(1) T0 ∪ K ∗ [G] ∪G has a partial model in which all terms in st(K, G) are defined.

(2) T0∪K0∪G0∪D has a partial model with all terms in st(K0, G0, D) defined.

(3) T0 ∪ K0 ∪G0 ∪N0 has a (total) model, where

N0 = {
n
∧

i=1

ci ≈ di → c ≈ d | f(c1, . . . , cn) ≈ c, f(d1, . . . , dn) ≈ d ∈ D}.

Theorem 28 ([52]) Assume that the theory extension T0 ⊆ T1 either (1) satisfies condition
(Locf), or (2) satisfies condition (SLocf) and T0 is locally finite. Then:

(a) If all variables in the clauses in K occur below some function symbol from Ω1 and if
the universal theory of T0 is decidable, then the universal theory of T1 is decidable.

(b) Assume some variables in K do not occur below any function symbol in Ω1. If the ∀∃
theory of T0 is decidable then the universal theory of T1 is decidable.

In case (a) above locality allows to reduce reasoning in T1 to reasoning in an extension of
T0 with free function symbols (for this an SMT procedure can be used). In case (b) this is
not possible, as K ∗ [G] is not a set of ground clauses.

Similar results hold also for Ψ-locality.

We will illustrate the applicability of Lemma 27 and Theorem 28 for specific examples of
local theory extensions in Section 8.3 (Examples 32 and 33), as well as Sections 9.1, 9.5,
9.6.3 and 9.6.4.

We discuss two different ways of recognizing the locality of a theory extension. The first
is semantical, based on possibilities of embedding partial models of a theory extension into
total models. The second is proof theoretical, and at the moment part of work in progress:
we present some results based on possibilities of saturating the extension axioms with respect
to ordered resolution.
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8.3 Recognizing local extensions: 1. Semantical criterion

We will use the following notation:

• PMod(Ω1, T1) is the class of all partial models of T1 in which the functions in Ω1 are
partial, and all other function symbols are total;

• PModw(Ω1, T1) is the class of all weak partial models of T1 in which the Ω1-functions
are partial and all the other function symbols are total;

• Mod(T1) denotes the class of all total models of T1.

We will also consider small variations of the notion of weak partial model:

• PModf
w(Ω1, T1) is the class of all finite weak partial models of T1 in which the Ω1-

functions are partial and all other functions are total;

• PModfd
w (Ω1, T1) is the class of all weak partial models of T1 in which the Ω1-functions

are partial and their definition domain is a finite set, and all other functions are total,

and similar variations PModf(Ω1, T1), PModfd(Ω1, T1) of the notion of partial model.

Embeddability. For theory extensions T0 ⊆ T1 = T0 ∪ K, where K is a set of clauses, we
consider the following conditions:

(Emb) Every A ∈ PMod(Ω1, T1) weakly embeds into a total model of T1.
(Embw) Every A ∈ PModw(Ω1, T1) weakly embeds into a total model of T1.

We also define a stronger notion of embeddability, which we call completability:

(Compw) Every A ∈ PModw(Ω1, T1) weakly embeds into a total model B of T1

such that A|Σ0
and B|Σ0

are isomorphic.

(Comp) is defined analogously (w.r.t. PMod(Ω1, T1)).

Conditions which only refer to embeddability of finite partial models are denoted by (Embf
w),

(Compf
w), resp. (Embf), (Compf). Conditions referring to embeddability of partial models

in which the extension functions have a finite definition domain (i.e. in PModfd
w (Ω1, T1)) are

denoted by (Embfd
w ), resp. (Compfd

w ).

In what follows we say that a non-ground clause is Ω1-flat if function symbols (including
constants) do not occur as arguments of function symbols in Ω1. A Ω1-flat non-ground
clause is called Ω1-linear if whenever a variable occurs in two terms in the clause which start
with function symbols in Ω1, the two terms are identical, and if no term which starts with
a function symbol in Ω1 contains two occurrences of the same variable.

For sets of Ω1-flat clauses locality implies embeddability. This generalizes results presented
in the case of local theories in [26].

Theorem 29 ([54]) Assume that K is a family of Ω1-flat clauses in the signature Σ.

(1) If the extension T0 ⊆ T1 := T0 ∪ K satisfies (Loc) then it satisfies (Embw).

(2) If the extension T0 ⊆ T1 := T0 ∪ K satisfies (Locf) then it satisfies (Embf
w).

(3) If the extension T0 ⊆ T1 := T0 ∪ K satisfies (Locfd) then it satisfies (Embfd
w ).

(4) If T0 is compact and T0 ⊆ T1 satisfies (Locf), then T0 ⊆ T1 satisfies (Embw).

Conversely, embeddability implies locality. The following results appear in [52], [56] and
allow us to give several examples of local theory extensions (cf. Examples 32 and 33, as well
as Sections 9.1, 9.5, 9.6.3 and 9.6.4).

Theorem 30 ([52, 56]) Let K be a set of Ω-flat and Ω-linear clauses.
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(1) If the extension T0 ⊆ T1 satisfies (Embw) then it satisfies (Loc).

(2) Assume that T0 is a locally finite universal theory, and that K contains only finitely
many ground subterms. If the extension T0 ⊆ T1 satisfies (Embf

w), then T0 ⊆ T1

satisfies (Locf).

(3) T0 ⊆ T1 satisfies (Embfd
w ). Then T0 ⊆ T1 satisfies (Locfd).

Theorem 31 ([52]) Let T0 be a universal theory and K be a set of clauses. Then:

(1) If the extension T0 ⊆ T1 satisfies (Emb) then it satisfies (SLoc).

(2) Assume that T0 is a locally finite universal theory, and that K contains only finitely
many ground subterms. If T0 ⊆ T1 satisfies (Embf), then T0 ⊆ T1 satisfies (SLocf).

Analyzing the proofs of Theorems 30 and 31 we notice that the embeddability conditions
(Comp) and (Compw) imply, in fact, stronger locality conditions. Consider a theory extension
T0 ⊆ T0 ∪K with a set K of formulae of the form ∀x1 . . . xn(Φ(x1, . . . , xn) ∨C(x1, . . . , xn)),
where Φ(x1, . . . , xn) is an arbitrary first order formula in the base signature Σ0 with free
variables x1, . . . , xn, and C(x1, . . . , xn) is a clause in the signature Σ.

We can extend the notion of locality of an extension accordingly:

(ELoc) For every formula Γ = Γ0 ∪G, where Γ0 is a Σ0-sentence and G is a
set of ground clauses, T1 ∪ Γ |=⊥ iff T0 ∪ K[Γ] ∪ Γ has no weak partial
model in which all terms in st(K, G) are defined.

A stable locality condition (ESLoc) and a Ψ-locality condition (ELocΨ) can be defined sim-
ilarly. The proofs of Theorems 30 and 31 can be adapted with minimal changes to prove a
stronger result:

Theorem 32 ([52]) (1) Assume all terms of K starting with a Ω1-function are flat and
linear. If the extension T0 ⊆ T1 satisfies (Compw) then it satisfies (ELoc).

(2) Assume that T0 is a universal theory. If the extension T0 ⊆ T1 satisfies (Comp) then
it satisfies (ESLoc).

Similar results hold also for Ψ-locality.

Example 32 Let T0 be the theory LI(Q) of linear rational arithmetic, and let T1 = LI(Q) ∪
Free({f, g, h}) be the extension of T0 with the free functions f, g, h, and let G = g(a) ≈
c+ 5 ∧ f(g(a)) ≥ c+ 1 ∧ h(b) ≈ d+ 4 ∧ d ≈ c+ 1 ∧ f(h(b)) < c+ 1. We show that G
is unsatisfiable in LI(Q) ∪ Free({f, g, h}) as follows:

Step 1: Flattening; purification. G is purified and flattened by replacing the terms starting
with f, g, h with new constants from a countably infinite set Ωc of constants. We obtain the
following purified form:

G0 : a1 ≈ c+ 5 ∧ a2 ≥ c+ 1 ∧ b1 ≈ d+ 4 ∧ d ≈ c+ 1 ∧ b2 < c+ 1,
Def : a1 ≈ g(a) ∧ a2 ≈ f(a1) ∧ b1 ≈ h(b) ∧ b2 ≈ f(b1).

Step 2: Hierarchical reasoning. By Lemma 27, G is unsatisfiable in LI(Q) ∪ Free({f, g, h})
iff G0 ∧ N0 is unsatisfiable in LI(Q), where N0 corresponds to the consequences of the
congruence axioms for those ground terms which occur in the definitions Def for the newly
introduced variables.

Def G0 N0

a1≈g(a) ∧ a2≈f(a1) a1 ≈ c + 5 ∧ a2 ≥ c + 1 N0 : b1≈a1 → b2≈a2

b1≈h(b) ∧ b2≈f(b1) b1 ≈ d + 4 ∧ d ≈ c + 1 ∧ b2 < c + 1

To prove that G0∧N0 is unsatisfiable in LI(Q), note that G0 |=LI(Q) a1 ≈ b1. Hence, G0∧N0

entails a2 ≈ b2 ∧ a2 ≥ c+ 1 ∧ b2 < c+ 1, which is inconsistent.
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Remark: It is important to see that the hierarchical calculus for local extensions gives a de-
cision procedure for the extension with free functions symbols of any theory. A similar result
can be obtained using the Nelson-Oppen combination procedure, but only for extensions of
stably infinite theories with free function symbols.

Example 33 Let T0 be a theory (with a binary predicate ≤), and T1 a local extension of T0

with two monotone functions f, g. Consider the following problem:

T0 ∪ Monf ∪ Mong |= ∀x, y, z, u, v(x ≤ y ∧ f(y ∨ z) ≤ g(u ∧ v) → f(x) ≤ g(v)).

The problem reduces to the problem of checking whether T0 ∪ Monf ∪ Mong ∪ G |=⊥, where
G = c0 ≤ c1 ∧ f(c1 ∨ c2) ≤ g(c3 ∧ c4) ∧ f(c0) 6≤ g(c4).

The locality of the extension T0 ⊆ T1 means that, in order to test if T0∪Monf∪Mong∪G |=⊥,
it is sufficient to test whether T0 ∪ Monf [G] ∪ Mong[G] ∪G |=w⊥, where Monf [G],Mong[G]
consist of those instances of the monotonicity axioms for f and g in which the terms starting
with f and g already occur in G:

Monf [G] = c0≤c1∨c2 → f(c0)≤f(c1∨c2) Mong[G] ≈ c4≤c3∧c4 → g(c4)≤g(c3∧c4)
c1∨c2≤c0 → f(c1∨c2)≤f(c0) c3∧c4≤c4 → g(c3∧c4)≤g(c4)

In order to check the satisfiability of the latter formula, we purify it, introducing definitions
for the terms below the extension functions d1 ≈ c1∨ c2, d2 ≈ c3∧ c4 as well as for the terms
starting with the extension functions themselves: f(d1) ≈ e1, f(c0) ≈ e3, g(c4) ≈ e4, g(d2) ≈
e2, and add the following (purified) instances of the congruence axioms: d1 ≈ c0 → e1 ≈ e3
and c4 ≈ d2 → e4 ≈ e2. We obtain the following set of clauses:

Def G0 N0 K0

f(d1) ≈ e1 c0 ≤ c1 d1 ≈ c0 → e1 ≈ e3 d1 ≤ c0 → e1 ≤ e3

f(c0) ≈ e3 d1 ≈ c1 ∨ c2 d2 ≈ c4 → e2 ≈ e4 c0 ≤ d1 → e3 ≤ e1

g(c4) ≈ e4 d2 ≈ c3 ∧ c4 d2 ≤ c4 → e2 ≤ e4

g(d2) ≈ e2 e1 ≤ e2 ∧ e3 6≤ e4 d4 ≤ d2 → e4 ≤ e2

We illustrate the hierarchical reduction to testing satisfiability in the base theory for the
following examples of local extensions:

(1) Let T0 = DLat, the theory of distributive lattices or T0 = Bool, the theory of Boolean
algebras. The universal clause theory of DLat (resp. Bool) is the theory of the two element
lattice (resp. two element Boolean algebra), so testing Boolean satisfiability is sufficient (this
is in NP); any SAT solver can be used for this.

(2) If T0 = Lat, the theory of lattices, we can reduce the problem above to the problem of
checking the satisfiability of a set of ground Horn clauses. This can be checked in ptime.

(3) If T0 = R we first need to explain what ∨ and ∧ are. For this, we replace d1 ≈ c1 ∨ c2
with (c1 ≤ c2 → d1 ≈ c2) ∧ (c2 < c1 → d1 ≈ c2) and similarly for d2 ≈ c3 ∧ c4. We proved
unsatisfiability using redlog [18].

We can therefore conclude that in all cases above:
T1 |= ∀x, y, z, u, v(x ≤ y ∧ f(y ∨ z) ≤ g(u ∧ v) → f(x) ≤ g(v)). 2

8.4 Recognizing local extensions: 2. Locality and saturation

In Section 5.2, we mentioned the results of Basin and Ganzinger [9, 8] in which links between
saturation w.r.t. ordered resolution of a set of clauses K and the (order)-locality of K are
established. A first result which establishes a link between the locality of the set K of clauses
and the locality of the extension T0 ⊆ T0 ∪K is given below:

Theorem 33 ([54]) Let T0 be a theory with signature Σ0 = (S0,Ω0,Pred). Let T1 = T0∪K
with signature Σ = (S0 ∪ S1,Ω0 ∪ Ω1,Pred). Assume that:
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• all functions in Ω1 occurring in K have their output sort in S1;

• K is a set of clauses which only contain function symbols in Ω1;

• the set K of clauses is local (resp. stably local).

Then the extension T0 ⊆ T0 ∪ K is also local (resp. stably local).

Proof : (Sketch) Let P = ({Ps}s∈S0∪S1
, {fP }f∈Ω0∪Ω1

, {RP }R∈Pred) be a weak partial model
of T0 ∪ K in which all Ω0-functions are totally defined. We will denote by P|Σ1

the partial
structure obtained from P by forgetting all operation symbols in Ω0. P (hence also P|Σ1

) is a
weak partial model of K. By the locality of K, P|Σ1

= ({Ps}s∈S0∪S1
, {fP}f∈Ω1

, {RA}R∈Pred)
weakly embeds (via embedding i) into a total model A = ({As}s∈S0∪S1

, {fA}f∈Ω1
, {RA}R∈Pred)

of K. Let A∗ be the substructure of A having the same supports as A for the sorts in S1

and support is(Ps) for each sort s ∈ S0. (Since we assumed that all function symbols in Ω1

have output sort in S1, A
∗ is closed under all Ω1-operations.)

Let B = ({Bs}s∈S0∪S1
, {fB}f∈Ω0∪Ω1

, {RB}R∈Pred), where:

• for s ∈ S0, Bs = is(Ps), for s ∈ S1, Bs = As;

• for f ∈ Ω0, fB coincides with fP ;

• for f ∈ Ω1, fB coincides with fA∗ ,

and all predicate symbols coincide with those in A∗. Then B|Σ0
is isomorphic to P|Σ0

, hence
is a model of T0 and B|Σ1

= A∗, hence B |= K. 2

The locality of K can be checked e.g. by testing whether K∪EQ is saturated under ordered
resolution (w.r.t. the (strict) subterm ordering) using Theorems 18 and 19 (cf. also [9, 8, 26])
but now extended to a many-sorted framework. The advantage is that even if K is not
saturated, if K∗ is a finite saturation of K∪EQ under ordered resolution, then T0 ∪K∗ can
be used to extract a presentation which defines a (local) theory extension which has the
same total models as T0 ∪ K.

Note: The idea in the proof of Theorem 33 can also be used to show that (under the
assumptions in Theorem 33) if K satisfies Comp (resp. (Compw)) then the extension T0 ⊆
T0 ∪ K also satisfies Comp (resp. (Compw)).

8.5 Combinations of local theory extensions

In this section we study the locality of combinations of local theory extensions. In the light
of the results in Section 8.3 we concentrate on studying which embeddability properties are
preserved under combinations of theories. For the sake of simplicity, in what follows we only
consider conditions (Embw) and (Compw). Analogous results can be given for conditions
(Embf

w), (Compf
w), resp. (Embfd

w ), (Compfd
w ) and combinations thereof. We first consider the

situation when both components satisfy the embeddability condition (Compw).

Theorem 34 ([54]) Let T0 be a first order theory with signature Σ0 = (Ω0,Pred) and (for
i ∈ {1, 2}) Ti = T0 ∪ Ki be an extension of T0 with signature Σi = (Ω0 ∪ Ωi,Pred). Assume
that both extensions T0 ⊆ T1 and T0 ⊆ T2 satisfy condition (Compw), and that Ω1 ∩ Ω2 = ∅.
Then the extension T0 ⊆ T =T0∪K1∪K2 satisfies condition (Compw). If, additionally, in Ki

all terms starting with a function symbol in Ωi are flat and linear, for i = 1, 2, then the
extension is local.

Example 34 The following combinations of theories (seen as extensions of a first order
theory T0) satisfy condition (Compw) (in case (4) condition (Compfd

w ))4:

(1) T0 ∪ Free(Σ1) and T0 ∪ Selc if T0 is a theory and c ∈ Ω0 is injective in T0.

4We always assume that the signatures are Σi = (Ωi,Pred).
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(2) R ∪ Free(Σ1) and R ∪ Lλ
f (c), where f 6∈ Ω1. Here Lλ

f (c) is the λ-Lipschitz condition5

for f at point c ∈ R (for λ > 0): ∀x |f(x) − f(c)| ≤ λ · |x− c|.

(3) R ∪ Lλ1

f (c1) and R ∪ Lλ2

g (c2), where f 6= g.

(4) T0 ∪ Free(Σ1) and T0 ∪ Monσ
f , where f 6∈ Ω1 has arity n, σ : {1, . . . , n} → {−1, 1, 0},

if T0 is, e.g., a theory of algebras with a bounded semilattice reduct.

This result can be extended to the more general situation in which one extension satisfies
condition (Embw) and the other satisfies (Compw) or (Embw).

Theorem 35 ([54]) Let T0 be a first order theory with signature Σ0 = (Ω0,Pred), and let
T1 = T0 ∪K1 and T2 = T0 ∪K2 be two extensions of T0 with signatures Σ1 = (Ω0 ∪Ω1,Pred)
and Σ2 = (Ω0 ∪ Ω2,Pred), respectively. Assume that:

(1) T0 ⊆ T1 satisfies condition (Compw);

(2) T0 ⊆ T2 satisfies condition (Embw),

(3) K1 is a set of Ω1-flat clauses in which all variables occur below a Ω1-function.

Then the extension T0 ⊆ T0 ∪ K1 ∪ K2 satisfies (Embw). If in Ki all terms starting with a
function symbol in Ωi are flat and linear (for i=1, 2) the extension is local.

Theorem 36 ([54]) Let T0 be an arbitrary theory in signature Σ0 = (Ω0,Pred). Let K1

and K2 be two sets of clauses over signatures Σi = (Ω0 ∪ Ωi,Pred), where Ω1 and Ω2 are
disjoint. We make the following assumptions:

(A1) The class of models of T0 is closed under direct limits of diagrams in which
all maps are embeddings (or, equivalently, T0 is a ∀∃ theory).

(A2) Ki is Ωi-flat and Ωi-linear for i = 1, 2, and T0 ⊆ T0 ∪ Ki, i = 1, 2 are both
local extensions of T0.

(A3) For all clauses in K1 and K2, every variable occurs below some extension
function.

Then T0 ∪ K1 ∪K2 is a local extension of T0.

Example 35 The following combinations of theories (seen as extensions of the theory T0)
satisfy condition (Embw), hence are local:

(1) Eq ⊆ Free(Σ1) ∪ L, where Eq is the pure theory of equality, without function symbols,
and L the theory of lattices.

(2) T0 ⊆ (T0 ∪Free(Σ1))∪ (T0 ∪Mon(Σ2)), where Σ1 ∩Σ2 = ∅, Mon(Σ2) =
∧

f∈Ω2
Mon

σ(f)
f

and T0 is, e.g., the theory of posets.

(3) The combination of the theory of lattices and the theory of integers with injective
successor and predecessor is local (local extension of the theory of pure equality).

In what follows we discuss some issues related to modular reasoning in combinations of local
theory extensions. We analyze, in particular, the form of information which needs to be
exchanged between provers for the component theories when reasoning in combinations of
local theory extensions.

Let T1 and T2 be theories with signatures Σ1 = (Ω1,Pred) and Σ2 = (Ω2,Pred), andG a set of
ground clauses in the joint signature with additional constants Σc = (Ω0∪Ω1∪Ω2∪Ωc,Pred).
We want to decide whether T1 ∪ T2 ∪G |=⊥.

5We proved in [52] that for every function f and constants c and λ with λ > 0 the extension R ⊆
R ∪ (Lipλ

c (f)) satisfies (Compw), hence it is local.



9 APPLICATIONS 34

The set G of ground clauses can be flattened and purified as explained above. For the sake
of simplicity, everywhere in what follows we will assume w.l.o.g. that G = G1 ∧ G2, where
G1, G2 are flat and linear sets of clauses in the signatures Σ1,Σ2 respectively, i.e. for i = 1, 2,
Gi = G0

i ∧G0 ∧Di, where G0
i and G0 are clauses in the base theory and Di is a conjunction

of unit clauses of the form f(c1, . . . , cn) ≈ c, f ∈ Ωi.

Corollary 37 Assume that T1 ≈ T0∪K1 and T2 = T0∪K2 are local extensions of a theory T0

with signature Σ0 = (Ω0,Pred), where Ω0 = Ω1∩Ω2, and that the extension T0 ⊆ T0∪K1∪K2

is local. Let G = G1 ∧ G2 be a set of flat, linear are purified ground clauses, such that
Gi = G0

i ∧G0 ∧Di are as explained above. Then the following are equivalent:

(1) T1 ∪ T2 ∪ (G1 ∧G2) |=⊥,

(2) T0 ∪ (K1 ∪ K2)[G1 ∧G2] ∪ (G0
1 ∧G0 ∧D1) ∧ (G0

2 ∧G0 ∧D2) |=⊥,

(3) T0 ∪ K0
1 ∪ K0

2 ∪ (G0
1 ∪G0) ∪ (G0

2 ∪G0) ∪N1 ∪N2 |=⊥, where

Ni = {
n
∧

i=1

ci ≈ di → c ≈ d | f(c1, . . . , cn) ≈ c, f(d1, . . . , dn) ≈ d ∈ Di}, i = 1, 2,

and K0
i is the formula obtained from Ki[Gi] after purification and flattening, taking into

account the definitions from Di.

9 Applications

We now present various examples from mathematics, verification, databases and multi-agent
systems where efficient decision procedures exist.

9.1 Mathematics: numerical functions

We give several examples of theories from mathematics for which hierarchic and modular
theorem proving is possible. For the sake of simplicity, we here restrict to unary functions,
but most of the results also hold for functions f : Rn → Rm. The results presented here
were first given in [52, 56, 39, 58].

9.1.1 Monotonicity and boundedness conditions

Any extension of a theory with free function symbols is local. In addition the following
theory extensions have been proved to be local in [52, 56, 39]:

Monotonicity. Any extension of the theory of reals, rationals or integers with functions
satisfying Monσ(f) is local ((Compw) holds [52, 56]) 6:

Mon
σ(f)

^

i∈I

xi≤i
σiyi ∧

^

i6∈I

xi≈yi → f(x1, .., xn) ≤ f(y1, .., yn).

The extension T0⊆T0∪SMon(f) is local if T0 is the theory of reals (and f : R→R) or the
disjoint combination of the theories of reals and integers (and f : Z→R) [37]. The extension
of the theory of integers with (SMonZ(f)) is local.

SMon(f) ∀i, j(i<j → f(i)<f(j)) SMonZ(f) ∀i, j(i<j → (j−i) < f(j)−f(i)).

6For i ∈ I, σi∈{−,+}, and for i 6∈ I, σi=0; ≤+=≤,≤−=≥.
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Boundedness. Assume T0 contains a reflexive binary predicate ≤, and f 6∈ Ω0. Let
m ∈ N. For 1 ≤ i ≤ m let ti(x1, . . . , xn) and si(x1, . . . , xn) be terms in the signature
Σ0 and φi(x1, . . . , xn) be Σ0-formulae with (free) variables among x1, . . . , xn, such that
T0 |= ∀x(φi(x) → si(x) ≤ ti(x)), and if i 6= j, φi ∧ φj |=T0

⊥.

Let GB(f)=
∧m

i=1 GBφi(f) and Def(f)=
∧n

i=1 Defφi(f), where:

GB
φi(f) ∀x(φi(x) → si(x) ≤ f(x) ≤ ti(x)) Def

φi(f) ∀x(φi(x) → f(x) ≈ ti(x)).

(i) The extensions T0 ⊆ T0 ∪ GB(f) and T0 ⊆ T0 ∪ Def(f) are both local [56, 37].

(ii) Any extension of a theory for which ≤ is a partial order (or at least reflexive) with
functions satisfying Monσ(f) and Boundt(f) is local [56, 37].

Boundt(f) ∀x1, . . . , xn(f(x1, . . . , xn) ≤ t(x1, . . . , xn))

where t(x1, . . . , xn) is a Σ0-term with variables among x1, . . . , xn whose associated
function has the same monotonicity as f in any model. Similar results hold for strictly
monotone functions.

Injectivity. An extension T0 ⊆ T1 = T0 ∪ Inj(f) with a function f of arity i → e satisfying
Inj(f) is local provided that in all models of T1 the cardinality of the support of sort i is
lower or equal to the cardinality of the support of sort e.

Inj(f) ∀i, j(i 6≈ j → f(i) 6≈ f(j)).

9.1.2 Inverse conditions

Consider the following inverse condition:

Inv(f, g) ∀x, y(y ≈ f(x) → g(y) ≈ x).

Such conditions often occur in mathematics and are important in verification (e.g. to model
direct and inverse links between certain objects).

Theorem 38 Let T0 be a theory and f, g 6∈ Ω0. Assume that T0 ⊆ T0 ∪ K(f) satisfies
Compw, and that T0 ∪K(f) |= Inj(f). Then T0 ∪ (K(f) ∪ Inv(f, g)) ∪G |=⊥ iff T0 ∪ (K(f) ∪
Inv(f, g))[G]∪G |=⊥ for all sets G of ground clauses with the property that if g(c) occurs in
G then also some f(a) ≈ c occurs in G.

9.1.3 Convexity/concavity

Let f be a unary function, and I = [a, b] a subset of the domain of definition of f . We
consider the axiom:

Conv
I(f) ∀x, y, z

„

x, y∈I ∧ x≤z≤y →
f(z)−f(x)

z−x
≤

f(y)−f(x)

y−x

«

.

Theorem 39 Let T0 be one of the theories: (i) R, (ii) Z (a theory of integers), (iii) the
many-sorted combination of the theories of reals (sort real) and integers (sort int). Let f be
a new, unary function (for (iii) assume f has arity int → real).
T0∪ConvI

f and T0∪ConcI
f are local extensions of T0, where ConcI(f) = ConvI(−f).
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9.1.4 Lipschitz conditions

Consider the following conditions:

(Lλ
f (c0)) ∀x(|f(x) − f(c0)| ≤ λ|x − c0|) Lipschitz condition at c0

(Lλ
f ) ∀x, y(|f(x) − f(y)| ≤ λ|x − y|) (uniform) Lipschitz condition

(BL
λ
f ) ∀x, y( 1

λ
|x − y| ≤ |f(x) − f(y)| ≤ λ|x − y|) bi-Lipschitz condition

Such conditions occur in the verification of hybrid systems when specifying (by universal
axioms) that the derivative of a function is bounded by a given value.

Theorem 40 R ∪ (Lλ
f (c0)), R ∪ (Lλ

f ), and R ∪ (BLλ
f ) are local extensions of R.

Theorem 41 The extension R ∪ BLλ
f ∪ Inv(f, g) of R has the property that for all sets G

of ground clauses such that if g(c) occurs in G then also f(a) ≈ c occurs in G, R ∪ (BLλ
f ∪

Inv(f, g)) ∪ G |=⊥ iff R ∪ (BLλ
f ∪ Inv(f, g))[G] ∪ G has no weak partial model in which all

subterms of G (and only those) are defined.

9.1.5 Continuity, derivability

We consider the following continuity conditions for a function f : R → R:

Contf (c0) ∀ǫ(ǫ>0→∃δ(δ>0∧∀x(|x−c0|<δ→|f(x)−f(c0)|<ǫ))) continuity at c0

Contf ∀x(Contf (x)) continuity

and the following derivability conditions for a (continuous) function f :

Der(f, f ′)(c0) : ∀ǫ(ǫ>0→∃δ(δ>0∧∀x(|x−c0|<δ→| f(x)−f(c0)
x−c0

− f ′(c0)|<ǫ)))

Der≤n(f, f1, . . . , fn)(c0) :
n̂

i=1

Contfi−1(c0) ∧ Der(f i−1, f i)(c0)

Der(f, f ′) := ∀xDer(f, f ′)(x); Der≤n(f, f1, . . . , fn) = ∀xDer≤n(f, f1, . . . , fn)(x) (axiomatiz-
ing derivability – resp. n-times derivability – at every point, where n ∈ N ∪ {∞}, f0 = f
and f i is the i-th derivative of f).

Theorem 42 (1) Any partial function over the reals with a finite domain of definition
extends to a total continuous function over the reals.

(2) R ∪ Contf (c0) ∪ Der(f, f ′)(c0) and R ∪ Contf ∪ Der(f, f ′) are Ψ-local extensions of R,
where Ψ(T ) = T ∪ {f(c) | f ′(c) ∈ T } ∪ {f ′(c) | f(c) ∈ T }.

The extensions R ⊆ R∪Der≤n(f, f1, . . . , fn)(c0) and R ⊆ R∪Der≤n(f, f1, . . . , fn) are
Ψn-local extensions, where Ψn(T ) = T∪{fk(c) | 0≤k≤n if f i(c)∈T for some 0≤i≤n}.

Proof : We can use any polynomial interpolation theorem to compute a total model from
any partial model (e.g. the Hermite interpolation theorem). 2

9.1.6 Combinations of axioms

Analyzing the proofs in the previous sections we notice that the same completion for the
partial functions can be used for (i) monotone, strictly monotone, convex/concave, Lipschitz
and continuous functions over R. The same completion (possibly different from that in (i))
is used (ii) for Lipschitz, and for (uniformly) continuous and n-derivable functions over R.

Theorem 43 The following axiom combinations define local extensions of R:

(1) Arbitrary combinations of [S]Mon)(f), Convf , Lλ
f [(c0)], BLλ

f ,Contf [(c0)];
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(2) Arbitrary combinations of Lλ
f , L

λ
f (c0), BLλ

f , Contf ,Contf (c0), Contf∧Der(f, f ′),Contf (c0)∧

Der(f, f ′)(c0) Der≤n(f, f1, .., fn)(c0), and Der≤n(f, f1, .., fn).

However, care is needed when combining Der(f, f ′) with boundedness or monotonicity con-
ditions on f ′, or with convexity/concavity conditions on f or f ′.

9.1.7 Example of proof task

We present an example which illustrates the type of deduction problems in mathematics
we may need to consider: Assume that f :R→R satisfies the bi-Lipschitz condition (BLλ

f )
with constant λ and g is the inverse of f . We want to determine whether g satisfies the bi-
Lipschitz condition on the codomain of f , and if so with which constant λ1, i.e. to determine
under which conditions the following holds:

R ∪ (BL
λ
f ) ∪ (Inv(f, g)) |= φ, (1)

where φ : ∀x, x′, y, y′(y≈f(x) ∧ y′≈f(x′) → 1
λ1
|y − y′|≤|g(y) − g(y′)|≤λ1|y − y′|);

(BL
λ
f ) ∀x, y(

1

λ
|x − y| ≤ |f(x) − f(y)| ≤ λ|x − y|);

Inv(f, g) ∀x, y(y ≈ f(x) → g(y) ≈ x).

Entailment (1) is true iff R∪ (BLλ
f )∪ (Inv(f, g))∪G is unsatisfiable, where G = (c1≈f(a1)∧

c2≈f(a2)∧ ( 1
λ1
|c1−c2| > |g(c1)−g(c2)| ∨ |g(c1)−g(c2)| > λ1|c1−c2|)) is the formula obtained

by Skolemizing the negation of φ.

Standard theorem provers for first order logic cannot be used in such situations. Provers for
reals do not know about additional functions. The Nelson-Oppen method [46] for reasoning
in combinations of theories cannot be used either.

The method we propose reduces the task of checking whether formula (1) holds to the
problem of checking the satisfiability of a set of constraints over R. We first note that
for any set G of ground clauses with the property that “if g(c) occurs in G then G also
contains a unit clause of the form f(a) ≈ c” every partial model P of G – where (i) f and
g are partial and defined exactly on the ground subterms occurring in G and (ii) P satisfies
BLλ

f ∪ Inv(f, g) at all points where f and g are defined – can be completed to a total model

of R∪ (BLλ
f )∪ (Inv(f, g))∪G (cf. Theorem 40 and Corollary 41). Therefore, problem (1) is

equivalent to

R ∪ (BL
λ
f ∪ Inv(f, g))[G] ∪ G |=⊥,

where (BLλ
f ∪Inv(f, g))[G] is the set of those instances of BLλ

f ∪Inv(f, g) in which the terms
starting with g or f are ground terms occurring in G, i.e.

(BL
λ
f ∪ Inv(f, g))[G] =

1

λ
|a1 − a2| ≤ |f(a1) − f(a2)| ≤ λ|a1 − a2| ∧

(c1 ≈ f(a1) → g(c1) ≈ a1) ∧ (c2 ≈ f(a1) → g(c2) ≈ a1) ∧

(c1 ≈ f(a2) → g(c1) ≈ a2) ∧ (c2 ≈ f(a2) → d(c2) ≈ a2).

We separate the numerical symbols from the non-numerical ones by introducing new names
for the extension terms, together with their definitionsD = (f(a1) ≈ e1∧f(a2) ≈ e2∧g(c1) ≈
d1∧g(c2) ≈ d2) and replacing them in (BLλ

f ∪Inv(f, g))[G]∪G. The set of formulae obtained
this way is BL0 ∪ Inv0 ∪G0. We then use – instead of these definitions – only the instances
Con[G]0 of the congruence axioms for f and g which correspond to these terms. We obtain:

BL0 :
1

λ
|a1 − a2| ≤ |e1 − e2| ≤ λ|a1 − a2|

Inv0 : (c1≈e1→d1≈a1) ∧ (c2≈e1→d2≈a1) ∧ (c1≈e2→d1≈a2) ∧ (c2≈e2→d2≈a2)

G0 : c1 ≈ e1 ∧ c2 ≈ e2 ∧ (|d1 − d2| <
|c1 − c2|

λ1
∨ |d1 − d2| > λ1|c1 − c2|)

Con[G]0 c1 ≈ c2 → d1 ≈ d2 ∧ a1 ≈ a2 → e1 ≈ e2
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Thus, entailment (1) holds iff BL0∧Inv0∧G0∧Con[G]0 is unsatisfiable, i.e. iff

∃a1, a2, c1, c2, d1, d2, e1, e2(BL0 ∧ Inv0 ∧G0 ∧ Con[G]0) is false.

The quantifiers can be eliminated with any QE system for R. We used Redlog [18]; after
simplification (w.r.t. λ>1, λ1>1 and some consequences) we obtained:

λ1λ
2 − λ < 0 ∨ λ1λ − λ2 < 0 ∨ λ1 − λ < 0 ∨ (λ1λ − λ2 > 0 ∧ λ1 ≈ λ) ∨

(λ2
1λ − λ1 > 0 ∧ (λ2

1 − λ1λ < 0 ∨ (λ2
1 − λ1λ > 0 ∧ λ1 ≈ λ))) ∨

(λ2
1λ − λ1 > 0 ∧ λ2

1 − λ1λ < 0 ∧ λ1 − λ > 0) ∨ (λ2
1λ − λ1 > 0 ∧ λ2

1 − λ1λ < 0).

If λ>1, λ1>1, this formula is equivalent to λ1<λ. Hence, if λ>1, λ1>1 we have:

R ∪ (BL
λ
f ) ∧ (Inv(f, g)) |= φ, iff λ1 ≥ λ. (2)

The constraints we obtain can be used for optimization (e.g. we can show that the smallest
value of λ1 for which g satisfies the bi-Lipschitz condition is λ).

9.2 Mathematics: partial-ordered structures

We now present various of examples of local extensions in mathematics, involving possibly
non-numeric functions. Some of the results below can be seen as a natural generalization of
the results in Section 9.1.

9.2.1 Monotone functions

The extensions of any (possibly many-sorted) theory whose models are posets with functions
satisfying the axioms Monσ(f) satisfy condition (Compw) if the codomains of the functions
have a bounded semilattice reduct or are totally ordered [52, 56]

Theorem 44 ([56]) The extensions with functions satisfying monotonicity axioms of the
following (possibly many-sorted) classes of algebras are local:

(1) Any class of algebras with a bounded (semi)lattice reduct, a bounded distributive lattice
reduct, or a Boolean algebra reduct.

(2) Any extension of a class of algebras with a semilattice reduct, a (distributive) lattice
reduct, or a Boolean algebra reduct, with monotone functions into an infinite numeric
domain7.

(3) T , the class of totally-ordered sets; DO, the theory of dense totally-ordered sets.

Consider now the following conditions:

SMon(f) ∀i, j(i < j → f(i) < f(j)) and Inj(f) ∀i, j(i 6≈ j → f(i) 6≈ f(j))

Theorem 45 ([37]) Assume that in all models of T0 the support of sort i has an underlying
strict total order relation <. Let T1 = T0∪SMon(f), where f is a new function of arity i → e
(e may be a new or an old sort), in all models of T1 the support of sort e has an underlying
strict total order <, and there exist injective order-preserving maps from any interval of
the support of sort i to any interval of the support e. Then the extension T0 ⊆ T1 satisfies
(Compw), hence it is local.

Theorem 46 ([37]) A theory extension T0 ⊆ T1 = T0 ∪ Inj(f) with a function f of arity
i → e satisfying Inj(f) is local provided that in all models of T1 the cardinality of the support
of sort i is lower or equal to the cardinality of the support of sort e.

7Of interest in non-classical logics (e.g. description logics) [56, 59].
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9.2.2 Extensions with definitions and boundedness conditions

Let T0 be a theory containing a binary predicate ≤ which is reflexive, and f 6∈ Σ0.

Guarded boundedness. Let m ∈ N. For 1 ≤ i ≤ m let ti(x1, . . . , xn) and si(x1, . . . , xn)
be terms in the signature Π0 with variables among x1, . . . , xn, and let φi(x1, . . . , xn), i ∈
{1, . . . ,m} be Π0-formulae with free variables among x1, . . . , xn, such that (i) for every
i 6= j, φi ∧ φj |=T0

⊥, and (ii) for every i, T0 |= ∀x(φi(x) → si(x) ≤ ti(x)). Let GBound(f) =
∧m

i=1 GBoundφi(f), where:

GBoundφi(f) ∀x(φi(x) → si(x) ≤ f(x) ≤ ti(x)).

The extension T0 ⊆ T0 ∪ GBound(f) is local.

Boundedness for (strictly) monotone and injective functions. Any extension of a
theory for which ≤ is a partial order (or at least reflexive) with functions satisfying Monσ(f)
and boundedness Boundt(f) conditions is local [53, 56].

Boundt(f) ∀x1, . . . , xn(f(x1, . . . , xn) ≤ t(x1, . . . , xn))

where t(x1, . . . , xn) is a Π0-term with variables among x1, . . . , xn whose associated function
has the same monotonicity as f in any model. Similar results hold for strictly mono-
tone/injective functions (under the conditions in Thm. 45, 46).

Extensions with (guarded) definitions are defined similarly.

9.3 Verification

In the verification of reactive and hybrid systems the most important problems are to prove
safety and lifeness.

9.3.1 System specification.

In the specification of complex systems, one needs to take several aspects into account: con-
trol flow, data changes, and timing aspects. An example is the specification language CSP-
OZ-DC (COD) [34, 36] which integrates three well-investigated formalisms: Communicating
Sequential Processes [35], Object-Z [51], and Duration Calculus [70], allowing the composi-
tional and declarative specification of each aspect by means of the best-suited formalism.
In particular, data and data changes can be specified in a constraint-based representation
(using OZ). In particular, depending on the specific application domain, the specifications
explicitly refer to certain theories and data types:

• numbers (real/rational/integer/natural);

• functions over numerical domains (e.g. for modeling parametric changes);

• theories of data structures such as lists or arrays – especially for program verification,
but also e.g. in the specification of systems with a parametric number of components.

Such theories are usually explicitly mentioned in the specification part. Correspondingly,
a background theory TS – describing the data types used in the specification and their
properties – is associated in a canonical way with every specification.

9.3.2 System verification.

Starting from the specifications of a reactive and real time system we can build a formal
model for the system expressed as a transition constraint system T = (V,Ω, Init,Update)
which specifies:

• the variables (V ) and function symbols (Ω) whose values change over time;

• a formula Init specifying the properties of initial states;
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Abstraction/ Refinement Model Checking

System Specifications

Theory abstraction

Invariant checking/ BMC

InterpolationAutomated reasoning

− full theory
− abstraction of theory
refine abstraction

− use interpolants 

   for refining abstraction

Complex theories / TCS

• a formula Update with variables in V ∪V ′ and function symbols in Ω∪Ω′ (where V ′ and
Ω′ are copies of V resp. Ω, denoting the variables resp. functions after the transition)
which specifies the relationship between the values of variables x and function symbols
f before a transition and their values (x′, f ′) after the transition.

Such descriptions can be obtained from system specifications (for an example cf. [22]).
Verification problems usually considered are invariant checking, bounded model checking

(BMC), verification using abstraction/refinement and full verification. The first two prob-
lems are usually much simpler than the last one. The use of abstraction and refinement can
help provide additional safety proofs compared to the first two ones.

Invariant checking. We can check whether a formula Ψ is an inductive invariant of a
transition constraint system T=(V,Ω, Init,Update) in two steps:

(1) prove that TS , Init |= Ψ;

(2) prove that TS ,Ψ,Update |= Ψ′, where Ψ′ results from Ψ by replacing each x ∈ V by x′

and each f ∈ Ω by f ′.

Failure to prove (2) means that Ψ is not an invariant, or Ψ is not inductive w.r.t. T .8

Bounded model checking. We check whether, for a fixed k, unsafe states are reachable
by runs of length at most k. Formally, we check whether:

TS ∧ Init0 ∧

j
∧

i=1

Updatei ∧ ¬Ψj |=⊥ for all 0 ≤ j ≤ k,

where Updatei is obtained from Update by replacing all variables x ∈ V by xi and any f ∈ Ω
by fi, and all x′ ∈ V ′, f ′ ∈ Ω′ by xi+1, fi+1; Init0 is Init with x0 replacing x ∈ V and f0
replacing f ∈ Ω; Ψi is obtained from Ψ similarly.

We are interested in checking whether a safety property (expressed by a suitable formula)
is an invariant, or holds for paths of bounded length, for given instances of the parameters,
or under given constraints on parameters. We aim at identifying situations in which de-
cision procedures exist. We will show that this is often the case, by investigating locality
phenomena in verification. As a by-product, this will allow us to consider problems more

8Proving that Ψ is an invariant of the system in general requires to find a stronger formula Γ (i.e.,
TS |= Γ → Ψ) and prove that Γ is an inductive invariant.
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general than usual tasks in verification, namely to derive constraints between parameters
which guarantee safety. These constraints may also be used to solve optimization problems
(maximize/minimize some of the parameters) such that safety is guaranteed.

Abstraction/Refinement. In [43], McMillan proposed a method for abstraction-based
verification in which interpolation (e.g. for linear arithmetic + free functions) is used for ab-
straction refinement. The idea is the following: Starting from a concrete, precise description
of a (possibly infinite-state) system one can obtain a finite abstraction by merging the states
into equivalence classes. A transition exists between two abstract states if there exists a
transition in the concrete systems between representatives in the corresponding equivalence
classes. Literals describing the relationships between the state variables at the concrete level
are represented – at the abstract level – by predicates on the abstract states (equivalence
classes of concrete states). Classical methods (e.g. BDD-based methods) can be used for
checking whether there is a path in the abstract model from an initial state to an unsafe
state. We distinguish the following cases:

(1) No unsafe state is reachable from an initial state in the abstract model. Then, due to
the way transitions are defined in the abstraction, this is the case also at the concrete
level. Hence, the concrete system is guaranteed to be safe.

(2) There exists a path in the abstract model from an initial state to an unsafe state. This
path may or may not have a correspondent at the concrete level. In order to check
this, we analyse the counterpart of the counterexample in the concrete model. This
can be reduced to testing the satisfiability of a set of constraints:

Init(s0) ∧ Tr(s0, s1) ∧ · · · ∧ Tr(sn−1, sn) ∧ ¬Safe(sn).

(2.1) If the set of constraints is satisfiable then an unsafe state is reached from the
initial state also in the concrete system. Thus, the concrete system is not safe.

(2.2) If the set of constraints is unsatisfiable, then the counterexample obtained due to
the abstraction was spurious. This means that the abstraction was too coarse.
In order to refine it we need to take into account new predicates or relationships
between the existing predicates. Interpolants provide information about which
new predicates need to be used for refining the abstraction. Interpolation in
local theory extensions has been studied in [53] and will not be discussed in this
tutorial.

Full verification. Methods for the verification of finite-state systems are well-studied. In
the presence of complex data types however, full verification is often impossible. Positive
results have been obtained for locally finite theories of data structures by Ghilardi, Ranise,
Nicolini and Zuccheli. The main idea is that local finiteness for the data structures ensures
that the state space of the systems is finite, so ideas from finite model checking can be used.
We will not present these results in detail here.

9.4 Some theories important in verification

In what follows we present methods for proving decidability of certain theories important
in verification such as the theory of pointer data structures and a fragment of the theory of
arrays.

9.4.1 Pointer data structures à la McPeak and Necula

In [45], McPeak and Necula investigate reasoning in pointer data structures. The language
used has sorts p (pointer) and s (scalar). Sets Ωp and Ωs of pointer resp. scalar fields are
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modeled by functions of sort p → p and p → s, respectively. A constant null of sort p exists.
The only predicate of sort p is equality; predicates of sort s can have any arity. The axioms
considered in [45] are of the form

∀p E ∨ C (3)

where E contains disjunctions of pointer equalities and C contains scalar constraints (sets
of both positive and negative literals). It is assumed that for all terms f1(f2(. . . fn(p)))
occurring in the body of an axiom, the axiom also contains the disjunction p ≈ null∨fn(p) ≈
null∨ · · ·∨ f2(. . . fn(p)) ≈ null.9 Examples of axioms (for doubly linked data structures with
priorities) considered there are:

∀p p 6≈ null ∧ next(p) 6≈ null → prev(next(p)) ≈ p (4)

∀p p 6≈ null ∧ prev(p) 6≈ null → next(prev(p)) ≈ p (5)

∀p p 6≈ null ∧ next(p) 6≈ null → priority(p) ≥ priority(next(p)) (6)

(the first two axioms state that prev is a left inverse for next, the third axiom is a monotonicity
condition on the function priority). Let ΨK(T ) = st(K) ∪ T ∪ {f(t) | t ∈ st(K) ∪ T, f ∈ Ωs}
for any set of ground terms T .

Theorem 47 ([37]) Let T0 be a Σ0-theory, where S0 = {s}, and T1 = T0∪K be the exten-
sion of T0 with signature Σ = ({p, s},Ω,Pred) – where Ω=Ωp∪Ωs∪Ω0, and K is a set of
axioms ∀p(E ∨ C) of type (3). Then every partial model A of K with total Ω0-functions such
that the definition domain of A is closed under ΨK (i.e. if f∈Ωs and the p-term t is defined
in A then f(t) is defined in A) weakly embeds into a total model of K. Hence T0 ⊆ T1 is a
Ψ-stably local extension.

Ψ-stable locality is not harmful in this case, since all universally quantified variables in the
axioms in K are of sort p, and the number of instances of these variables with subterms in
ΨK(G) which need to be considered is polynomial in the size of st(K, G) (no operations with
output sort s generate such terms).

Figure 7: Properties of lists

Example: In order to prove that in a theory of doubly-linked lists it is not possible for two
fields to have the same “next” field, we need to consider only instances of the axioms for
“next” and “prec” in a neighborhood of a possible counterexample.

9This excludes null pointer errors.
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9.4.2 Extensions of the fragment of Necula and McPeak.

We are interested in pointer structures which can be changed during execution of a program
(a cell of a list can be removed, or a new subtree added into a tree structure). The general
remarks above also apply for such situations.

Theorem 48 ([37]) Assume that the update axioms Update(Ω,Ω′) describe how the values
of the Ω-functions change, depending on a finite set {φi | i ∈ I} of mutually exclusive
conditions, expressed as formulae over the base signature and the Ω-functions (axioms of
type (7) below represent precise ways of defining the updated functions, whereas axioms of
type (8) represent boundedness properties on the updated scalar fields, assuming the scalar
domains are partially ordered):

∀x(φi(x) → f ′
i(x)≈si(x)) i ∈ I, where φi(x) ∧ φj(x) |=T0

⊥ for i 6=j (7)

∀x(φi(x) → ti(x)≤f
′
i(x)≤si(x)) i ∈ I, where φi(x) ∧ φj(x) |=T0

⊥ for i 6=j (8)

where si, ti are terms over the signature Ω such that T0 |= ∀x(φi(x)→ti(x)≤si(x)) for all i ∈
I. They define local theory extensions. This holds for any extension of disjoint combinations
of various pointer structures with such update axioms.

9.4.3 The theory of arrays à la Bradley, Manna and Sipma

In [11] the array property fragment is studied, a fragment of the theory of arrays with Pres-
burger arithmetic as index theory and parametric element theories. Consider the extension
of the combination T0 of the index and element theories with functions read,write and
axioms:

read(write(a, i, e), i) ≈ e j 6≈ i→ read(write(a, i, e), j) ≈ read(a, j).

The array property fragment is defined as follows10:

An index guard is a positive Boolean combination of atoms of the form t ≤ u or t ≈ u where
t and u are either a variable of index sort or a ground term (of index sort) constructed from
(Skolem) constants and integer numbers using addition and multiplication with integers.
A formula of the form (∀i)(ϕI(i) → ϕV (i)) is an array property if ϕI is an index guard
and if any universally quantified variable of index sort i only occurs in a direct array read
read(a, x) in ϕV . Array reads may not be nested. The array property fragment consists of
all existentially-closed Boolean combinations of array property formulae and quantifier-free
formulae.

The decision procedure proposed in [11] decides satisfiability of formulae in negation normal
form in the array property fragment in the following steps.

1. Replace all existentially quantified array variables with Skolem constants; replace all
terms of the form read(a, i) with a(i); eliminate all terms of the form write(a, i, e)
by replacing the formula φ(write(a, i, e)) with the conjunction of the formula φ(b)
(obtained by introducing a fresh array name b for write(a, i, e)) with (b(i) ≈ e)∧∀j(j ≤
i− 1 ∨ i+ 1 ≤ j → b(j) ≈ a(j)).11

2. Existentially quantified index variables are replaced with Skolem constants.

3. Universal quantification over index variables is replaced by conjunction of suitably
chosen instances of the variables.

10The considerations below are for arrays of dimension 1, the general case is similar.
11Note that, by the definition of array property formulae, if a term write(a, i, e) occurs in the array property

fragment then i is an existentially quantified index variable.
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For determining the set of ground instances to be used in Step 3, the authors prove that
certain partial “minimal” models can be completed to total ones.

Theorem 49 ([11, 37]) Let K be the clause part and G the ground part (after the trans-
formation steps (1)–(3)), and I be the set of index terms defined in [11]. Let Ψ(K, st(G)) =
{f(i1, . . . , in) | f array name , i1, . . . , in ∈ I}. Every partial model of T0∪K[Ψ(K, G)]∪G in
which all terms in Ψ(K, G) are defined can be transformed into a (total) model of T0∪K∪G.
This criterion entails (ELocΨ).

9.4.4 Extending the array property fragment.

Let T0 be the array property fragment in [11] (set of arrays Ω0). There are several ways of
extending T0:

Theorem 50 ([37]) Let T1=T0∪K be an extension of T0 with new arrays in a set Ω1.

(1) If K consists of guarded boundedness axioms, or guarded definitions (cf. Section 9.1.1)
for the Ω1-function symbols, then the extension T0 ⊆ T1 is local. 12

(2) If K consists of injectivity or (strict) monotonicity (and possibly boundedness axioms)
for the function symbols in Ω1 then the extension T0 ⊆ T1 is local if the assumptions
about the element theory specified in Section 9.1.1 hold.

(3) Any combination of extensions of T0 as those mentioned in (1),(2) with disjoint sets
of new array constants leads to a local extension of T0.

If the guards φi of the axioms in K are clauses then the result of the hierarchical reasoning
method in Theorem 27 is a formula in T0, hence satisfiability of ground clauses w.r.t. T0 ∪K
is decidable. Similarly for chains of extensions. The same holds for testing satisfiability
of goals Γ0 ∪ G where Γ0 and (K[G])0 belong to the array property fragment. For general
guards and chains of extensions decidability depends on the form of the formulae obtained
by hierarchical reduction(s).

9.5 Case studies in verification

We present three case studies in verification which illustrate the use of decision procedures
for the theories previously mentioned for invariant checking and bounded model checking.
The examples below only refer to invariant checking. For the sake of simplicity, in this
section we use the notation “=” for the equality predicate.

9.5.1 A RBC Case Study

The case study we discuss here is taken from the specification of the European Train Control
System (ETCS) standard [21] and presented in detail in [39] and [57]. We consider a radio
block center (RBC), which communicates with all trains on a given track segment. Trains
may enter and leave the area, provided that a certain maximum number of trains on the
track is not exceeded. Every train reports its position to the RBC in given time intervals and
the RBC communicates to every train how far it can safely move, based on the position of
the preceding train. It is then the responsibility of the trains to adjust their speed between
given minimum and maximum speeds.

For a first try at verifying properties of this system, we have considerably simplified
it: we abstract from the communication issues in that we always evaluate the system after
a certain time ∆t, and at these evaluation points the positions of all trains are known.
Depending on these positions, the possible speed of every train until the next evaluation is

12An example is defining new arrays by writing x at a (constant) index c, axiomatized by {∀i(i 6≈ c →
a′(i) = a(i)), ∀i(i = c → a′(i) = x)}.
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decided: if the distance to the preceding train is less than a certain limit lalarm, the train
may only move with minimum speed min (otherwise with any speed between min and the
maximum speed max).

We present two formal system models. In the first one we have a fixed number of trains;
in the second we allow for entering and leaving trains.

Model 1: Fixed Number of Trains. In this simpler model, any state of the system
is characterized by the real-valued constants ∆t > 0 (the time between evaluations of the
system), min and max (the minimum and maximum speed of trains), lalarm (the distance
between trains which is deemed secure), the integer constant n (the number of trains) and
the function pos (mapping integers between 0 and n − 1 to real values representing the
position of the corresponding train).

We use an additional function pos′ to model the evolution of the system: pos′(i) denotes the
position of i at the next evaluation point (after ∆t time units). The way positions change (i.e.
the relationship between pos and pos′) is defined by the following set Kf = {F1,F2,F3,F4}
of axioms13:

(F1) ∀i (i = 0 → pos(i) + ∆t∗min ≤R pos′(i) ≤R pos(i) + ∆t∗max)

(F2) ∀i (0 < i < n ∧ pos(i− 1) >R 0 ∧ pos(p(i)) − pos(i) ≥R lalarm
→ pos(i) + ∆t ∗ min ≤R pos′(i) ≤R pos(i) + ∆t∗max)

(F3) ∀i (0 < i < n ∧ pos(i− 1) >R 0 ∧ pos(p(i)) − pos(i) <R lalarm
→ pos′(i) = pos(i) + ∆t∗min)

(F4) ∀i (0 < i < n ∧ pos(i− 1) ≤R 0 → pos′(i) = pos(i))

Note that the train with number 0 is the train with the greatest position, i.e. we count trains
from highest to lowest position.

Axiom F1 states that the first train may always move at any speed between min and
max. F2 states that the other trains can do so if their predecessor has already started and
the distance to it is larger than lalarm. If the predecessor of a train has started, but is less
than lalarm away, then the train may only move at speed min (axiom F3). F4 requires that a
train may not move at all if its predecessor has not started.

Model 2: Incoming and leaving trains. If we allow incoming and leaving trains,
we additionally need a measure for the number of trains on the track. This is given by
additional constants first and last, which at any time give the number of the first and

13Inequality over integers is displayed without subscript, inequality over reals is marked with an R
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last train on the track (again, the first train is supposed to be the train with the highest
position). Furthermore, the maximum number of trains that is allowed to be on the track
simultaneously is given by a constant maxTrains. These three values replace the number of
trains n in the simpler model, the rest of it remains the same except that the function pos
is now defined for values between first and last, where before it was defined between 0 and
n− 1. The behavior of this extended system is described by the following set Kv consisting
of axioms (V1) − (V9):

(V1) ∀i (i = first → pos(i) + ∆t ∗ min ≤R pos′(i) ≤R pos(i) + ∆t ∗ max)

(V2) ∀i (first < i ≤ last ∧ pos(i− 1) >R 0 ∧ pos(i− 1) − pos(i) ≥R lalarm
→ pos(i) + ∆t ∗ min ≤R pos′(i) ≤R pos(i) + ∆t ∗ max)

(V3) ∀i (first < i ≤ last ∧ pos(i− 1) >R 0 ∧ pos(i− 1) − pos(i) <R lalarm
→ pos′(i) = pos(i) + ∆t ∗ min)

(V4) ∀i (first < i ≤ last ∧ pos(i− 1) ≤R 0 → pos′(i) = pos(i))

(V5) last − first + 1 < maxTrains → last′ = last ∨ last′ = last + 1

(V6) last − first + 1 = maxTrains → last′ = last

(V7) last − first + 1 > 0 → first′ = first ∨ first′ = first + 1

(V8) last − first + 1 = 0 → first′ = first

(V9) last′ = last + 1 → pos′(last′) <R pos′(last)

where primed symbols denote the state of the system at the next evaluation.
Here, axioms V1 − V4 are similar to F1 − F4, except that the fixed bounds are replaced

by the constants first and last. V5 states that if the number of trains is less than maxTrains,
then a new train may enter or not. V6 says that no train may enter if maxTrains is already
reached. V7 and V8 are similar conditions for leaving trains. Finally, V9 states that if a
train enters, its position must be behind the train that was last before.

The safety condition which is important for this type of systems is collision freeness.
In [39] we use a very simplified model of the system of trains, where collision freeness is
modeled by a ’strict monotonicity’ property for the function pos which stores the positions
of the trains. We now consider a more realistic axiomatization – assuming the maximum
length of the trains is known – expressed by the following axiom:

SdMon(pos) ∀ i, j, k (0≤j<i<n ∧ i−j=k → pos(j) − pos(i) ≥R k ∗ LengthTrain),

where LengthTrain is the standard (resp. maximal) length of a train.
As base theory we consider the combination T0 of the theory of integers and reals with

a multiplication operation ∗ of arity i × num → num (multiplication of k with the constant
LengthTrain in the formula above)14. Let T1 be the theory obtained by extending T0 with
a function pos satisfying the axiom above. By the results presented in Section 9.1.1 on
locality of extensions with functions satisfying strict monotonicity and related properties,
the extension T0 ⊆ T1 is local.

We now extend the resulting theory T1 in two different ways, with the axiom sets for one of
the two system models, respectively. Both extensions are extensions with guarded bound-
edness axioms. By the remarks in Section 9.1 both T1 ⊆ T1 ∪ Kf and T1 ⊆ T1 ∪ Kv are

14In the light of locality properties of such extensions, k will always be instantiated by values in a fi-
nite set of concrete integers, all within a given, concrete range; thus the introduction of this many-sorted
multiplication does not affect decidability.
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local extensions. The method for hierarchical reasoning described above allows us to reduce
the problem of checking whether system properties such as collision freeness are inductive
invariants to deciding satisfiability of corresponding constraints in T0. As a side effect, after
the reduction of the problem to a satisfiability problem in the base theory, one can auto-
matically determine constraints on the parameters (e.g. ∆t,min,max, ...) which guarantee
that the property is an inductive invariant, and are sufficient for this. (This can be achieved
for instance using quantifier elimination.) These constraints can be used, for instance, for
optimization problems (e.g. maximize speed and ∆t while guaranteeing safety).

Illustration: We indicate how to apply hierarchical reasoning on the case study given in
Section 9.5.1, Model 115. We follow the steps given in Section 8.2 and show how the sets of
formulas are obtained that can finally be handed to a prover of the base theory.

To check whether T1 ∪ Kf |= ColFree(pos′), where

ColFree(pos′) ∀i (0 ≤ i < n − 1 → pos′(i) − pos′(i+ 1) >R LengthTrain),

we check whether T1 ∪ Kf ∪ G |= ⊥, where G = {0 ≤ k < n − 1, k′ = k + 1, pos′(k) −
pos′(k′) ≤R LengthTrain} is the (skolemized) negation of ColFree(pos′), flattened by intro-
ducing a new constant k′.

Reduction from T1 ∪ Kf to T1. This problem is reduced to a satisfiability problem over
T1 as follows:

Step 1: Use locality. We construct the set Kf [G]: There are no ground subterms with pos′

at the root in Kf , and only two ground terms with pos′ in G, pos′(k) and pos′(k′). This
means that Kf [G] consists of two instances of Kf : one with i instantiated to k, the other
instantiated to k′. E.g., the two instances of F2 are:

(F2[G]) (0 < k < n ∧ pos(k − 1) >R 0 ∧ pos(k − 1) − pos(k) ≥R lalarm
→ pos(k) + ∆t ∗ min ≤R pos′(k) ≤R pos(k) + ∆t∗max)

(0 < k′ < n ∧ pos(k′ − 1) >R 0 ∧ pos(k′ − 1) − pos(k′) ≥R lalarm
→ pos(k′) + ∆t ∗ min ≤R pos′(k′) ≤R pos(k′) + ∆t∗max)

The construction of (F1[G]), (F3[G]) and (F4[G]) is similar. In addition, we specify the known
relationships between the constants of the system:
(Dom) ∆t > 0 ∧ 0 ≤ min ∧ min ≤ max

Step 2: Flattening and purification. Kf [G] ∧ G is already flat w.r.t. pos′. We replace
all ground terms with pos′ at the root with new constants: we replace pos′(k) by c1 and
pos′(k′) by c2. We obtain a set of definitions Def = {pos′(k) = c1, pos′(k′) = c2} and a set
(Dom) ∪ G0 ∪ Kf0

of clauses which do not contain occurrences of pos′, consisting of (Dom)
together with:

(G0) 0 ≤ k < n − 1 ∧ k′ = k + 1 ∧ c1 − c2 ≤R LengthTrain

(F20) (0 < k < n ∧ pos(k − 1) >R 0 ∧ pos(k − 1) − pos(k) ≥R lalarm
→ pos(k) + ∆t ∗ min ≤R c1 ≤R pos(k) + ∆t∗max)

(0 < k′ < n ∧ pos(k′ − 1) >R 0 ∧ pos(k′ − 1) − pos(k′) ≥R lalarm
→ pos(k′) + ∆t ∗ min ≤R c2 ≤R pos(k′) + ∆t∗max)

15We illustrate our approach for the simplest model. For a variable number of trains the approach is the
same.
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The construction can be continued similarly for F1, F3 and F4.

Step 3: Reduction to satisfiability in T1. We add the functionality clauseN0 = {k = k′ → c1 = c2}
and obtain a satisfiability problem in T1: Kf0

∧G0 ∧N0.

The reduction is schematically represented in the following diagram:

Def Dom ∪ G0 ∪ Kf 0 ∪N0

pos′(k) = c1 (Dom) ∪ (G0) ∪ (F10) ∪ (F20) ∪ (F30) ∪ (F40)
pos′(k′) = c2 N0 : k = k′ → c1 = c2

Reduction from T1 to T0. To decide satisfiability of T1 ∧ Kf0
∧ G0 ∧ N0, we have to

perform another transformation w.r.t. the extension T0 ⊆ T1. The resulting set of ground
clauses can directly be handed to a decision procedure for the combination of the theory of
indices and that of reals. We flatten and purify the set Kf0

∧G0∧N0 of ground clauses w.r.t.
pos by introducing new constants denoting k − 1 and k′ − 1, together with their definitions
k′′ = k− 1, k′′′ = k′− 1; as well as constants d1 for pos(k), d2 for pos(k′), d3 for pos(k′′) and
d4 for pos(k′′′) together with their definitions. Taking into account only the corresponding
instances of the collision freeness axiom for pos we obtain a set of clauses consisting of (Dom)
together with:

(G′
0) k′′ = k − 1 ∧ k′′′ = k′ − 1

(G0) 0 ≤ k < n− 1 ∧ k′ = k + 1 ∧ c1 − c2 ≤R LengthTrain

(GF10) k = 0 → d1 + ∆t∗min ≤R c1 ≤R d1 + ∆t∗max
k′ = 0 → d2 + ∆t∗min ≤R c2 ≤R d2 + ∆t∗max

(GF20) 0<k<n ∧ d3>R0 ∧ d3−d1 ≥R lalarm → d1+∆t∗min ≤R c1 ≤R d1+∆t∗max
0<k′<n ∧ d4>R0 ∧ d4−d2 ≥R lalarm → d2+∆t∗min ≤R c2 ≤R d2+∆t∗max

(GF30) 0<k<n ∧ d3>R0 ∧ d3−d1 <R lalarm → c1 = d1+∆t∗min
0<k′<n ∧ d4>R0 ∧ d4−d2 <R lalarm → c2 = d2+∆t∗min

(GF40) (0<k<n ∧ d3 ≤R 0 → c1=d1) ∧ (0<k′<n ∧ d4 ≤R 0 → c2=d2)

SdMon(pos)[G′] 0 ≤ k < k′ < n → d1 − d2 >R (k′ − k) ∗ LengthTrain
0 ≤ k′ < k < n → d2 − d1 >R (k − k′) ∗ LengthTrain

0 ≤ k < k′′ < n → d1 − d3 >R (k′′ − k) ∗ LengthTrain
0 ≤ k′′< k < n → d3 − d1 >R (k − k′′) ∗ LengthTrain

0 ≤ k < k′′′ < n → d1 − d4 >R (k′′′ − k) ∗ LengthTrain
0 ≤ k′′′< k < n → d4 − d1 >R (k − k′′′) ∗ LengthTrain

0 ≤ k′ < k′′ < n → d2 − d3 >R (k′′ − k′) ∗ LengthTrain
0 ≤ k′′< k′ < n → d3 − d2 >R (k′ − k′′) ∗ LengthTrain

0 ≤ k′ < k′′′ < n → d2 − d4 >R (k′′′ − k′) ∗ LengthTrain
0 ≤ k′′′< k′ < n → d4 − d2 >R (k′ − k′′′) ∗ LengthTrain

0 ≤ k′′< k′′′ < n → d3 − d4 >R (k′′′ − k′′) ∗ LengthTrain
0 ≤ k′′′< k′′ < n → d4 − d3 >R (k′′ − k′′′) ∗ LengthTrain

N0(pos′) k = k′ → c1 = c2
N0(pos) k = k′ → d1 = d2 ∧ k = k′′ → d1 = d3 ∧ k′ = k′′′ → d2 = d4

k = k′′′ → d1 = d4 ∧ k′ = k′′ → d2 = d3 ∧ k′′ = k′′′ → d3 = d4

In fact, the constraints on indices can help to further simplify the instances of monotonicity
of Mon(pos)[G′] ∧ N0(pos) ∧ N0(pos′): k′ > k, k′′ < k, k′′ < k′, k′′′ < k′, k′′′ = k. The set
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p.prio ≤ x p.prio > x p.prio > x
p.prev ≈ null p.next 6≈ null p.next ≈ null

p.next.prio ≤ x

Figure 8: Insertion in lists

of clauses equivalent to SdMon(pos)[G′] ∧ N0(pos) ∧ N0(pos′) is given below. (Here we do
these simplifications by hand; this can be done as well by a pre-simplification program which
detects obviously true relationships between the premises of these rules.) After making these
simplifications we obtain the following set of (many-sorted) constraints:

CDefinitions CIndices (sort i) CReals CMixed

pos′(k) = c1 k′ = k + 1 d1 − d2 >R LengthTrain 0 ≤ k′′ → d3 − d2 >R 2 ∗ LengthTrain

pos(k′) = d2 k′′ = k − 1 d3 − d4 >R LengthTrain 0 ≤ k′′ → d3 − d1 >R LengthTrain

pos′(k′) = c2 k′′′ = k′ − 1 d3 − d2 >R LengthTrain (GF10)
pos(k′′) = d3 d4 − d2 >R LengthTrain (GF20)
pos(k) = d1 0 ≤ k < n − 1 d1 = d4 ∧ c1 − c2 ≤R (GF30)
pos(k′′′) = d4 0 ≤ k′ < n − 1 (Dom) (GF40)

For checking the satisfiability of CIndices ∧ CReals ∧ CMixed we can use a prover for the two-
sorted combination of the theory of integers and the theory of reals, possibly combined with
a DPLL methodology for dealing with full clauses. An alternative method is discussed in
[39].

9.5.2 Verification of a program changing pointer structures

Consider the following algorithm for inserting an element c with priority field c.prio = x into
a doubly-linked list sorted w.r.t. the priority fields.

c.prio = x, c.next = null

for all p 6= c do

if p.prio ≤ x then if p.prev = null then c.next′ = p, endif; p.next′ = p.next

p.prio > x then case p.next = null then p.next′ := c, c.next′ = null

p.next 6= null ∧ p.next.prio > x then p.next′ = p.next

p.next 6= null ∧ p.next.prio ≤ x then p.next′ = c, c.next′ = p.next

The update rules Update(next, next′) can be read from the program above, and are repre-
sented in Fig. 8:

∀p(p 6=null ∧ p 6=c ∧ prio(p)≤x ∧ (prev(p) = null) → next′(c)=p ∧ next′(p)=next(p))
∀p(p 6=null ∧ p 6=c ∧ prio(p)≤x ∧ (prev(p) 6= null) → next′(p)=next(p))
∀p(p 6=null ∧ p 6=c ∧ prio(p)>x ∧ next(p)=null → next′(p)=c ∧ next′(c)=null)
∀p(p 6=null ∧ p 6=c ∧ prio(p)>x ∧ next(p) 6=null ∧ prio(next(p))>x → next′(p)=next(p))

∀p(p 6=null ∧ p 6=c ∧ prio(p)>x ∧ next(p) 6=null ∧ prio(next(p))≤x → next′(p)=c∧next′(c)=next(p))

We prove that if the list is sorted, it remains so after insertion, i.e. the formula:

d 6= null ∧ next′(d) 6= null ∧ ¬prio(d) ≥ prio(next′(d))

is unsatisfiable in the extension T1 = T0 ∪ Update(next, next′) of the theory T0 of doubly
linked lists with a monotone field prio. T0 is axiomatized by the axioms K = {(4), (5), (6)}
in Section 9.4.1. The update rules are guarded boundedness axioms, so the extension T0 ⊆ T1
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is local. Hence, the satisfiability task above w.r.t. T1 can be reduced to a satisfiability task
w.r.t. T0 as follows:

Def Update0 ∧ G0 ∧ N0

Update0 d 6=null ∧ d 6=c ∧ prio(d)≤x ∧ prev(d)=null → c1=d

next′(d)=d1 d 6=null ∧ d 6=c ∧ prio(d)≤x ∧ prev(d)=null → d1=next(d)
next′(c)=c1 d 6=null ∧ d 6=c ∧ prio(d)≤x ∧ prev(d) 6=null → d1=next(d)

d 6=null ∧ d 6=c ∧ prio(d)>x ∧ next(d)=null → d1=c ∧ c1=null

d 6=null ∧ d 6=c ∧ prio(d)>x ∧ next(d) 6=null ∧ prio(next(d))<x → d1=next(d)
d 6=null ∧ d 6=c ∧ prio(d)>x ∧ next(d) 6=null ∧ prio(next(d))≤x → d1=c

d 6=null ∧ d 6=c ∧ prio(d)>x ∧ next(d) 6=null ∧ prio(next(d))≤x → c1=next(d)
G0 d 6= null ∧ next′(d) 6= null ∧ ¬prio(d) ≥ priority(next′(d))
N0 d=c → d1=c1

To check the satisfiability of G′ = Update0 ∧ G0 ∧N0 w.r.t. T0 we use the Ψ-stable locality
of the theory defined by the axioms K = {(4), (5), (6)} of doubly linked lists with decreasing
priorities in Section 9.4.1 or the instantiation method in [45].

9.5.3 Verification of a program handling arrays

The following example illustrates the extension of the fragment in [11] we consider. Consider
a parametric number m of processes. The priorities associated with the processes (non-
negative real numbers) are stored in an array p. The states of the process – enabled (1)
or disabled (0) – are stored in an array a. At each step only the process with maximal
priority is enabled, its priority is set to x and the priorities of the waiting processes are
increased by y. This can be expressed with the following set of axioms which we denote by
Update(a, p, a′, p′):

∀i(1 ≤ i ≤ m ∧ (∀j(1 ≤ j ≤ m ∧ j 6=i → p(i)>p(j))) → a′(i) = 1)
∀i(1 ≤ i ≤ m ∧ (∀j(1 ≤ j ≤ m ∧ j 6=i → p(i)>p(j))) → p′(i)=x)
∀i(1 ≤ i ≤ m ∧ ¬(∀j(1 ≤ j ≤ m ∧ j 6=i → p(i)>p(j))) → a′(i)=0)
∀i(1 ≤ i ≤ m ∧ ¬(∀j(1 ≤ j ≤ m ∧ j 6=i → p(i)>p(j))) → p′(i)=p(i)+y)

where x and y are considered to be parameters.

1 2 3 4 5 6
...
...

...7

81 4 2 0 5 3
0 0 0 0 1 0 0

priority 

process nr.

 enabled (0/1)

1 2 3 4 5 6
...
...

...7

70 3 1 9 4 2
1 0 0 0 0 0 0

priority 

process nr.

 enabled (0/1)

Figure 9: Array update: priority lists

The task is to check the unsatisfiability of the formula G = (1 ≤ c ≤ m∧1 ≤ d ≤ m∧c 6=
d∧ p′(c) = p′(d)) in the extension of the many sorted combination T0 of Z,R+, {0, 1} with
the axioms ∀i, j(1 ≤ i ≤ m ∧ 1 ≤ j ≤ m ∧ i 6= j → p(i) 6= p(j)) ∧ Update(a, p, a′, p′).
The extension can be expressed as a chain: T0 ⊆ T1 = T0∪Inj(p) ⊆ T2 = T1∪Update(a, p, a′, p′).
By the locality of the second extension (with guarded boundedness axioms) we obtain the
following reduction of the task of proving T2 ∧ G |=⊥ to a satisfiability problem w.r.t. T1.
We take into account only the instances of Update(a, p, a′, p′) which contain ground terms
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occurring in G. This means that the axioms containing a′ do not need to be considered.
After purification and skolemization of the existentially quantified variables we obtain:

Def Update0 ∧ G0 ∧ N0

p′(c) = c1 Update0 1 ≤ c ≤ m ∧ (1 ≤ kc ≤ m ∧ kc 6=c → p(c)>p(kc)) → c1=x

p′(d) = d1 1 ≤ d ≤ m ∧ (1 ≤ kd ≤ m ∧ kd 6=d → p(d)>p(kd)) → d1=x

∀j(1 ≤ j ≤ m ∧ j 6=c → p(c)>p(j)) ∨ (1 ≤ c ≤ m → c1=p(c)+y)
∀j(1 ≤ j ≤ m ∧ j 6=d → p(d)>p(j)) ∨ (1 ≤ d ≤ m → d1=p(d)+y)

G0 1 ≤ c ≤ m ∧ 1 ≤ d ≤ m ∧ c 6= d ∧ c1 = d1

N0 c = d → c1 = d1

We reduced the problem to checking satisfiability of G1 = Update0∧G0∧N0 (which contains
universal quantifiers) w.r.t. T1. Let G1 = Gg ∧ G∀, where Gg is the ground part of G and
G∀ the part of G containing universally quantified variables. We now have to check whether
T0 ∧ Inj(p) ∧G∀ ∧Gg |= ⊥. Note that extensions of injectivity axioms and boundedness are
local, and thus T0 ⊆ T0 ∧ Inj ∧ G∀ is a local extension. This makes the following reduction
possible:

Def1 Inj0 ∧ G∀0 ∧ Gg ∧ N ′
0

p(c)=c2 Inj0 1≤i6=j≤m → p(i) 6=p(j) where i, j are instan-
p(d)=d2 G∀0 (1≤j≤m ∧ j 6=c → c2>p(j)) ∨ (1≤c≤m → c1=c2+y) tiated with c, d, kc, kd

p(kc)=c3 (1≤j≤m ∧ j 6=d → d2>p(j)) ∨ (1 ≤ d ≤ m → d1=d2+y) + purification
p(kd)=d3 Gg 1≤c≤m ∧ (1≤kc≤m ∧ kc 6=c → c2>c3) → c1=x

1≤d≤m ∧ (1≤kd≤m ∧ kd 6=d → d2>d3) → d1=x

1≤c≤m ∧ 1≤d≤m ∧ c6=d ∧ c1=d1

c=d → c1=d1

N ′
0 c=d → c2=d2, c=kc → c2=c3, c=kd → c2=d3,

d=kc → d2=c3, d=kd → d2=d3, kc=kd → c3=d3

We can use a prover for a combination of integers and reals to determine whether the
conjunction of formulae above is satisfiable or symbolic computation packages performing
quantifier elimination over the combined theory to derive constraints between x and y which
guarantee injectivity after update.

9.6 Databases

In what follows we present some results on hierarchical and modular reasoning in description
logic. In particular, we present results which relate locality results for semilattices with
monotone oiperators to the ptime description logic EL and allow us to give an extension of
EL with numerical domains.

9.6.1 Description logics: generalities

The central notions in description logics are concepts and roles. In any description logic
a set NC of concept names and a set NR of roles is assumed to be given. Complex con-
cepts are defined starting with the concept names in NC , with the help of a set of concept
constructors. The available constructors determine the expressive power of a description
logic. The semantics of description logics is defined in terms of interpretations I = (DI , ·I),
where DI is a non-empty set, and the function ·I maps each concept name C ∈ NC to a set
CI ⊆ DI and each role name r ∈ NR to a binary relation rI ⊆ DI × DI . Table 1 shows
the constructor names used in ALC and their semantics. The extension of ·I to concept
descriptions is inductively defined using the semantics of the constructors.

Terminology. A terminology (or TBox, for short) is a finite set consisting of primitive
concept definitions of the form C ≡ D, where C is a concept name and D a concept descrip-
tion; and general concept inclusions (GCI) of the form C ⊑ D, where C and D are concept
descriptions.
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Table 1: Constructors and their semantics

Constructor name Syntax Semantics

negation ¬C DI\CI

conjunction C1 ⊓ C2 CI
1 ∩ CI

2

disjunction C1 ⊔ C2 CI
1 ∪ CI

2

existential restriction ∃r.C {x | ∃y((x, y) ∈ rI and y ∈ CI)}
universal restriction ∀r.C {x | ∀y((x, y) ∈ rI =⇒ y ∈ CI)}

Interpretations. An interpretation I is a model of a TBox T if it satisfies:

• all concept definitions in T , i.e. CI=DI for all definitions C≡D ∈ T ;

• all general concept inclusions in T , i.e. CI⊆DI for every C⊑D ∈ T .

Since definitions can be expressed as double inclusions, in what follows we will only refer to
TBoxes consisting of general concept inclusions (GCI) only.

Definition 51 Let T be a TBox, and C1, C2 two concept descriptions. C1 is subsumed by
C2 w.r.t. T (for short, C1 ⊑T C2) if and only if CI

1 ⊆ CI
2 for every model I of T .

A translation of concept descriptions into terms in a signature naturally associated with the
set of constructors can be defined as follows. For every role name r, we introduce unary
function symbols, f∃r and f∀r. The renaming is inductively defined by:

• C = C for every concept name C;

• ¬C = ¬C; C1 ⊓ C2 = C1 ∧ C2, C1 ⊔ C2 = C1 ∨ C2;

• ∃r.C = f∃r(C), ∀r.C = f∀r(C).

Set theoretical semantics. There exists a one-to-one correspondence between interpre-
tations of description logics, I = (D, ·I) and Boolean algebras of sets with additional oper-
ators (P(D),∪,∩,¬, ∅, D, {f∃r, f∀r}r∈NR

), together with valuations v : NC → P(D), where
f∃r, f∀r are defined, for every U ⊆ D, by:

f∃r(U) = {x | ∃y((x, y) ∈ rI and y ∈ U)};

f∀r(U) = {x | ∀y((x, y) ∈ rI ⇒ y ∈ U)}.

Let v : NC → P(D) with v(A) = AI for all A ∈ NC , and let v be the (unique) homomorphic
extension of v to terms. Let C be a concept description and C be its associated term. Then

CI = v(C) (denoted by C
I
).

Boolean algebras with operators. Let BAONR
be the class of all Boolean algebras with

operators (B,∨,∧,¬, 0, 1, {f∃r, f∀r}r∈NR
), where

• f∃r is a join hemimorphism, i.e. f∃r(x ∨ y) = f∃r(x) ∨ f∃r(y), f∃r(0) = 0;

• f∀r is a meet hemimorphism, i.e. f∀r(x ∧ y)=f∀r(x) ∧ f∀r(y), f∀r(1)=1;

• f∀r(x) = ¬f∃r(¬x) for every x ∈ B.

It is known that the TBox subsumption problem for ALC can be expressed as uniform word
problem for Boolean algebras with suitable operators.

Theorem 52 If T is an ALC TBox consisting of general concept inclusions between concept
terms formed from concept names NC = {C1, . . . , Cn}, and D1, D2 are concept descriptions,
the following are equivalent:
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(1) D1⊑TD2.

(2) P(D) |= ∀C1...Cn

((

∧

C⊑D∈T C≤D
)

→ D1≤D2

)

for all interpretations I = (D, ·I),

where P(D) = (P(D),∪,∩,¬, ∅, D, {f∃r, f∀r}r∈NR
).

(3) BAONR
|=∀C1...Cn

((

∧

C⊑D∈T C≤D
)

→ D1≤D2

)

.

9.6.2 Combinations of ALC-ontologies

Let T1 and T2 be two ALC-TBoxes with sets of constructors N1
R, N

2
R which only share

the Boolean constructors. We are interested in possibilities of modularily checking TBox
subsumption w.r.t. T = T1 ∪ T2. By Theorem 52, this problem can be expressed as the
problem of testing satisfiability of conjunctions of ground literals in the combination of
theories of BAON1

R

and BAON2

R

. The results by Ghilardi [29] in Section 7.2 (and especially

Example 31) can be used to show that this is possible. Similar results can be obtained
for description logics with nominals (i.e. with unrestricted use of individuals) under the
additional condition that the logics are nominal-closed, i.e. that all the definable nominals
are already explicitly named [30].

9.6.3 The description logic EL

By restricting the type of allowed concept constructors less expressive but tractable descrip-
tion logics can be defined. If we only allow ⊥ and intersection and existential restriction as
concept constructors, we obtain the description logic EL [4], a logic used in terminological
reasoning in medicine [60, 61].

In [4] it was shown that subsumption w.r.t. TBoxes in EL can be reduced in linear
time to subsumption w.r.t. normalized TBoxes, in which all GCIs have one of the forms:
C ⊑ D,C1 ⊓ C2 ⊑ D,C ⊑ ∃r.D, ∃r.C ⊑ D, where C,C1, C2, D are concept names.

The algebraic semantics of EL is much simpler [55], it is given by the class SLO∃
NR

of all
∧-semilattices with 0 and with operators (S,∧, 0, {f∃R}R∈NR

), such that f∃R is monotone
and f∃R(0) = 0. 16 The following results are presented in [59].

Theorem 53 ([59]) If the only concept constructors are intersection and existential re-
striction, then for all concept descriptions D1, D2 and every TBox T , with concept names
NC = {C1, . . . , Cn} the following are equivalent:

(1) D1⊑CD2.

(2) SLO∃
NR

|= ∀C1 . . . Cn

((

∧

C⊑D∈T C≤D
)

→ D1≤D2

)

.

We regard SLO∃
NR

as the extension of the theory SL of semilattices with monotone operators
{f∃r | r ∈ NR}. This extension is local.

Theorem 54 ([56]) Let G be a set of ground clauses. The following are equivalent:

(1) SL ∪ Mon(Ω) ∧G |=⊥.

(2) SL∪Mon(Ω)[G]∧G has no partial model A such that its {∧}-reduct is a (total) semi-
lattice and the functions in Ω are partially defined, their domain of definition is finite
and all terms in G are defined in A.

16For the sake of simplicity, in what follows we assume that the description logics EL contain the additional
constructors ⊥,⊤, which will be interpreted as 0 and 1. Similar considerations can be used to show that the
algebraic semantics for variants of EL having only ⊤ (or ⊥) is given by semilattices with 1 (resp. 0).
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Let Mon(Ω)[G]0∧G0∧Def be obtained from Mon(Ω)[G]∧G by purification, i.e. by replacing,
in a bottom-up manner, all subterms f(g) with f ∈ Ω, with newly introduced constants
cf(g) and adding the definitions f(g) = ct to the set Def. The following are equivalent (and
equivalent to (1) and (2)):

(3) Mon(Ω)[G]0 ∧ G0 ∧ Def has no partial model (A,∧, {fA}f∈Ω) such that (A,∧) is a
semilattice and for all f∈Ω, fA is partially defined, its domain of definition is finite
and all terms in Def are defined in A.

(4) Mon(Ω)[G]0 ∧G0 is unsatisfiable in SL.

(Note that in the presence of Mon(Ω) the instances N0 of the congruence axioms for
the functions in Ω are not necessary

N0 = {g≈g′ → cf(g)≈cf(g′) | f(g)≈cf(g), f(g′)≈cf(g′) ∈ Def}).

This equivalence allows us to hierarchically reduce, in polynomial time, proof tasks in SL ∪
Mon(Ω) to proof tasks in SL (cf. e.g. [56]) which can then be solved in polynomial time.

Example 36 We illustrate the method on an example first considered in [4]. Consider the
EL TBox T consisting of the following definitions:

A1 = P1 ⊓A2 ⊓ ∃r1.∃r2.A3

A2 = P2 ⊓A3 ⊓ ∃r2.∃r1.A1

A3 = P3 ⊓A2 ⊓ ∃r1.(P1 ⊓ P2)

We want to prove that P3 ⊓ A2 ⊓ ∃r1.(A1 ⊓ A2) ⊑T A3. We translate this subsumption
problem to the following satisfiability problem:

SL ∪ Mon(f1, f2) ∪ { a1 = (p1 ∧ a2 ∧ f1(f2(a3))),

a2 = (p2 ∧ a3 ∧ f2(f1(a1))),

a3 = (p3 ∧ a2 ∧ f1(p1 ∧ p2)),

¬(p3 ∧ a2 ∧ f1(a1 ∧ a2) ≤ a3)} |=⊥ .

We proceed as follows: We flatten and purify the set G of ground clauses by introducing new
names for the terms starting with the function symbols f1 or f2. Let Def be the corresponding
set of definitions. We then take into account only those instances of the monotonicity and
congruence axioms for f1 and f2 which correspond to the instances in Def, and purify them
as well, by replacing the terms themselves with the constants which denote them. We obtain
the following separated set of formulae:

Def G0 (Mon(f1, f2)[G])0

f2(a3) ≈ c1 (a1 ≈ p1 ∧ a2 ∧ c2) a1Rc1 → c3Rc2, R ∈ {≤,≥}
f1(c1) ≈ c2 (a2 ≈ p2 ∧ a3 ∧ c4) a3Rc3 → c1Rc4, R ∈ {≤,≥}
f1(a1) ≈ c3 (a3 ≈ p3 ∧ a2 ∧ d1) a1Re1 → c3Rd1, R ∈ {≤,≥}
f2(c3) ≈ c4 (p3 ∧ a2 ∧ d2 6≤ a3) a1Re2 → c3Rd2, R ∈ {≤,≥}
f1(e1) ≈ d1 p1 ∧ p2 ≈ e1 c1Re1 → c2Rd1, R ∈ {≤,≥}
f1(e2) ≈ d2 a1 ∧ a2 ≈ e2 c1Re2 → c2Rd2, R ∈ {≤,≥}

e1Re2 → d1Rd2, R ∈ {≤,≥}

The subsumption is true iff G0 ∧ (Mon(f1, f2)[G])0 is unsatisfiable in the theory of semilat-
tices. We can see this as follows: note that a1 ∧ a2 ≤ p1 ∧ p2, i.e. e2 ≤ e1. Then (using an
instance of monotonicity) d2 ≤ d1, so p3 ∧ a2 ∧ d2 ≤ p3 ∧ a2 ∧ d1 = a3.

This can also be checked automatically in ptime either by using the fact that there exists
a local presentation of SL or using the fact that SL = ISP (S2) (i.e. every semilattice is
isomorphic with a sublattice of a power of S2), where S2 is the semilattice with two elements,
hence SL and S2 satisfy the same Horn clauses. Since the theory of semilattices is convex,
satisfiability of ground clauses w.r.t. SL can be reduced to SAT solving.
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Table 2: Constructors for EL with n-ary roles and their semantics

Constructor Syntax Semantics

conjunction C1 ⊓ C2 CI
1 ∩ CI

2

existential ∃R.(C1, . . . Cn) {x | ∃y1, . . . , yn (x, y1, . . . , yn) ∈ RI and yi ∈ CI
i }

9.6.4 EL with numerical domains

The results described in Section 9.6.3 can easily be generalized to semilattices with n-ary
monotone functions. This allows us to define natural generalizations of EL. We start by
presenting a generalization of EL in which n-ary roles are allowed.

The semantics is defined in terms of interpretations I = (DI , ·I), where DI is a non-
empty set, concepts are interpreted as usual, and each n-ary role R ∈ NR is interpreted as
an n-ary relation RI ⊆ (DI)n (cf. Table 2). A further extension is obtained by allowing
for certain concrete sorts – having the same support in all interpretations; or additionally
assuming that there exist specific concrete concepts which have a fixed semantics (or ad-
ditional fixed properties) in all interpretations. The extensions we consider are different
from the extensions with concrete domains and those with n-ary quantifiers studied in the
description logic literature (cf. e.g. [6, 5].

Example 37 Consider a description logic having a usual (concept) sort and a ’concrete’
sort num with fixed domain N. We may be interested in general concrete concepts of sort
num (interpreted as subsets of R) or in special concepts of sort num such as ↑n, ↓n, or [n,m]
for m,n ∈ R. For any interpretation I, ↑nI = {x ∈ R | x ≥ n}, ↓nI = {x ∈ R | x ≤ n},
and [n,m]I = {x ∈ R | n ≤ x ≤ m}. We will denote the arities of roles using a many-sorted
framework. Let (D,R, ·I) be an interpretation with two sorts concept and num. A role with
arity (s1, . . . , sn) is interpreted as a subset of Ds1

× · · · × Dsn
, where Dconcept = D and

Dnum = R.

1. Let price be a binary role or arity (concept, num), which associates with every element
of sort concept its possible prices. The concept

∃price.↑n = {x | ∃k ≥ n : price(x, k)}

represents the class of all individuals with some price greater than n.

2. Let has-weight-price be a role of arity (concept, num, num). The concept

∃ has-weight-price.(↑y, ↓p) = {x | ∃y′≥y, ∃p′≤p and has-weight-price(x, y′, p′)}

denotes the family of individuals for which a weight above y and a price below p exist.

The example below can be generalized by allowing a set of concrete sorts. We discuss the
algebraic semantics of this type of extensions of EL.

Let SLO∃
NR,S denote the class of all structures (S,P(A1), . . . ,P(An), {f∃r | r ∈ NR}), where

S is a bounded semilattice17, A1, . . . , An are concrete domains, and {f∃r | r ∈ NR} are n-ary
monotone operators. We may allow constants of concrete sort, interpreted as sets in P(Ai).

Theorem 55 ([59]) If the only concept constructors are intersection and existential re-
striction, then for all concept descriptions D1, D2, and every TBox T consisting of general
concept inclusions GCI the following are equivalent:

17Again, we assume that the variant of EL we consider has ⊥ and ⊤. The other situations can be treated
analogoulsy.
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(1) D1 ⊑T D2.

(2) SLO∃
NR,S |= ∀C1, . . . , Cn

((

∧

C⊑D∈T C ≤ D
)

→ D1 ≤ D2

)

.

Proof : Analogous to the proof of Theorem 53. 2

Let SLS be the class of all structures A = (A,P(A1), . . . ,P(An)), with signature Σ =
(S, {∧, 0, 1}∪Ω,Pred) with S={concept, s1, . . . , sn}, Pred={≤}∪{⊆i| 1 ≤ i ≤ n}, where A ∈
SL, the support of sort concept of A is A, and for all i the support sort si of A is P(Ai).

Theorem 56 ([56]) Every structure (A,P(A1), . . . ,P(An), {fA}f∈Ω), where

(i) (A,P(A1), . . . ,P(An)) ∈ SLS, and

(ii) for every f∈Ω of arity s1. . .sn→s, fA is a partial function from
∏n

i=1 Usi
to Us with

a finite definition domain on which it is monotone,

weakly embeds into a total model of SLS∪Mon(Ω).

Corollary 57 ([59]) Let G =
∧n

i=1 si(c)≤s
′
i(c) ∧ s(c)6≤s

′(c) be a set of ground unit clauses
in the extension Σc of Σ with new constants Ωc. The following are equivalent:

(1) SLS ∪ Mon(Ω) ∧G |=⊥.

(2) SLS ∪ Mon(Ω)[G] ∧G has no partial model with a total {∧SL, 0, 1}-reduct in which all
terms in G are defined.

Let
⋃n

i=0 Mon(Ω)[G]i ∧ Gi ∧ Def be obtained from Mon(Ω)[G] ∧ G by purification, i.e. by
replacing, in a bottom-up manner, all subterms f(g) of sort s with f ∈ Ω, with newly
introduced constants cf(g) of sort s and adding the definitions f(g) = ct to the set Def. We
thus separate Mon(Ω)[G]∧G into a conjunction of constraints Γi = Mon(Ω)[G]i ∧Gi, where
Γ0 is a constraint of sort semilattice and for 1 ≤ i ≤ n, Γi is a set of constraints over
terms of sort i (i being the concrete sort with fixed support P(Ai)). Then the following are
equivalent (and are also equivalent to (1) and (2)):

(3)
⋃n

i=0 Mon(Ω)[G]i∧Gi∧Def has no partial model with a total {∧SL, 0, 1}-reduct in which
all terms in Def are defined.

(4)
⋃n

i=0 Mon(Ω)[G]i ∧ Gi is unsatisfiable in the many-sorted disjoint combination of SL
and the concrete theories of P(Ai), 1 ≤ i ≤ n.

The complexity of the uniform word problem of SLS ∪ Mon(Ω) depends on the complexity
of the problem of testing the satisfiability — in the many-sorted disjoint combination of SL
with the concrete theories of P(Ai), 1 ≤ i ≤ n — of sets of clauses Cconcept ∪

⋃n
i=1 Ci ∪Mon,

where Cconcept and Ci are unit clauses of sort concept resp. si, and Mon consists of possibly
mixed ground Horn clauses.

Specific extensions of the logic EL can be obtained by imposing additional restrictions
on the interpretation of the “concrete”-type concepts within P(Ai). (For instance, we can
require that numerical concepts are always interpreted as intervals, as in Example 37.)

Theorem 58 ([59]) Consider the following extensions of EL with n-ary roles:

(1) The one-sorted extension of EL with n-ary roles.

(2) The extension of EL with two sorts, concept and num, where the semantics of classical
concepts is the usual one, and the concepts of sort num are interpreted as elements in
the ORD-Horn, convex fragment of Allen’s interval algebra [44], where any CBox can
contain many-sorted GCI’s over concepts, as well as constraints over the numerical
data expressible in the ORD-Horn fragment.
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In both cases, CBox subsumption is decidable in ptime.

Example 38 Consider the special case described in Example 37. Assume that the concepts
of sort num used in any TBox are of the form ↑n, ↓m and [n,m]. Consider the TBox T
consisting of the following GCIs:

∃price(↓n1) ⊑ affordable,
∃weight(↑m1) ⊓ car ⊑ truck,

has-weight-price(↑m, ↓n) ⊑ ∃price(↓n) ⊓ ∃weight(↑m),
C ⊑ ∃ has-weight-price(↑m, ↓n)
↓n ⊑ ↓n1,
↑m ⊑ ↑m1,
C ⊑ car.

In order to prove that C ⊑T affordable⊓truck we proceed as follows. We refute
∧

D⊑D′∈T D ≤

D
′
∧ C 6≤ affordable ∧ truck. We purify the problem introducing definitions for the terms

starting with existential restrictions, and express the interval constraints using constraints
over Q and obtain the following set of constraints:

Def Cnum Cconcept Mon

fprice(↓n1) ≈ c1 n ≤ n1 c1 ≤ affordable n1 ≤ n→ c1 ≤ c
fprice(↓n) ≈ c m ≥ m1 d1 ∧ car ≤ truck n1 ≥ n→ c1 ≥ c
fweight(↑m1) ≈ d1 e ≤ c ∧ d m1 ≥ m→ d1 ≤ d
fweight(↑m) ≈ d C ≤ car m1 ≤ m→ d1 ≥ d
fh-w-p(↑m, ↓n) ≈ e C ≤ e

C 6≤ affordable ∧ truck

The task of proving C ⊑T affordable ⊓ truck can therefore be reduced to checking if Cnum ∧
Cconcept ∧ Mon is satisfiable w.r.t. the combination of SL (sort concept) with LI(Q) (sort
num). For this, we note that Cnum entails the premises of the first, second, and fourth
monotonicity rules. Thus, we can add c ≤ c1 and d ≤ d1 to Cconcept. Thus, we deduce that
C ≤ e ∧ car ≤ (c ∧ d) ∧ car ≤ c1 ∧ (d1 ∧ car) ≤ affordable ∧ truck, which contradicts the last
clause in Cconcept.

A similar procedure can be used in general for testing (in ptime) the satisfiability of
mixed constraints in the many-sorted combination of SL of semilattices with concrete do-
mains of sort num, assuming that all concepts of sort num are interpreted as intervals and
the constraints Cnum are expressible in a ptime, convex fragment of Allen’s interval algebra.

9.7 Multi-agent systems

As mentioned at the beginning, the way of reasoning about knowledge of an agent may
be represented by a specific type of modal logic. In order to model and reason about the
knowledge of a set of agents it is important to be able to prove theorems in combinations
of modal logics. Reasoning in many modal logics can be reduced to deciding uniform word
problems in corresponding classes of Boolean algebras with operators, the reasoning problem
in the combinations of logics can be reduced to the problem of modular reasoning in com-
binations of Boolean algebras with operators. In such cases, the model theoretical results
on combinations of theories by Ghilardi presented in Section 7.2, and their application to
modular reasoning in combinations of Boolean algebras with operators in Theorem 31 can
be used also in this case for giving modular methods for checking validity of statements in
combinations of modal logics associated with the individual agents (cf. also [30]).
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10 Conclusions

We presented an in-depth perspective on recent advances in the field of reasoning in complex
logical theories. Our presentation focused on possibilities of efficient, sound and complete
reasoning in standard theories, as well as in combinations of theories and theory extensions.
We illustrated both the relevance and the applicability of results on several case studies in
mathematics, verification, databases, and multi-agent systems.
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A Appendix A. Some notions in model theory

We give some definitions in model theory needed for the results presented in Section 7.2.

Definition 59 (Embedding) An embedding between two Σ-structures A and B with sup-
ports A and B is a mapping i : A → B such that for all ΣA-atoms Φ, A |= Φ iff B |= Φ
where we view B as a ΣA-structure by interpreting every constant a ∈ A as i(a) in B.

Definition 60 (Diagram) The diagram ∆(A) of a Σ-structure A is the set of all ground
ΣA-sentences that are true in A.

Definition 61 (Elementary diagram) The elementary diagram ∆e(A) of a Σ-structure
A is the set of all first order ΣA-sentences that are true in A.

Definition 62 (Model Completion) Let T and T ∗ be Σ-theories such that T ⊆ T ∗.
Then T ∗ is a model completion of T iff:

(1) every model of T can be embedded into a model of T ∗;

(2) for every model M of T we have that T ∗ ∪ ∆(M) is a complete theory (in ΣM).

Theorem 63 For Σ-theories T and T ∗ with T ⊆ T ∗, T ∗ is a model completion of T if:

(a) every model of T can be embedded into a model of T ∗;

(b) T ∗ eliminates quantifiers.

If T is a universal theory conditions (a) and (b) above are equivalent with conditions (1),(2)
in Definition 62.

B Appendix B. Partial algebras

Let Σ = (S,Ω,Pred) be an S-sorted signature where Ω is a set of function symbols and Pred
a set of predicate symbols. A partial Σ-structure is a structure

A = ({As}s∈S , {fA}f∈Ω, {PA}P∈Pred),

where for every s ∈ S, As is a non-empty set and for every f ∈ Ω with arity s1 . . . sn → s,
fA is a partial function from

∏n

i=1Asi
to As. A is called a total structure if all functions fA

are total. (In the one-sorted case we will denote both an algebra and its support with the
same symbol.) Details on partial algebras can be found in [12]. The notion of evaluating a
term t with variables X = {Xs | s ∈ S} w.r.t. an assignment {βs:Xs → As | s ∈ S} for its
variables in a partial structure A is the same as for total many-sorted algebras, except that
the evaluation is undefined if t = f(t1, . . . , tn) with a(f) = (s1 . . . sn → s), and at least one
of βsi

(ti) is undefined, or else (βs1
(t1), . . . , βsn

(tn)) is not in the domain of fA.
A weak Σ-embedding between the partial structuresA = ({As}s∈S , {fA}f∈Ω, {PA}P∈Pred)

andB = ({Bs}s∈S , {fB}f∈Ω, {PB}P∈Pred) is a (many-sorted) family i = (is)s∈S of total maps
is : As → Bs such that

• if fA(a1, . . . , an) is defined then fB(is1
(a1), . . . , isn

(an)) is defined and is(fA(a1, . . . , an))
= fB(is1

(a1), . . . , isn
(an)), provided a(f) = s1 . . . sn → s;

• for each s, is is injective and an embedding w.r.t. Pred i.e. for every P ∈ Pred
with arity s1 . . . sn and every a1, . . . , an where ai ∈ Asi

, PA(a1, . . . , an) if and only
if PB(is1

(a1), . . . , isn
(an)).
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In this case we say that A weakly embeds into B.

In what follows we will denote a many-sorted variable assignment {βs:Xs → As | s ∈ S} as
β : X → A. For the sake of simplicity all definitions below are given for the one-sorted case.
They extend in a natural way to many-sorted structures.

Definition 64 (Weak validity) Let (A, {fA}f∈Ω, {PA}P∈Pred) be a partial structure and
β : X→A.

(1) (A, β) |=w t ≈ s iff (a) β(t) and β(s) are both defined and equal; or
(b) at least one of β(s) and β(t) is undefined.

(2) (A, β) |=w t 6≈ s iff (a) β(t) and β(s) are both defined and different; or
(b) at least one of β(s) and β(t) is undefined.

(3) (A, β) |=w P (t1, . . ., tn) iff (a) β(t1), . . ., β(tn) are defined and (β(t1), . . . , β(tn))∈PA; or
(b) at least one of β(t1), . . ., β(tn) is undefined.

(4) (A, β)|=w¬P (t1, . . ., tn) iff (a) β(t1), . . ., β(tn) are defined and (β(t1), . . . , β(tn))6∈PA; or
(b) at least one of β(t1), . . ., β(tn) is undefined.

(A, β) weakly satisfies a clause C (notation: (A, β) |=w C) if (A, β) |=w L for at least one
literal L in C. A weakly satisfies C (notation: A |=w C) if (A, β) |=w C for all assignments
β. A weakly satisfies a set of clauses K (notation: A |=w K) if A |=w C for all C ∈ K.

Definition 65 (Evans validity) Evans validity is defined similarly, with the difference
that (1) is replaced with:

(1’) (A, β) |= t ≈ s if and only if

(a) β(t) and β(s) are both defined and equal; or

(b) β(s) is defined, t = f(t1, . . . , tn) and β(ti) is undefined for at least one of the
direct subterms of t; or

(c) both β(s) and β(t) are undefined.

Evans validity extends to (sets of) clauses in the usual way. We use the notation: (A, β) |= L
for a literal L; (A, β) |= C and A |= C for a clause C, etc.

Example 39 Let A be a partial Ω-algebra, where Ω = {car/1, nil/0}. Assume that nilA is
defined and carA(nilA) is not defined. Then:

• A 6|= car(nil) ≈ nil (since carA(nil) is undefined in A, but nil is defined in A);

• A |= car(nil) 6≈ nil;

• A |=w car(nil) ≈ nil, A |=w car(nil) 6≈ nil (since car(nil) is not defined in A).

Definition 66 A partial Σ-algebra A is a weak partial model (resp. partial model) of T1

with totally defined Ω0-function symbols if (i) A|Σ0
is a model of T0 and (ii) A |=w K (resp.

A |= K).


